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NATURAL H O M O M O R P H I S M S OF W I T T RINGS 
OF ORDERS IN ALGEBRAIC N U M B E R FIELDS 

M A R Z E N A ClEMALA 

(Communicated by Stanislav Jakubec ) 

A B S T R A C T . Let O be an order and R be the maximal order in a nonreal qua
dratic number field K. We prove t h a t the natura l homomorphism (f>: WO —» WR 
of Wit t rings is surjective provided the discriminat of the field and the conductor 
of the order are relatively prime. 

For a commutative ring A let WA be the Witt ring of nondegenerate sym
metric bilinear forms on finitely generated projective modules over A, as defined 
by Knebusch in 1970. We shall use the notation and terminology of M i In o r 
and H u s e m o l l e r ' s book [5]. Any ring homomorphism A -> B induces the 
natural Witt ring homomorphism (ft: WA —> WB defined by sending the class 
(E) of an A-space E to the class (E cg)A B) of the F?-space E cg)A B. It is well 
known that for the maximal order R of a number field K the ring homomor
phism WR -> WK is injective and the cokernel turns out to be C/C2, where 
C is the ideal class group of K ([5; pp. 93-94]). On the other hand, when O is 
a nonmaximal order in K, very little is known about the ring homomorphisms 
WO -> WR or WO -> WK. During the 4th Czech and Polish Conference on 
Number Theory in Cieszyn 2002, K. S z y m i c z e k posed the problem of iden
tifying the kernel and the cokernel of the homomorphism WO -> WR (see [8]). 
In an attempt to answer partially this question we study the natural ring homo
morphism 

0: WO -> WR 

in the case of orders of quadratic number fields. An order O of K is a subring 
of R which is a free abelian group of rank [K : Q] (see [7; p. 72]). If O ^ i t , O 
is strictly contained in i t , and we cannot in general expect that (\> is surjective. 
Nevertheless, we will show that <fi is surjective for a class of orders O in any 
nonreal quadratic number field. 

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n : Pr imary 11E81, 19G12. 
K e y w o r d s : Wi t t ring, orders in number fields, bilinear forms on ideals. 
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Let K be a quadratic number field, that is, K = Q(<s/d), where d is a 
square-free integer, and let It = Z[u] be the maximal order in K. Any order O 
in K is of the form O = Z[fu], where / is a natural number. The conductor f 
of the ring extension O C R is the ideal fR. Let d(K) denote the discriminant 
of K and p1,... ,pt be all, pairwise distinct, prime divisors of d(K). We agree 
that px = 2 whenever d — 3 (mod 4). 

The result reads as follows. 

THEOREM 1. Let K be a nonreal quadratic number field. Let O = Z[foj] be 
an order in K with conductor fR in the maximal order It = Z[CJ] in K. If 
gcd(f,d(K)) = 1, then </>(WO) = WR. 

Due to the injectivity of WR —> WK, the Witt ring WR is usually viewed 
as a subring of WK. We adopt the convention, and as a consequence we can 
say that when If is a nonreal quadratic field distinct from Q(>/~T) ? the ring 
WR is additively generated by the set 

{(1>,(?!>, . . . , (? ,_!>}, (1) 

or by {(1), (2)} if K = Q ( v / = T ) , (see [2; pp. 116-117]). 
Observe that without assuming WR C WK we could not consider the class 

(p) to lie in WR. For a ring A and a G A we have (a) G WA if and only if a 
is an invertible element of A. One consequence of assuming that WR C WK is 
that our homomorphism </>: WO -> WR assumes values in WK. So, to prove 
the theorem, we must show that the generators (1) lie in the image of (p. For 
this we use the following two lemmas. 

LEMMA 2. Let O be an order in a number field K and I an ideal in O such 
that I2 = (a) for some a G O. a ^ O . Then j3: I x I -> O given by 

xv 
0(x,y):= — for all x,y G I 

a 

is a nonsingular bilinear form on I and so (I, /?) is an inner product space 
over O. 

P r o o f . The ideal I2 is additively generated by the elements xy where 
x,y G I, and hence xy G (a) for x,y G I. Thus f3 assumes the values in O. 
Since I2 is a nonzero principal ideal, I is invertible, and hence is a projec
tive O-module ([6; p. 26, Proposition 1.15]). Clearly, I is a finitely generated 
O-module. In order to prove the lemma it remains to show that the adjoint 
homomorphism $: I —•> I*, where I* = Hom^ (7, O), is an isomorphism of 
O -modules. 

First we show that $ is a surjective map. Let ^ E f . Since (/? is CMinear, 

xif(y) = cp(xy) = y(f(x) 
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for all x,y G / . Hence there exists a number c G K such that <£^p- = c for all 
x G / , x / 0, that is (f(x) = ex for x G I. In particular, taking x = a, we get 
c = ^ r^ • Since a e I2 there exist xi,yi e I for which a = J ] ^H-. Hence 

<r°(a) = $^(*i2/i) = 5Z^i^(»i) <= -f 

and 

/3(p(a))(x) = / % ( a ) , x ) = -^-M 3 = ¥>(*) for all x G J . 

Hence /3((/?(a)) = <p, which shows that /? is a surjection. Further, if /3(ra) = 0 
for some ra G 7, then 

/3(ra, n) = 0 for all n £ I. 

Hence ran = 0 for every n G I. Since (9 is an integral domain and / is a 
nonzero ideal, we get m = 0. This implies injectivity of f3 and finishes the proof 
of lemma. • 

LEMMA 3. Let K be a quadratic field. Let p be a prime number such that 
p I d(K) and p \ f where f = fZ[cj] is the conductor of the ring extension 
OCR. Then there exist a prime ideal q <\ O and a nonsingular bilinear form 
(3 on q such that 0((q,/3)) = (p). 

P r o o f . Since p \ d(K), the ideal pTL ramifies in R. Hence there exists a 
prime ideal p in R such that p2 = pR. We claim that p + f = R. Otherwise 
p + f £ i?, and since p is maximal, we get f C p and / G p. Since p \ / , the 
ideals f and pR are relatively prime and so 

R = f + pR C p , 

which is a contradiction. Hence p + f = R. 
Write IAR) and IAO) for the multiplicative semigroups of invertible ideals 

relatively prime to the conductor f in R and O, respectively. Since IJJ: 
L(R) —> IAO), given by the formula ip(I) = InO for I G I^(R), is a semigroup 
isomorphism [3], we obtain 

pR n o = p2 n o = ^(P2) = (VKP))2 = (P n O)2 = q2 

for the prime ideal q = p fl O in O. We are going to show that pR D O = pO. 
Let a G pR D O and a = p(a + buo) for some a,b € Z. Since gcd(/ ,p) = 1, we 
get 

aeO «-=> f\pb ^ f \ b . 

Hence a G pO and pR HOC pO. The opposite inclusion is obvious. Since the 
condition q2 = pO is satisfied, Lemma 2 implies that the formula 

0(a,b) = 4L, a , 6 G q , 
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defines a nonsingular bilinear form /3 on q. Consider the class (q) := ((q,/3)) G 
WO and its image (j)(q) = (q 0 O K) in VVJC. The i\T-module q ® K is free 
and one-dimensional. It is generated as a If-module by the element p ® 1. The 
matrix of q ®Q K in the basis (p ® 1) equals (p) and hence (q (g)^ K) = (p) ? as 
desired. D 

To prove the theorem we must show that the generators in the list (1) lie m 
the image of (f). Obviously (1) G imcp. Let p be a prime number and p | d(K). 
Since gcd(/, d(K)) = 1, we have p \ f and, by Lemma 3, (p) G im 0, as required. 

Finally, we observe that for some special quadratic number fields K the ring 
homomorphisms <f>: WO —> WR are surjective for all orders O in IT. 

PROPOSITION 4. Let K = Q(A/—d) with d — 2 or d — p, where p is a prime 
satisfying p = 3 (mod 4) . Then for every order O in R the ring homomorphism 
(/>: WO —r WR is surjective. 

P r o o f . For the field K the number t of prime divisors of the discriminant 
d(K) equals 1. Hence the set (1) of generators for WR reduces to the single 
class (1). Clearly, the class (1) belongs to the image of WO —> WR for any 
order O in the ring of algebraic integers R. D 

Hence there are infinitely many nonreal quadratic fields K writh the prop
erty that for every order O in K the natural homomorphism WO -» WR is 
surjective. 
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