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POLYNOMIALS OF THE FORM g(xk) 
AND PSEUDOPRIMES WITH RESPECT TO 

LINEAR RECURRING SEQUENCES 

FRANTISEK MARKO 1 ) 

ABSTRACT. The degree of the splitting field of the polynomial g(xk) over the 
composition of the splitting field of the polynomial g(x) and the k th cyclotomic 
field is investigated and the result is then used in heuristic argument about the 
existence of pseudoprimes with respect to simple linear recurring sequence which 
are the product of two different primes. 

1. Introduction 

In [5] the notion of pseudoprime with respect to a linear recurring sequence 
of integers is defined and the existence of infinitely many pseudoprimes with 
respect to any finite system of simple abelian linear recurrences is derived from 
Schinzel's conjecture H. Pseudoprimes constructed there are products of two 
different primes. 

The above mentioned pseudoprimes form a type which is important in actual 
searching for pseudoprimes (see [1] and [4]). 

At the end of this paper we present a certain heuristic arguments which 
enable us to classify linear recurrences according to the expected "density" of 
the pseudoprimes n of the type n — pq, where p and q are primes. 

Heuristic considerations led us to the formulation of the following problem, 
which is the main topic of this paper. It is the investigation of the degree of the 
splitting field of the polynomial g(xk) over the composition of the splitting field 
of the polynomial g(x) and the fcth cyclotomic field. 

Suppose that the polynomial g(x) = xT — br-\X
r~l &o has only simple 

roots, namely c * i , . . . , a r . Denote by K the splitting field of the polynomial 

A M S S u b j e c t C l a s s i f i c a t i o n (1991): Primary 11B37, 12F05. 
K e y w o r d s : Rummer extension, Degree of an extension, Multiplicative dependence over 

a field, Pseudoprimes with respect to linear recurring sequence. 
l) Research supported by Slovak Academy of Sciences Grant 363. 
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g(x) over the field Q of rat ionals. Then the split t ing field Q of the polynomial 

g(xk) over Q is fi = A"((jt, y c . i , . . . , y a i - ) » where £* is a primit ive kth root 

of unity. 

Let L — K((k) and s(k) = [fi : L ] . Our main result s ta tes the following: 

T H E O R E M . There are positive integers M and h such that if k is prime to 

M then s(k) = kh . 

2. k-dependence over n u m b e r field 

We s tar t with the definition of k-dependence (see also [3] and[9]). 

D E F I N I T I O N 1. Numbers {a , G F\ i G / } are called k-dependent over a 
number field F if there are integers X{; 0 < x, < k, not all equal to zero such 
that 

Il«r=/J* 
for some ft G K . 

Numbers a , which are not k-dependent over F are called k-independent 

over F. 

It follows straight from the definition tha t numbers which are k-dependent 
over F are k/-dependent over any extension F' of F for every na tu ra l / . 

D E F I N I T I O N 2 . Numbers {a; E F ; i G / } are called dependent over F if for 
some integers X{; i' G I not all equal to zero 

IR = i-

T h e previous notions are connected in the following way: 

L E M M A 1. Dependent numbers over F are k-dependent over F for every k 

which does not divide all exponents x, in the relation of dependence. 

P r o o f . It is sufficient to raise the equality from the definition of dependence 
to the k th power. • 

T h e field $7 = L(\fct\,..., \far ) can be obtained from the field L by mul­
tiple cyclic extensions, whose degrees are divisors of k . Every of these extensions 
is a K u m m e r extension of the preceding one. 

We will use the following result about Kummer extensions which can be found 
in [3, §9] and [9, Chap . 17]). 

622 
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P R O P O S I T I O N 1. Suppose that a number field L contains a primitive k th 
root of unity. 

If the numbers { a , ; i G / } are k-independent over L, then the degree 

[ L ( y a i ; i G / ) : l ] equals ks, where s denotes the cardinality of the in­

dex set I. 

Moreover, the fields Z ^ y a , ) are linearly disjoint over L, i.e. the intersec­

tion of every two such fields which do not coincide is the field L . 

If the numbers a i , . . . , a r are k-dependent over K, then the de terminat ion 
of the degree [fi : L] can be a more complicated task. 

L E M M A 2 . Let k>l be a prime. Suppose that a number field L contains a pri­

mitive k th root of unity, the numbers { a i , . . . , a r } belong to L and { a , ; i£l] 

is a maximal subset of elements of the previous set such that its elements are 

k-independent over L. If h is the number of elements in I, then 

[L(V^7,. . . ,^) :L] =kh. 

P r o o f . If r — h the claim follows from Proposition 1. Otherwise we enlarge 
the index set I by adding an arbitrary element jo #. I and we denote the 
emerged set by J 0 . It is possible to create r — h sets of this kind. 

T h e elements {a 7 ; j £ Jo} are ^-dependent over L and therefore there 
exist integers Zj not all equal to zero such that 0 < Zj < k and 

II «? = ?> 
>€Jo 

for some (3 £ L. From the choice of the set / it follows tha t zj0 / 0 , con­
sequently one can find integers t,u such tha t zj0t = 1 + ku. If we raise the 
equat ion of the k-dependence to the t th power, then we infer 

a)o =[[ax a
JO P ' 

i£l 

Therefore \/OLJ0 G L{\Jai\ i E 7) , because L contains a primitive A:th root 

of unity. Since the last relation holds for every jo & I > the claim of the l emma 

follows from Proposi t ion 1. • 

L E M M A 3 . If 

& J 
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is the canonical decomposition of the number k, then 

[ o : L ] = n [ L ( p ; v ^ ' - - - p ; v ^ ) : L 

is the canonical decomposition of the number [£l : L]. 

The degree Sj of the extension Ll pJ\Jot\ ,..., W a r ) over L is the product 

of the degrees SJJ of the field Ll y a\ , . . . , yotr ) over L(pj y a\ , . . . / > yar ) 

for I = l , . . . , e j ; . 

P r o o f . 
pjy a\ , . . . , piyOLr J is a subfield of the field 

£2. The degree of the multiple Kummer extension Ll p ;wa\ , . . . , pj\jar ) over 

L is a power of the prime pj . 

This number divides the number [ fi : L ]. Since the field ft is a multiple 

( e j I e j I \ . 

p) y a\ , . . . , piy otr \ and p-} is the greatest 
power of the prime pj which divides k , the degree \fl : LI pJya\ , . . . , pj\jar ) 
is prime to pj . The first part of the lemma follows from this and the second one 
is obvious. • 

If we denote p> yah by symbols /?& j , / , then the number SJJ equals the 

degree of the extension L^ y A,jJ , • • •, yPr,j,l ) over L(f3lyJj,... , /?r,7,/). Ac­
cording to Lemma 2 this number equals the power of the prime pj with the 
exponent, which is equal to the cardinality of a maximal index set Id { 1 , . . . , r} 
such that the numbers /?t,>,., i e I, are pj-independent over L(/3\jii,..., /3rj,l) • 

Now we will discuss the mutual relation of ^-dependence over the field K 
and over the field L = K((k)-

LEMMA 4. Numbers {aj ; j' £ J} from the number field K are k-dependent 
over the field L which is the composition of the field K and the k th cyclothomic 
field Qk if and only if they are p-dependent over the field L for some prime p 
which divides k. 

P r o o f . Suppose that the numbers {aj ; j £ J} are ^-dependent over L, 
i.e. for suitable integers {XJ ; 0 < Xj < k, j £ J} not all equal to zero and some 
pel 

n »;<=/*<• 
ieJ 
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If we denote by d the greatest common divisor of the numbers 
{XJ ; j £ J} and k, then for a suitable integer t and a pr ime p which di-

k 
vides — we have the relation 

d 

П < =(йßV = {cґßpki)\ 
jeJ 

where (k is a primitive k th root of unity. 

From this relation we infer that the numbers {oj ; j £ J] are p-dependent 
over L because some Xj is not divisible by the prime p. 

T h e converse implication is obvious. • 

Al though we can take into consideration the previous reduction, the task to 

gain insight into the degrees s(k) = s(g(x),k) of the fields ft over L for all k 

and fixed a i , . . . , « r (and fixed field K) remains difficult. 

However, for a number k such that (k,(,O(k)) = 1 or k pr ime to certain 

integer R it is possible to determine the number s(k) only from the propert ies 

of the base field K . 

L E M M A 5 . If the numbers {ctj ; j £ J} from the field K are k-dependent 

over L and (k,(p(k)) = 1. then they are k-dependent over K . 

P r o o f . Using Lemma 4 it is possible to find such prime divisor p of the 
number k t ha t the numbers {a3 ; j £ J} are p-dependent over L — KQk , tha t 
is for some {xj; ; 0 < Xj < p, j £ J} not all equal to zero and some ft £ L we 
have 

IK'^P-
jeJ 

If we take norms to the field K in the above equality, then we obta in 

n-;;deg(L/A)-^M'(^p-
jeJ 

Since deg(L/K) divides the number ^>(k) and prime p divides k, the assump­

tion (k , (^(k ) ) = 1 implies tha t some Xjdeg(L/K) is not divisible by p. This 

means tha t the numbers {a3; ; j £ J} are p-dependent over K and tha t is why 

they are fc-dependent over K . • 

Suppose tha t R is the highest possible order of a root of uni ty contained in 

the field K. 

T h e following proposit ion is a consequence of Theorem 3 from [10]. 
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P R O P O S I T I O N 2 . Suppose that k is a positive integer prime to R. If a G K 

i3 3uch that a = /3k for 3ome (3 G K((k) then a = j k for some 7 G K. 

Consequently, if {aj ; j" G J] are elements of the field K which are k-dependent 

over L = K((k) then they are k-dependent over K . 

D E F I N I T I O N 3 . For arbitrary prime p we define the number d(p) a3 the car­
dinality of such maximal index set J C { 1 , . . . , r ) that the numbers {a} ; j G J} 
are p-independent over K . 

T h e numbers d(p), where p divides k, are strongly connected with the 
number s(k). 

In the next par t we will give a certain lower bound for the numbers d(p). 

For the sake of simplicity we will suppose from now on tha t the polynomial 
g(x) is irreducible. 

First we will deal with the case when the numbers a\,..., ar are algebraic 
uni ts of the field K . 

3 . S e q u e n c e s w i t h b0 = ± 1 

a) L o w e r b o u n d for d(p). 

T h e case when some (and hence every) number c*t is a root of uni ty is trivial 
and therefore in the seqtiel we will suppose tha t none of the numbers ax are a 
root of unity. 

Suppose tha t the constant term bo of the polynomial g(x) equals ± 1 , hence 
the roots a i , . . . , a r of the polynomial g(x) are units of the field K . Fur ther , 
let fundamenta l uni ts e\,. . . , £u of the field K (u = s + t — 1, where 5 is a 
number of real embeddings and t is a number of pairs of conjugate complex 
embeddings of the field K in the field C of complex numbers) and the number 
( which is the root of unity of the highest possible order R in K be given. 

Let 

«,- = tEie\ix ...£e
u
,u for i = l , . . . , r 

be the expressions for the roots of the polynomial g(x), whose existence follows 
from the Dirichlet theorem about uni ts . 

Denote by E the mat r ix of the dimension r x u consisting of the numbers 
eXJ and by E' the mat r ix obtained from E by adding the row determined by 
the vector e ' = (E\.. . . , Er). 

Using this nota t ion we can s tate the following lemma: 

L E M M A 6. Let R be the order of ( . Then there is a number D such that: 

(i) FoT all primes p which do not divide the number DR we have the 
inequality d(p) > h . where h is the rank of the matrix E . 
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(ii) For primes p which divide D but do not divide R we have the in­
equality d(p) > hp . where hp i3 the rank of the matrix E modulo 

P-
(iii) For primes p which divide R we have the inequality d(p) > h' , where 

h! is the rank of the matrix E' modulo p. 

P r o o f . Suppose tha t the numbers {at ; i G I} are p-dependent over K , 
this means tha t 

n*r = /"\ (*) 
»G1 

where f3 G K, 0 < X{ < p for i £ I and some xt is not divisible by pr ime p. 

Since all numbers a\,... , ar are algebraic units of the field K , the number 
/i must be an algebraic unit of the field K too. 

According to the Dirichlet theorem about units it is possible to write every 
number a\,. . . , ar and /? in the form of the product of a root of uni ty and the 
integral powers of fundamental units of the field Ii . 

Let 

«i = (EieYl...eV" 

for i = 1, . . . , r and 

be the corresponding decompositions . 

The equality (*) can be rewrit ten in the form 

C'€ / e\er ...eu
£I = C V M l P - - - e J u ' , 

in which some number Xj is not divisible by the prime p. 

Since the uni ts ej are fundamental, the last equality is equivalent to the 

following system of linear equations (Lj) and the congruence (**) 

^ e n x i = V\P 

(Lj) 

2 ^ e ; u x ; = VuP 
iei 

y ^ Elxl = l r p (mod I?), ( ** ) 
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where some i , is not divisible by p. 

If the prime p does not divide the number /? , then the congruence (**) is 
solvable for arbitrary {a:, ; i £ 1} . Otherwise the congruence (**) is reduced to 
the equation 

Y^Etxt^Yp. 
iei 

Denote by symbols E/ and E'7 matrices which are obtained from the matrices 
E and E' , respectively, in such a way that we choose the rows whose indices 
belong to the set I or we choose these rows and add the last row determined 
by the vector e ' , respectively. Hence the rows of the matrix Ej are the vectors 
{e^ — ( e , i , . . . ,eiu); i £ / } and the rows of the matrix E'j are the vectors 
{e^; ^ £ / } and the vector e ' . 

We can regard the system (L /) and the congruence (**) as a homogeneous 
system of linear equations over the field Z/pZ with unknowns {xi ; i £ / } 
determined by the matrix E/ or E'7, respectively. 

The numbers {a , ; i £ / } are p-dependent over K if and only if the homoge­
neous system of linear equations determined by the matrix E/ in the case when 
p does not divide R or by the matrix E'7 otherwise has a non-trivial solution 
{xi ; i £ / } in the field Z/pZ. 

We can infer from this that the numbers {ai; i £ / } are p-independent over 
K if and only if there is a submatrix M of the dimension / x / of the matrix 
E or of the dimension ( / + l ) x ( / + l) of the matrix E' , respectively, where 
/ is the cardinality of the index set I, such that the determinant D of M is 
invertible in the field Z/pZ. 

Let h be the rank of the matrix E. Then there is a submatrix M of the 
matrix E of the dimension h x h, whose determinant D is a nonzero integer. 
With the matrix M we can uniquely associate an index set I of its rows. For 
arbitrary prime p which does not divide D, the system Lj has only the trivial 
solution in Z /pZ. 

Therefore for all primes p which do not divide DR the numbers 
{at; i ! £ 1} are p-independent over K. Hence d{p) > h and this proves (i). 

It remains to determine the bound for d{p) for those primes which divide 
DR. Again it is sufficient to determine the maximal index set I such that the 
numbers {ax;; i £ 1} are p-independent over K for prime divisors p of the 
number DR. This can be done if for index sets J C { 1 , . . . , r} we know the 
ranks of the matrices E j over the fields Z/pZ, where p divides D but does 
not divide R and the ranks of the matrices E'j over the fields Z /pZ, where p 
divides R. 

The statements (ii) and (iii) can be proved in the same way as the statement 
(i). D 
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We remark tha t there could be more maximal index sets. However, since we 
consider the rank of the mat r ix over the field, the numbers of elements in these 
maximal index sets are the same. 

From the proof of the last lemma it follows that h — 0 if and only if all roots 
ai of the polynomial g(x) are roots of unity. Moreover, hp = 0 if and only if 
all numbers { a , ; i £ / } are the p t h powers of numbers Si from the field K or 
p roduc t s of such powers by powers the multiple of the p t h root of uni ty which 
belongs to K. This case is possible only for a finite number of primes p and 
we can gain further information about the degree [ ft : L ] by considering the 
numbers Si instead of a , . 

b ) B o u n d for t h e n u m b e r s(k,p). 

Let 

>GJ 

be the canonical decomposition of the number k. We denote by s(k,p) the 
highest power of the pr ime p which divides the number s(k). Then 

s(k)= n s(k,P). 
p\s(k) 

Using this nota t ion we can s tate the next lemma. 

L E M M A 7 . Let h be the rank of the matrix E . There is some integer M such 

that for every prime p not dividing M we have s(k,pj) < p-€j . 

P r o o f . Add to the index set I defined in the proof of Lemma 6 an arbi t rary 
element j 0 ^ I and denote the obtained index set by the symbol Jo . We can 
create r — h sets of this kind. Rows {e, ; j E Jo} are linearly dependent over 
Q and therefore there are some rational numbers {ZJ ; j' £ J0} and z such tha t 
Zj0 ^ 0 and 

n «?=<*• 
jGJo 

We can raise the last equality to the suitable integer power Cj0 and we obtain 
an analogous equality, where the exponents of the numbers ctj are integers whose 
greatest common divisor is Fj0 and therefore the exponent of ( must be an 
integer too. 

After the subsequent raising to the Rth power we obtain the equality 

ieJo 
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hence the numbers a3 are dependent and the greatest common divisor of all 

exponents z'- divides Fj0R. 

T h e exponent z'- in (* * *) can not be divisible by a pr ime which does 

not divide Fj0DR because for such a pr ime pj the numbers {az ; i G 1} are 

Pj - independent over K according to the choice of the index set I. 

For such pj it is possible to find a na tura l t which fulfils the congruence 

z'Jot = l ( m o d p V Y 

After the raising of (* * *) to the power t we obtain 

n -z'it -v)3 u 

_ar ajo 

•e/ 

for a sui table na tu ra l u. If we take the roots of the degree p3 in this equality, 
ej I / ej I . —\ 

we obta in t ha t the number Wor J O G l viyOtl;; i G I), because L contains a 

primit ive p 3 th root of unity. 

If we pu t M — DR Y\ Fj0 then the last result holds for every index jo $ I 

and therefore we obta in the equality 

F(^y/cv7,..., p > \ / ^ ) = L ( p ? v / c v ~ ; i e i ) . 

According to Lemma 3 and Lemma 2 this means tha t if p3 is pr ime to M 

then s(k,pj) < p. 3 . • 

If we compare the s ta tement of Lemma 6 and Lemma 7, the na tu ra l question 
arises whether it is possible to derive the upper bound for the number s(k,pj) 

also in the case when p divides M. In this respect we have only the following 
par t ia l result . 

L E M M A 8. If a prime p does not divide R> then 

T ( Pj I Pj I "\ T 
L[ yjOLi , . . . , yar J : L 

otherwise 

4 
= P, 

(f> I p ' l \ 
( y « i ,•••, Y«r ) : Pi 
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P r o o f . Lemma follows from the definition of the numbers hpj and h' , 

respectively, and from Lemma 2. • 

On the other hand the degrees 

[ / n C I DC I \ / C - 1 I C - 1 I \ 1 

L(Pifi^,.../ifar):L(>^at,...,
 P'^r)} 

for c > 1 do not depend only on hPj and h' , respectively. 

L E M M A 9 . Suppose that (k,R) = 1 or (k,ip(k)) = 1. Then for primes pj 

which do not divide DR it holds that s(k,pj) > p*' . For primes which divide 
h e 

D but do not divide R it holds that s(k,Pj) > p*} ' and for primes p3 which 
h'v.ej 

divide R it holds that s(k,Pj) > p- } 

P r o o f . The lemma follows from Lemma 6, Lemma 5, Proposi t ion 2 and 

Proposi t ion 1. • 

4 . S e q u e n c e s w i t h 60 ^ ± 1 

Now we will deal with the case when 60 ^ ± 1 , i.e. when none of the numbers 
a i,. . . , ar is an algebraic unit in the field K . 

Till now we did not practically use the assumption that g(x) is an irreducible 
polynomial . However, in this par t the last assumption will play an impor tan t 
role. 

If g(x) is irreducible, then NK/Q(OCI) = • • • = Nx/Q(ar) -= N = ±b 0 and N 

is different from ± 1 as it follows from our assumption. 

We denote by d the greatest natura l number such that the number N is a 

dth power of some integer: N = 7V0 . 

Using the introduced notat ion we can state the following lemma. 

L E M M A 1 0 . Choose the index set I and some element i0 of this set. If the 

{ Ot 

li to = — " 5 
< * i o 

i / *o | are k-dependent over K or D — (k,d) > 1 and the numbers {a t ; i G 1} 

are D-dependent over L. 

P r o o f . Suppose tha t the numbers {a,-; i e 1} are k-dependent over K , 
t ha t is for some 0 E K and integers xx;; 0 < xx < k not all equal to zero we 
have 

Ila",' = -̂ (+) 
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We divide the last equality by the number a\0 and obtain the equality 

n (^"=-£7- <-) 
• e/. * .„ a , ° a*' 

" t o 

If we take norms of both sides of ( + ), we obtain 

NK,Q(P)k = N&". 

The last equality implies the congruence 

dS^Xi = 0 (mod k), 

t€1 

which is equivalent to 

] P x . = 0 (mod ^ ) . 
t'e/ 

If Xi ^ 0 (mod ^ ) for some i £ I, then it follows from the last congruence 
that this index i could be chosen different from io . After the raising of the 
equality ( + + ) to the D t h power we have 

п (£) 
XІD ßkD 

Oíi ( E ч)D 
tЄ1, tт-io "'° a ^ Є / I 

t'o 

7*, 

where j £ K and x^Z? ^ 0 (mod fc) for some i ^ i0 . This means that the 

numbers { —- ; i £ I — {io} \ are k-dependent over K. 

If Xi = 0 (mod -p) for all i G / , their after taking roots of both sides in the 
equality ( + ), we obtain 

n«?'*=ci/*D=(c./*)D . 
i£l 

This equality means that the numbers {o:j; i £ 1} are D-dependent over 
L — KQk , because we know that some x, _̂_ 0 (mod k) and this implies 

Xi— ^ 0 ( m o d D ) . D 
K 

The following converse of the previous lemma will also be important for us. 
Here we use the previous notation. 
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L E M M A 1 1 . If the numbers {7,,i0 ; i & I — {io}} aTe k-dependent over K 

and in the case D > 1 they are not D-dependent over L, then the numbers 

{at; i G / } are k-dependent over K . 

P r o o f . If the numbers {7,,,0 ; i £ I — {to}} are fc-dependent over K , 

then there are some 7 G K and integers {xt ; 0 < xx < k ; i G / - f^o}} not 

all equal to zero such tha t 

п(Э" 7". 
t€/ . i?- .o 

Choose the number x,-0 in such a way that the following congruence is fulfilled 

d 2_^ %i = 0 (mod k). 
»G1 

E*.-
If we mult iply the last equality by the number a\e , then 

n E * . 
xi k •€/ 

«e1 

After the raising to the D th power we have 

XiD ^,kD„ V l € / 1 ,k 

tG1 

where £ G iv . If D =- 1 or for some i £ I we have x, ^ 0 (mod ^ ) , then this 

Xi satisfies XiD ^ 0 (mod k) and the last equality implies tha t the numbers 
{ai; i G / } are ^-dependent over K. If D > 1 and each xz is divisible by the 

k . 
number — , then we take the -^ th roots of bo th sides of the last equality, which 

lie in L. From the result ing equality we see tha t the numbers {at ; 1 G / } are 
i n d e p e n d e n t over L, which contradicts the assumption of the lemma. Hence 
this case is not possible. • 

We remark tha t the above results do not actually depend on the choice of 
the element in from the index set J , provided tha t the number k is pr ime to 
d. In this case the equality 

mzт=r 
iЄІ 
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N xг-. = 0 (mod k) 
гЄІ 

n(B"~-»m ïk 

5. Proof of Theorem 

P r o o f of T h e o r e m . First suppose that b0 = ± 1 . In this case the 
theorem follows from Lemma 7 and 9. 

In the case when bo 7̂  i l we will use Lemma 10 and 11. 

The numbers 7 M o from Lemma 11 are not necessarily algebraic integers, but 
they become algebraic integers when they are multiplied by a suitable natural 
number. Denote by 5 the set of those valuations of the field K, which corre­
spond to the prime divisors of K that divide the principal divisor generated by 
the element a{0 . Then all numbers 7M o are 5-units of the field A". 

Using the generalized Dirichlet theorem about 5-units (see [7]) we can de­
compose the number 7^ l0 into a product of a root of unity and integral powers 
of the fundamental 5-units in the field A'. The problem of k-dependence of 
these numbers over Â  could be solved in the same way as in the case when all 
a 1,..., ar were supposed to be algebraic units of the field A'. 

If the number k is chosen to be prime to a suitable integer M, then we can 
again compute the degree [ Q : L ] as before. • 

6. Heuristic considerations 

In this part we will apply the above result to the case of pseudoprimes with 
respect to simple linear recurring sequences. We will concentrate on such pseu­
doprimes which are the products of two different primes. 

First we recall some definitions from [5]. 

Suppose that {an} is a linear recurring sequence of integers of the r th order 
whose characteristic polynomial is g(x). If all roots of g(x) are simple, then the 
linear recurring sequence {an} is called simple. 

If {an} is a simple linear recurring sequence, then an integer n which sat­
isfies the congruence an9 = a9 (mod n) for every natural number s is called 
pseudoprime with respect to the sequence {an} . 

If for some composite n the sequence {an} modulo n is periodic with the 
period n — 1, then n is a pseudoprime with respect to {an} . Pseudoprimes of 
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this kind are called regular. Regular pseudoprimes which are the products of two 
different primes were considered in [5] and later investigated in [6]. 

LEMMA 12 . There is some natural number M such that if prunes p and q 

satisfy the following properties: 

p = 1 (mod M), p splits completely in the splitting field of the polynomial 

.</(*), 

q does not divide M , q — k(p—l) + l for some natural k , q splits completely 

in the splitting field of the polynomial g(x2 ) if k is divisible by four or g(xk) 

otherwise, 

then the number t = pq is a pseudopnme with respect to the simple linear 
recurring sequence {an} . 

P r o o f . Using Lemma 2 from [5] for q and p respectively we obtain tha t 

apqm — ap(q-\)m + pm = apm = ^(Sjz± + i ) m = am ( m o d (/) , 

resp. 

Hence 

T>pqm — aq(p-\)m + qm = aqm — a(k(p-\)+\)m = am ( n i o d p) . 

a(pq)m = am ( m o d pq) . 

D 

We will base our heuristic arguments on s tatements about the density of 
primes of a certain split t ing type in a given number field. We will also use 
the s ta tement about the density of prime divisors in a generalized ar i thmet ic 
progression and theorem about the degree of the splitting field of the polynomial 
g(xk) proved in the preceding section. 

PROPOSITION 3 . (see [2]) Let K be a normal number field of the degree n 

over the field Q and let M be the class of primes p which split completely in 

the field K . Then 

£ -V £ -V 
d(M) = lim ^ r - = lim P4^-r- = - , 

p 

i.e. the class M has the Dirichlet density — . 
n 
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L E M M A 1 3 . Let K be a normal number field of the degree n over the field 

Q . For arbitrary integer m > 1 we have: The number of primes p which do 

not exceed an integer x , satisfy the congruence p = 1 (mod m) and which 

split completely in the field K is asymptotically equale to (l /[A"(Cm) : Q] ) • 

(T / logT ) . 

P r o o f . According to [2] a prime p satisfies p = 1 (mod m) if and only 
if p splits completely in Q ( ( m ) - Hence using [3] we see tha t p = 1 (mod in) 
splits completely in K if and only if p splits completely in Iv((m). Therefore 
the required s ta tement follows from Proposit ion 3. D 

The following definition will be useful in the later heuristic considerations. 

D E F I N I T I O N 4 . The number h corresponding to the characteristic polynomial 

g{x) and uniquely determined by Theorem is called the characteristic of a simple 

linear recurrent sequence {an} • 

Now we try to give the heuristic reason for the existence of pseudoprimes n 
which are the product of two different primes p, q . 

Let M be the na tura l number from Lemma 12. According to Lemma 13 
there are infinitely many primes p = 1 (mod M) which split completely in the 
spl i t t ing field of the polynomial g{x). For almost all such p this is equivalent 
with the spli t t ing of the polynomial g(x) into linear factors over Z / p Z . 

Firstly, suppose tha t positive integers A: are bounded by k0 or even suppose 
tha t k = k0 is fixed. Consider /; as a variable taking only values which are 
primes p = 1 (mod AI) spli t t ing completely in the field K . Then consider the 
expressions q = 1 + k{p — 1) , where k < k0 or even k = A0 . We may expect 
t ha t for infinitely many primes p and integers A: as above the expression q is 
a pr ime. If k = k0 is fixed this would follow from SchinzePs conjecture H. If 
k is bounded by k0 then by the choice of sufficiently large k{) we can obta in 
a rb i t ra ry large number of primes q even if the prime p is fixed because the 
density of primes in the ar i thmetic progression 1 -f k(p— 1) is positive according 
to the Dirichlet theorem. 

The density of primes which split completely in the split t ing field of the poly­
nomial g(x2k) with A' bounded as above is positive according to Proposi t ion 3. 
Therefore we may require not only that q is a prime but also tha t it splits 
completely in the split t ing field of the polynomial g(x2k). 

This heuristic arguments together with Lemma 12 lead to the expectat ion 
tha t there are infinitely many regular pseudoprimes t = pq with respect to any 
simple linear recurring sequence. 

The above heuristic arguments give also a method of actual searching for 
pseudoprimes in general si tuation. 
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Secondly, suppose that a prime p = I (mod M) which splits completely 

in A' is fixed and positive integer k is variable (Here again M is a number 

from Lemma 12). According to Lemma 13 the primes q = 1 (mod p— 1) which 

split completely in A' form a l / [ A'(C ;,-i) : Q ] t h part of all primes. More­

over a pr ime q = 1 + k(p — 1) splits completely in the field A' if and only if 

it splits completely in the field A'(Cjt). We want to determine the density of 

primes q = 1 -\- k(p — 1) , where (k,M) = 1 which split completely in the field 

K((k) • Let {p], . . . , p , } be the set of all prime divisors of M and u = Y[ P,' 

for some positive integers OVs. Then [A'(£(p_i)u) : A"(C7i-i)] — 'u for every 

integer u as above (recall that M is supposed to be even). Using this together 

with a rguments analogous to previous ones and the inclusion exclusion prin­

ciple we compute tha t density is equal to 7 — 7 , where the constant 
• / v ( C „ - , ) : Q 

1=1 Ч Pг ' 

O u r theorem implies tha t the probability of the fact that such a pr ime q 

splits completely in the field fi = K((k, y ° i , • • • , y^r ) i s equal to —r . 
K 

Therefore the total probability of the fact that for a given prime1 q the fol­

lowing condit ions are fulfilled: 

(i) G=l + k(p — 1) for some integer k > 1 such that (k,M) = 1 

(ii) q splits completely in the field il 

1 c l 

equals 7 T TT -
[ / v ( C J , _ i ) : Q ] * h 

Since a fixed pr ime p = \ (mod M) is supposed to split completely in the 

field A", L e m m a 12 implies that the probability that for a certain prime q the 

number t — pq is a regular pseudoprime with respect to the sequence {On} is 

,, , (7 1 C \ C 
not smaller t h a n 7 —7- > — — -- > ——-—- . 

[A"(C/i-i) : Q] k " "<P{P- 1 ) k "" nqkh'] 

Suppose for the moment that h = 1 . Then the last expression equals — . 
nq 

Since the n u m b e r s C and n are constant and ^ - = 00 , the sum of these 
q prime H 

probabil it ies for all q diverges to infinity. Therefore for any simple linear re­

curring sequence with characteristic h = 1 we expect the existence of infinitely 

m a n y regular pseudoprimes of the form t = pq, where p is fixed. 

If h > 1 then the sum of the reciprocals of the h th powers of primes converges 

and we therefore cannot expect that the analogous s tatement is valid for such 

sequences. 
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This observation together with the properties of the sequences with h = 0 
justify the division of linear recurrent sequences into classes with respect to their 
characteristics. 

Thirdly, the considerations in the second part allow us to make the following 
conclusion. For any prime p as above the probability that there exists some 
prime q such that t = pq is a regular pseudoprime is bounded uniformly from 
below by positive constant independent of p. Since we can use infinitely many 
primes p we would expect for any simple linear recurring sequence the existence 
of infinitely many pseudoprimes of the form t = pq. 

Finally let us make some comments which provide examples of linear recur­
ring sequences of characteristic 1. 

Recall that by u we have denoted the rank of the torsion-free part of the 
group of units in K . 

We remark that u = 0 only if g(x) is a cyclotomic polynomial. 
If for some linear recurring sequence we have u = 1 for the corresponding 

polynomial g(x), then h = 1 and according to heuristic arguments given above 
we expect that for a prime p which splits completely in K and fulfils the congru­
ence p — 1 (mod M) for a certain M there are infinitely many pseudoprimes 
7i, which are the product of the prime p and of an other prime q for which 
q = 1 (mod p — 1). 

The examples of such sequences are linear recurring sequences for which bo — 
±1 and the splitting field K of the characteristic polynomial g(x) is a real 
quadratic field or a cubic field, which is not totally real or a biquadratic totally 
imaginary field. 
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