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POLYNOMIALS OF THE FORM g(z*)
AND PSEUDOPRIMES WITH RESPECT TO
LINEAR RECURRING SEQUENCES

FRANTISEK MARKODV

ABSTRACT. The degree of the splitting field of the polynomial g(z*) over the
composition of the splitting field of the polynomial g(z) and the k th cyclotomic
field is investigated and the result is then used in heuristic argument about the
existence of pseudoprimes with respect to simple linear recurring sequence which
are the product of two different primes.

1. Introduction

In [5] the notion of pseudoprime with respect to a linear recurring sequence
of integers is defined and the existence of infinitely many pseudoprimes with
respect to any finite system of simple abelian linear recurrences is derived from
Schinzel’s conjecture H. Pseudoprimes constructed there are products of two
different primes.

The above mentioned pseudoprimes form a type which is important in actual
searching for pseudoprimes (see [1] and [4]).

At the end of this paper we present a certain heuristic arguments which
enable us to classify linear recurrences according to the expected “density” of
the pseudoprimes n of the type n = pq, where p and ¢ are primes.

Heuristic considerations led us to the formulation of the following problem,
which is the main topic of this paper. It is the investigation of the degree of the
splitting field of the polynomial g(z*) over the composition of the splitting field
of the polynomial g(x) and the kth cyclotomic field.

Suppose that the polynomial g(z) = 2" —b,_1z""! —- .. — by has only simple
roots, namely aj,...,a,. Denote by K the splitting field of the polynomial
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g(z) over the field @ of rationals. Then the splitting field Q of the polynomial
g(z*) over Q is @ = K({x, \/e1,...,V/ar ), where (i is a primitive kth root

of unity.
Let L = K(¢x) and s(k) = [Q: L]. Our main result states the following:

THEOREM. There are positive integers M and h such that if k s prime to
M then s(k) = k*.

2. k-dependence over number field
We start with the definition of k-dependence (see also [3] and[9]).

DEFINITION 1. Numbers {a; € F; i € I} are called k-dependent over a
number field F if there are integers z;; 0 < z; < k, not all equal to zero such

that
[Jor =4
€]

for some B € K.

Numbers a; which are not k-dependent over F are called k-independent
over F.

It follows straight from the definition that numbers which are k-dependent
over F are kl-dependent over any extension F' of F for every natural [.

DEFINITION 2. Numbers {a; € F; i € I} are called dependent over F if for
some wntegers z;; 1 € I not all equal to zero

H af* =1.
i€l
The previous notions are connected in the following way:

LEMMA 1. Dependent numbers over F are k-dependent over F for every k
which does not divide all ezponents x; in the relation of dependence.

Proof. Itissufficient toraise the equality from the definition of dependence
to the kth power. O

The field @ = L(';/oz] vee oy ) can be obtained from the field L by mul-
tiple cyclic extensions, whose degrees are divisors of k. Every of these extensions
is a Kummer extension of the preceding one.

We will use the following result about Kummer extensions which can be found
in 3, §9] and [9, Chap. 17]).

622
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PROPOSITION 1. Suppose that a number field L contains a primitive kth
root of unity.

If the numbers {a;; i € I} are k-independent over L, then the degree
[L("\/;i; i€ ) L] equals k*, where s denotes the cardinality of the in-
dex set I.

Moreover, the fields L("\/a_,-) are linearly disjoint over L, 1.e. the intersec-
tion of every two such fields which do not coincide is the field L.

If the numbers ay,...,a, are k-dependent over L, then the determination
of the degree [§2: L] can be a more complicated task.

LEMMA 2. Let k>1 be a prime. Suppose that a number field L contains a pri-
mitive k th root of unity, the numbers {ay,...,a,} belong to L and {«a;; 1€1}
18 @ mazimal subset of elements of the previous set such that its elements are
k-independent over L. If h is the number of elements in I, then

[L(Var,..., ¥ar ) L] = k.

Proof. If r = h the claim follows from Proposition 1. Otherwise we enlarge
the index set I by adding an arbitrary element j, ¢ I and we denote the
emerged set by Jo. It is possible to create r — h sets of this kind.

The elements {a;; j € Jo} are k-dependent over L and therefore there
exist integers z; not all equal to zero such that 0 < z; < k and

z; k
Il ey =5

J€Jo

for some B € L. From the choice of the set I it follows that zj, # 0, con-
sequently one can find integers t,u such that zjt = 1+ ku. If we raise the
equation of the k-dependence to the tth power, then we infer

R —zit  —ku gkt
a,o—Hai a; P

i€l

Therefore \/a;, € L('{/a,-; 1€ I) , because L contains a primitive kth root
of unity. Since the last relation holds for every jo ¢ I, the claim of the lemma
follows from Proposition 1. O

LEMMA 3. If

=11

jeJ
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is the canonical decomposition of the number k, then

-0 T o) ]

JEJ

is the canonical decomposition of the number [Q: L].

The degree s; of the extension L( ’;;/ Apyeeny ”;;/ar) over L 1s the product
3 -
of the degrees sj of the field L(P\’/al - ay ) over L( N ag,... ,”; ,l/a, )
for l=1,...,¢;.
Proof.
For every index j the field L( ”;;‘/al ey " oy ) is a subfield of the field

Q. The degree of the multiple Kummer extension L( ’;;/al ey i fay ) over
L is a power of the prime p;.
This number divides the number [ : L]. Since the field 2 is a multiple

Kummer extension of the field L( ’;;’/al Seees ”;; [a ) and p;j is the greatest
power of the prime p; which divides k, the degree [Q : L(";; Jag,..., ”;;/a, )]

is prime to p;. The first part of the lemma follows from this and the second one
is obvious. O

If we denote ":’_,l/ah by symbols fB i, then the number s;; equals the

degree of the extension L( P‘j/ﬂl,j,( ooy p{/ﬂr,jyl ) over L(fy jity---yPBrji1)- Ac-

cording to Lemma 2 this number equals the power of the prime p; with the
exponent, which is equal to the cardinality of a maximal index set I C {1,...,r}
such that the numbers f§; j i, ¢ € I', are pj-independent over L(B1,j1,---,Pr,ji1)-

Now we will discuss the mutual relation of k-dependence over the field K

and over the field L = K((x).

LEMMA 4. Numbers {aj; j € J} from the number field K are k-dependent
over the field L which is the composition of the field K and the k th cyclothomic
field Qi if and only if they are p-dependent over the field L for some prime p
which divides k.

Proof. Suppose that the numbers {a;; j € J} are k-dependent over L,
i.e. for suitable integers {z;; 0 < z; < k, j € J} not all equal to zero and some

BeL
Il =#"
JEJ
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If we denote by d the greatest common divisor of the numbers
{z;; j € J} and k, then for a suitable integer ¢t and a prime p which di-

k .
vides ¥ we have the relation

I 3 tk k\p
Ha,'d = (Ciﬁ)d = (C[dﬂyd) )
J€J
where (; is a primitive kth root of unity.

From this relation we infer that the numbers {a;; j € J} are p-dependent
over L because some z; is not divisible by the prime p.

The converse implication is obvious. O

Although we can take into consideration the previous reduction, the task to
gain insight into the degrees s(k) = s(g(z),k) of the fields Q over L for all k
and fixed aj,...,a, (and fixed field A ) remains difficult.

However, for a number k such that (k,o(k)) = 1 or k prime to certain
integer R it is possible to determine the number s(k) only from the properties

of the base field K .

LEMMA 5. If the numbers {a;; j € J} from the field K are k-dependent
over L and (k,¢(k)) =1, then they are k-dependent over I\ .

Proof. Using Lemma 4 it is possible to find such prime divisor p of the
number k that the numbers {a;; j € J} are p-dependent over L = K Q. that
is for some {zj; 0 < z; <p, j € J} not all equal to zero and some 3 € L we

have
Z)' . 4
I I o’ =pP.

1€J

If we take norms to the field K in the above equality, then we obtain

r; deg(L/K
H“,' es(L/1) = Np/k(B)P.
j€J

Since deg(L/K’) divides the number (k) and prime p divides k, the assump-
tion (k,p(k)) =1 implies that some x; deg(L/K) is not divisible by p. This
means that the numbers {a;; j € J} are p-dependent over A and that is why
they are k-dependent over A . O

Suppose that R is the highest possible order of a root of unity contained in

the field K .

The following proposition is a consequence of Theorem 3 from [10].
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PROPOSITION 2. Suppose that k 13 a positive integer prime to R. If a € K
i3 such that a = B* for some B € K((x) then a = v for some v € K.
Consequently, of {«j; j € J} are elements of the field K which are k-dependent
over L = K(Cx) then they are k-dependent over K .

DEFINITION 3. For arbitrary prime p we define the number d(p) as the car-
dinality of such mazimal indez set J C {1,...,r} that the numbers {a;; j € J}
are p-independent over K .

The numbers d(p), where p divides k, are strongly connected with the
number s(k).

In the next part we will give a certain lower bound for the numbers d(p).

For the sake of simplicity we will suppose from now on that the polynomial
g(z) is irreducible.

First we will deal with the case when the numbers «,...,a, are algebraic
units of the field K .

3. Sequences with b, = +1

a) Lower bound for d(p).

The case when some (and hence every) number «; is a root of unity is trivial
and therefore in the sequel we will suppose that none of the numbers «; are a
root of unity.

Suppose that the constant term by of the polynomial g(z) equals +1, hence
the roots ay,...,a, of the polynomial ¢g(z) are units of the field K . Further,
let fundamental units ¢;,...,¢, of the field K (v = s+t — 1, where s is a
number of real embeddings and t is a number of pairs of conjugate complex
embeddings of the field A in the field C of complex numbers) and the number
¢ which is the root of unity of the highest possible order R in K be given.

Let

a,:CE‘e'{“...Ef,"“ for 1=1,...,r

be the expressions for the roots of the polynomial g(z), whose existence follows
from the Dirichlet theorem about units.

Denote by E the matrix of the dimension r x u consisting of the numbers
e;j and by E' the matrix obtained from E by adding the row determined by
the vector e’ = (E,,...,E,).

Using this notation we can state the following lemma:

LEMMA 6. Let R be the order of (. Then there 18 a number D such that:

(1) For all primes p which do not divide the number DR we have the
inequality d(p) > h, where h is the rank of the matriz E.
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(1) For primes p which divide D but do not divide R we have the in-
equality d(p) > h,, where h, 1s the rank of the matriz E modulo
p.

(iii) For primes p which divide R we have the inequality d(p) > h
h), is the rank of the matriz E' modulo p.

!

»» where

Proof. Suppose that the numbers {a;; ¢ € I} are p-dependent over K,

this means that
[[oi =p, (+)
I

where f € K, 0 <z; < p for 1 € I and some z; is not divisible by prime p.

Since all numbers a;,...,a, are algebraic units of the field A", the number
f# must be an algebraic unit of the field K too.

According to the Dirichlet theorem about units it is possible to write every
number ay,...,a, and f in the form of the product of a root of unity and the
integral powers of fundamental units of the field I .

Let
a; = CBigtin gt
for e =1,...,r and
B=CYel . el
be the corresponding decompositions.

The equality (*) can be rewritten in the form

S Eixy Z:ICHI:' 2 eiu

{ € i€l _sYp n1p y
(et € .. .Eu = PPl gdP]

in which some number z; is not divisible by the prime p.
Since the units e; are fundamental, the last equality is equivalent to the
following system of linear equations (L) and the congruence (%)

Z €T = Y1p

i€l

(L1)
Z €iul: = YuP
€]
Z E;z; =Yp (mod R), (**)
el
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where some z; is not divisible by p.

If the prime p does not divide the number R, then the congruence (**) is
solvable for arbitrary {z,; ¢ € I}. Otherwise the congruence (**) is reduced to

the equation
Z E,‘.’L‘,‘ = Yp .
1€]

Denote by symbols E; and E matrices which are obtained from the matrices
E and E', respectively, in such a way that we choose the rows whose indices
belong to the set I or we choose these rows and add the last row determined
by the vector e’ respectively. Hence the rows of the matrix E; are the vectors
{e,- = (€i1y---y€iu); T € I} and the rows of the matrix E} are the vectors
{ei; i € I} and the vector e'.

We can regard the system (L;) and the congruence (**) as a homogeneous
system of linear equations over the field Z/pZ with unknowns {z;; ¢ € I}
determined by the matrix E; or E’, respectively.

The numbers {a;; i € I'} are p-dependent over K if and only if the homoge-
neous system of linear equations determined by the matrix E; in the case when
p does not divide R or by the matrix E; otherwise has a non-trivial solution
{zi; ¢ € I} in the field Z/pZ.

We can infer from this that the numbers {a;; i € I} are p-independent over
K if and only if there is a submatrix M of the dimension [ x [ of the matrix
E or of the dimension (I + 1) x (I + 1) of the matrix E', respectively, where
! is the cardinality of the index set I, such that the determinant D of M is
invertible in the field Z/pZ.

Let h be the rank of the matrix E. Then there is a submatrix M of the
matrix E of the dimension h x h, whose determinant D is a nonzero integer.
With the matrix M we can uniquely associate an index set I of its rows. For
arbitrary prime p which does not divide D, the system Ly has only the trivial
solution in Z/pZ.

Therefore for all primes p which do not divide DR the numbers
{a;; i € T} are p-independent over K . Hence d(p) > h and this proves (i).

It remains to determine the bound for d(p) for those primes which divide
DR. Again it is sufficient to determine the maximal index set I such that the
numbers {a;; ¢ € I} are p-independent over K for prime divisors p of the
number DR. This can be done if for index sets J C {1,...,7} we know the
ranks of the matrices E; over the fields Z/pZ, where p divides D but does
not divide R and the ranks of the matrices E'; over the fields Z/pZ, where p
divides R.

The statements (ii) and (iii) can be proved in the same way as the statement
(1). O
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We remark that there could be more maximal index sets. However, since we
consider the rank of the matrix over the field, the numbers of elements in these
maximal index sets are the same.

From the proof of the last lemma it follows that A = 0 if and only if all roots
a; of the polynomial g(x) are roots of unity. Moreover, h, = 0 if and only if
all numbers {a;; ¢ € I} are the pth powers of numbers §; from the field K or
products of such powers by powers the multiple of the pth root of unity which
belongs to K . This case is possible only for a finite number of primes p and
we can gain further information about the degree [2 : L] by considering the
numbers §; instead of «;.

b) Bound for the number s(k,p).

Let
k= H p;’

be the canonical decomposition of the number k. We denote by s(k,p) the
highest power of the prime p which divides the number s(k). Then

s(tky="I[ stk.p).
p\s(k)

Using this notation we can state the next lemma.

LEMMA 7. Let h be the rank of the matriz E. There is some integer M such
that for every prime p not dividing M we have s(k,p;) < p;-'e’ .

Proof. Addto theindexset I defined in the proof of Lemma 6 an arbitrary
element jo ¢ I and denote the obtained index set by the symbol Jy. We can
create r — h sets of this kind. Rows {e;; j € Jo} are linearly dependent over

Q and therefore there are some rational numbers {z;; j € Jo} and z such that

zj, # 0 and

We can raise the last equality to the suitable integer power C;, and we obtain
an analogous equality, where the exponents of the numbers «; are integers whose
greatest common divisor is Fj, and therefore the exponent of ( must be an
integer too.

After the subsequent raising to the Rth power we obtain the equality
. .
H aj’ =1, (** *)

629



FRANTISEK MARKO

hence the numbers a; are dependent and the greatest common divisor of all
exponents z; divides Fj,R.

!
Jo
not divide Fj,DR because for such a prime p; the numbers {a;; i € I} are

The exponent z! in (% * *) can not be divisible by a prime which does

pj-independent over K according to the choice of the index set T.
For such p; it is possible to find a natural ¢ which fulfils the congruence
z;t=1 (mod p;'-").

After the raising of (* * x) to the power ¢ we obtain

..
o 2t —pu
= I I a, a,

i€l

for a suitable natural u. If we take the roots of the degree p;j in this equality,

e

we obtain that the number 7 aj, € L( ";J, fai; 1 € 7), because L contains a
primitive p;j th root of unity.

If we put M = DR [] Fj, then the last result holds for every index jy ¢ I
jo€l
and therefore we obtain the equality

L( "f;/al ey PJ‘;/(I,- ) = L( ”J‘;/a,‘; 1€ T)
According to Lemma 3 and Lemma 2 this means that if p; is prime to M

then s(k,p;) < p'-lej O

g .

If we compare the statement of Lemma 6 and Lemma 7, the natural question
arises whether it is possible to derive the upper bound for the number s(k,p;)
also in the case when p divides M. In this respect we have only the following
partial result.

LEMMA 8. If a prime p does not divide R, then

otherwise
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Proof. Lemma follows from the definition of the numbers h,. and h;l_ ,
respectively, and from Lemma 2. a

On the other hand the degrees

(2o ) (i )

for ¢ > 1 do not depend only on h,, and hj , respectively.

LEMMA 9. Suppose that (k,R) =1 or (k,po(k)) = 1. Then for primes p,
which do not divide DR it holds that s(k,p;) > p?ej . For primes which divide

hy.e; . .
D but do not divide R it holds that s(k,pj) > pJ-P’ and for primes p; which
' k! e;
divide R 1t holds that s(k,p;) zpjy’ "

Proof. The lemma follows from Lemma 6, Lemma 5, Proposition 2 and
Proposition 1. O

4. Sequences with by # +1

Now we will deal with the case when by # %1, i.e. when none of the numbers
ay,...,q, is an algebraic unit in the field K.

Till now we did not practically use the assumption that g(z) is an irreducible
polynomial. However, in this part the last assumption will play an important
role.

If g(x) is irreducible, then Ng/q(ai) =--- = Ng/g(a;) = N = £by and N
is different from #1 as it follows from our assumption.

We denote by d the greatest natural number such that the number N is a
dth power of some integer: N = N¢.

Using the introduced notation we can state the following lemma.

LEMMA 10. Choose the indez set I and some element iy of this set. If the
y

)

numbers {a;; i € I} are k-dependent over K , then the numbers {'Yz‘,.'o =
ai,

1 # io} are k-dependent over K or D = (k,d) > 1 and the numbers {a;; i € I}
are D-dependent over L.

Proof. Suppose that the numbers {a;; ¢ € I} are k-dependent over K,
that is for some # € K and integers z;; 0 < z; < k not all equal to zero we

have
[Ter = s (+)

el
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2z
We divide the last equality by the number a':'s' and obtain the equality

(&)= ()

a 2~ Ti
i€l, i#ig to o€
to

If we take norms of both sides of (+), we obtain

) E i
Nijo(B)f = Nt

The last equality implies the congruence
dZI.' =0 (mod k),
el

which is equivalent to

Zzi =0 (mod ).
el
If z; #0 (mod %) for some i € I, then it follows from the last congruence

that this index 7 could be chosen different from i,. After the raising of the
equality (++) to the D th power we have

()" ==
= ~— =7,
i€l igi | Mo 4(.4;,1’)‘0
where v € K and ;D # 0 (mod k) for some i # tg. This means that the
numbers {—al; tel— {io}} are k-dependent over K .
o

to

If z; =0 (mod —l’%) for all ¢+ € I, then after taking roots of both sides in the
equality (+), we obtain

[T =587 = i5)".
i€l

This equality means that the numbers {a;; ¢ € I} are D-dependent over
L = KQi, because we know that some z; # 0 (mod k) and this implies

:r,-—?%O(modD). O

The following converse of the previous lemma will also be important for us.
Here we use the previous notation.
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LEMMA 11. If the numbers {'7;‘,-0; 1€ I — {io}} are k-dependent over K
and in the case D > 1 they are not D-dependent over L, then the numbers
{ai; 1 € I} are k-dependent over K .

Proof. If the numbers {vi,,; ¢ € I — {i9}} are k-dependent over A,
then there are some v € K and integers {z.-; 0<z;<k;iel- {ig}} not
all equal to zero such that

i€l itip (o
Choose the number z;, in such a way that the following congruence is fulfilled

dEI,' =0 (mod k).

el

L

If we multiply the last equality by the number a:f" , then

k _i€r
z; i
I I ot =7 oy,

el

T

After the raising to the D th power we have

(=)

;D _ kD — gk
Ha,— =7"ay, =6",
el

where 6 € K. If D =1 or for some 1 € I we have z; # 0 (1nod Tk)-), then this
z; satisfies z;D # 0 (mod k) and the last equality implies that the numbers
{ai; i € I} are k-dependent over K. If D > 1 and each z; is divisible by the

k
number D then we take the —ij th roots of both sides of the last equality, which

lie in L. From the resulting equality we see that the numbers {a;; i € I} are
D-dependent over L, which contradicts the assumption of the lemma. Hence
this case is not possible. O

We remark that the above results do not actually depend on the choice of
the element ip from the index set I, provided that the number k is prime to
d. In this case the equality
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and the congruence

Zl‘,‘ =0 (modk)

el

[I(2)" =t (2e)e" o

;
iel n

imply that

where 6 € I\ .

5. Proof of Theorem

Proof of Theorem. First suppose that by = +1. In this case the
theorem follows from Lemma 7 and 9.

In the case when by # +1 we will use Lemma 10 and 11.

The numbers 7, ;, from Lemma 11 are not necessarily algebraic integers, but
they become algebraic integers when they are multiplied by a suitable natural
number. Denote by S the set of those valuations of the field K, which corre-
spond to the prime divisors of K that divide the principal divisor generated by
the element a;,. Then all numbers v, ;, are S-units of the field I .

Using the generalized Dirichlet theorem about S-units (see [7]) we can de-
compose the number 7; ;, into a product of a root of unity and integral powers
of the fundamental S-units in the field K. The problem of k-dependence of
these numbers over K could be solved in the same way as in the case when all
ai,...,a, were supposed to be algebraic units of the field A .

If the number k is chosen to be prime to a suitable integer M , then we can
again compute the degree [ : L] as before. 0O

6. Heuristic considerations

In this part we will apply the above result to the case of pseudoprimes with
respect to simple linear recurring sequences. We will concentrate on such pseu-
doprimes which are the products of two different primes.

First we recall some definitions from [5].

Suppose that {a,} is a linear recurring sequence of integers of the rth order
whose characteristic polynomial is g(z). If all roots of g(z) are simple, then the
linear recurring sequence {a,} is called simple.

If {an} is a simple linear recurring sequence, then an integer n which sat-
isfies the congruence a,s; = a, (mod n) for every natural number s is called
pseudoprime with respect to the sequence {an}.

If for some composite n the sequence {an} modulo n is periodic with the
period n — 1, then n is a pseudoprime with respect to {a,}. Pseudoprimes of
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this kind are called regular. Regular pseudoprimes which are the products of two
different primes were considered in [5] and later investigated in [6].

LEMMA 12. There 1s some natural number M such that if primes p and ¢
satisfy the following properties:

p =1 (mod M), p splits completely in the splitting field of the polynomial
g(r),

q does not divide M, ¢ = k(p—1)+1 for some natural k, q splits completely
in the splitting field of the polynomial ¢(x**) if k s divisible by four or g(x*)
otherwise,

then the number t = pq 18 a pseudoprime with respect to the simple linear
recurring sequence {a,}.

Proof. Using Lemma 2 from [5] for ¢ and p respectively we obtain that
g q ! 1

Apgm = Ap(g—1)m+pm = Qpm = a !;' +1)m =am (“10(1 ’1)7

resp.

Apgm = Qg(p—1)m+qm = Qgm = Uk(p-1)41)m = ap, (lll()(l ])) .

Hence

A(pg)m = ¢m (mod pq).

O

We will base our heuristic arguments on statements about the density of
primes of a certain splitting type in a given number field. We will also use
the statement about the density of prime divisors in a generalized arithmetic
progression and theorem about the degree of the splitting field of the polynomial
g(z*) proved in the preceding section.

PROPOSITION 3. (see [2]) Let K be a normal number field of the degree n

over the field Q and let M be the class of primes p which split completely in
the field K. Then

1
£ &
P ) P 1

i.e. the class M has the Dirichlet density —1—
n
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LEMMA 13. Let I be a normal number field of the degree n over the field
Q. For arbitrary integer m > 1 we have: The number of primes p which do

not exceed an integer r, satisfy the congruence p = 1 (mod mn) and which
split completely in the field K 1s asymptotically equale to (1/[K () : Q]) -

(r/logz).

Proof. According to [2] a prime p satisfies p = 1 (mod m) if and only
if p splits completely in Q(¢,n ). Hence using [3] we see that p = 1 (mod m)
splits completely in I if and only if p splits completely in I ((,,). Therefore
the required statement follows from Proposition 3. O

The following definition will be useful in the later heuristic considerations.

DEFINITION 4. The number h corresponding to the characteristic polynomaial
g(x) and uniquely determaned by Theorem 1s called the characteristic of a simple
linear recurrent sequence {a,}.

Now we try to give the heuristic reason for the existence of pseudoprimes n
which are the product of two different primes p, ¢.

Let M be the natural number from Lemma 12. According to Lemma 13
there are infinitely many primes p = 1 (mod M) which split completely in the
splitting field of the polynomial ¢(x). For almost all such p this is equivalent
with the splitting of the polynomial g(z) into linear factors over Z/pZ.

Firstly, suppose that positive integers & are bounded by k¢ or even supposc
that & = ko is fixed. Cousider p as a variable taking only values which are
primes p =1 (mod M) splitting completely in the field . Then consider the
expressions ¢ = 1 4+ k(p — 1), where k& < ko or even k = ky. We may expect
that for infinitely many primes p and integers k as above the expression ¢ is
a prime. If k = k¢ is fixed this would follow from Schinzel's conjecture H. If
k 1s bounded by k¢ then by the choice of sufficiently large kg we can obtain
arbitrary large number of primes ¢ even if the prime p is fixed because the
density of primes in the arithmetic progression 1+ k(p—1) is positive according
to the Dirichlet theorem.

The density of primes which split completely in the splitting field of the poly-
nomial ¢(x**) with k& bounded as above is positive according to Proposition 3.
Therefore we may require not only that ¢ is a prime but also that it splits
completely in the splitting ficld of the polynomial g(ar2f).

This heuristic arguments together with Lemma 12 lead to the expectation
that there are infinitely many regular pseudoprimes t = pg with respect to any
simple linear recurring sequence.

The above heuristic arguments give also a method of actual searching for
pseudoprimes in general situation.
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Secondly, suppose that a prime p = 1 (mod M) which splits completely
in I is fixed and positive integer & is variable (Here again M is a number
from Lemma 12). According to Lemma 13 the primes ¢ = 1 (mod p— 1) which

split completely in I form a 1/[N(Cp—1) : QJth part of all primes. More-
over a prime q¢ = 1 4+ k(p — 1) splits completely in the field K if and only if
it splits completely in the field K((x). We want to determine the density of
primes ¢ = 1 4+ k(p — 1), where (k, M) =1 which split completely in the field

Rl
K(Ck). Let {p1,...,ps} be the set of all prime divisors of M and « = [] p®

1=1
for some positive integers d;'s. Then [K(((,,_])“) : 1\'((,,._1)] = u for every
integer u as above (recall that Al is supposed to be even). Using this together
with arguments analogous to previous ones and the inclusion  exclusion prin-

(v

ciple we compute that density is equal to TI_'(“T‘M)AM@]_‘ where the constant
A (Cp—1)
c=11(--
= 1- h)
1=1 P:

Our theorem implies that the probability of the fact that such a prime ¢
splits completely in the field Q = K ((x, *\/(T, vy VM ar ) is equal to 1\—‘1,,— :
Therefore the total probability of the fact that for a given prime ¢ the fol-
lowing conditions are fulfilled:
(1) ¢ =1+k(p—1) for some integer & > 1 such that (k,Af) =1
(i1) ¢ splits completely in the field §2

| C 1
cquals ——————— .
jua [1{((,,-1) . Q] kh
Since a fixed prime p = 1 (mod M) is supposed to split completely in the

field K, Lemma 12 implies that the probability that for a certain prime ¢ the
number t = pq is a regular pseudoprime with respect to the sequence {a,} is
C 1 C 1 C
— > — >
[K(Cp-l) : @] kb = np(p — 1) k= ngkh-

Suppose for the moment that h = 1. Then the last expression equals — .
”(1

not smaller than

. 1
Since the numbers C' and n are constant and Y. - = oo, the sum of these
q prime ¢

probabilities for all ¢ diverges to infinity. Therefore for any simple linear re-
curring sequence with characteristic h =1 we expect the existence of infinitely
many regular pseudoprimes of the form t = pg, where p is fixed.

If h > 1 then the sum of the reciprocals of the hth powers of primes converges
and we therefore cannot expect that the analogous statement i1s valid for such
sequences.
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This observation together with the properties of the sequences with h = 0
justify the division of linear recurrent sequences into classes with respect to their
characteristics.

Thirdly, the considerations in the second part allow us to make the following
conclusion. For any prime p as above the probability that there exists some
prime ¢ such that t = pq is a regular pseudoprime is bounded uniformly from
below by positive constant independent of p. Since we can use infinitely many
primes p we would expect for any simple linear recurring sequence the existence
of infinitely many pseudoprimes of the form t = pq.

Finally let us make some comments which provide examples of linear recur-
ring sequences of characteristic 1.

Recall that by u we have denoted the rank of the torsion-free part of the
“group of units in K.

We remark that u = 0 only if g(z) is a cyclotomic polynomial.

If for some linear recurring sequence we have u = 1 for the corresponding
polynomial g(z), then h =1 and according to heuristic arguments given above
we expect that for a prime p which splits completely in K and fulfils the congru-
ence p =1 (mod M) for a certain M there are infinitely many pseudoprimes
n, which are the product of the prime p and of an other prime ¢ for which
g=1 (mod p—-1).

The examples of such sequences are linear recurring sequences for which by =
+1 and the splitting field K of the characteristic polynomial g¢(z) is a real
quadratic field or a cubic field, which is not totally real or a biquadratic totally
imaginary field.
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