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CONVERGENCE PRESERVING
PERMUTATIONS OF N AND FRECHET’S
SPACE OF PERMUTATIONS OF N

JArROSLAV CERVENANSKY — TIBOR SALAT

(Communicated by Stanislav Jakubec )

ABSTRACT. Denote by P the metric space of all permutations of the set N of
positive integers with Fréchet’s metric. Let P, be the set of all p = (p,,)5%; € P
o0

that preserve convergence of infinite series (i.e., if ) a, is convergent, then
n=1

[o}
> a, . is also convergent). In the paper, topological and porosity properties of
n=1

the set P, and related sets are investigated.

Introduction

Permutations of N preserving convergence of infinite series are studied in [2],
(7], [9], [12], [13], [14]. These permutations form the set P,. Denote by P the
set of all permutations of the set N={1,2,...,n,...}.

A permutation ¢ = {g,}32, of N is said to preserve the convergence of

(o)

infinite series if for any convergent series a = ) a, with real terms the series
> a, convergesand ) a, = > a, .
k=1 k=1 k=1

In (1], [3], [7], [9], [13], [14], a characterization of elements of P, as a subset
of P is given and several interesting properties of P, are established. In this
paper, we shall study some further properties of P, and the structure of the
metric space P with Fréchet’s metric. This space was introduced in [1] (see
also [11]).

The paper is divided into two parts. In the first part we shall give some further
results about P, and P not contained in [1], [3], [8] and [11]. These results

AMS Subject Classification (1991): Primary 40A05, 54A10.

Key words: convergence preserving permutation, residual set, uniformly distributed sequence,
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concern the structure of the space (P,d), d being the Fréchet’s metric. In the
second part we shall apply the concept of the porosity of sets for making more
precise and completing results on (P, d) proved by other authors. Topological
terminology in accordance with [5] will be used.

Notations and characterization of elements of P,

The Fréchet’s metric on P is defined as follows:

o]

—k_ 1T = Yyl
d(z,y) =) 27" :
; 14|z, =yl

T = ()81 € P, y = (y)5Ly € P (cf. [1], [8], [10]).
It is well known that (P,d) is not a complete metric space, but it is of the

second category at every its point (cf. [1]).
In what follows we shall use the following well-known result (cf. [1], [8], [11]).

oo
THEOREM A. Let a= ) a, be a non-absolutely convergent series. Then the
=1

k=
set of all z = (z,)72, € P with

liminfs, (z,a) = —oo0, limsups,(z,a) = 400
n—00 n—00

n
is residual in P, where s, (z,a)= 3 a, (n=12,...).
k=1

Similar statements are also obtained in [3] for P endowed by Baire’s metric.
For z € P and § > 0, denote by K(z,d) the ball in P with centre z and
radius § > 0, i.e. K(z,d) = {y € P; d(z,y) < 6}.
If > a, is a convergent series, denote by Py(a;,a,,...) the set of all
k=1

o0 o0
q = (g,)82, € P which preserve convergence of kgl a,, i.e. for which kgl a,,

(o]
converges and has the same sum as ) a,. A well-known result of elementary
k=1

o0
analysis says that if ) a, converges absolutely then P,(a;,a,,...) = P.
k=1
By the definition of P, given in the Introduction we have

Py =()Py(ay,a,,-..), (1)
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CONVERGENCE PRESERVING PERMUTATIONS OF N

where the intersection on the right-hand side of (1) is taken over all conver-

o0
gent series Y a,, or equivalently all non-absolutely convergent series (with real
k=1
terms).
A finite set of positive integers of the form {b+1,b+2,...,b+s} (b € {0}UN,
s € N) is called a block of positive integers. In papers [1], [3], [7], [9], [13], [14]
the following characterization of elements of P, is given.

THEOREM B. A permutation q = (q,)52, € P belongs to P, if and only if it
satisfies the following condition:
(a) There exists a positive integer M such that for each n € N the set

{a1,95,---,9,} can be ezpressed as a union of not more than M blocks
of positive integers.

In what follows |A| stands for the cardinality of the set A.

1. Properties of P, and the structure of the space P

o0

According to a result of [12], if ) a, is a non-absolutely convergent series,
k=1

then both sets P,(a;,a,,...), P\ Py(a,,a,,...) are dense in P. This result

suggests the study of further topological properties of P, .

THEOREM 1.1. The sets Py, P\ P, are dense in P, the set P, being an
F_-set of the first Baire category in P.

Proof. We prove the density of P, in P. It suffices to show that if K(q,d)
is an arbitrary ball in P, then P, N K(q,0) # 0, (¢=(g,)32, € P).

Choose m € N such that 2™ < § and put b = max{q,q,,...,q,,}- Let
Vi, Vs, ...,V; be positive integers not exceeding b which are not contained in

J
{1,495, .,4,,}. Construct the sequence r = (r, )2, as follows:

r=ql,q2,...,qm,ul,uz,...,uj,b+ 1L,b+2,...,b+mn,....
Obviously r € P, and

o0

_ |7‘k—qk| -
drg= Y 2F A%l oom g
PR

The density of P\ P, follows from the density of the set P\ Py(a,,a,,...),
[e.2)
> a, being an arbitrary non-absolutely convergent series using the obvious

k=1
inclusion Py C Py(a,,a,,...) (see (1)).
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We show that P, is an F,-set in P. For v € N denote by Py(v) the set of all
q = (g,)%2; € P, satisfying condition (a) in Theorem B with constant M = v.
Then we have

P0=UP0(”)- (2)
v=1

Hence it suffices to show that the sets Py(v) (v € N) are closed in P. But this
is an easy consequence of the fact that convergence in P is equivalent to the
coordinate-wise convergence.

o0

By Theorem A the set Py(a,,a,,...) is of the first category if }_ a, is a non-
k=1

absolutely convergent series. Hence, by (1), P, is also a set of the first category.

a

Remark 1.1. If we consider the set P as an algebraic structure with opera-
tion @, where @ denotes composition of permutations, then (P, ®) is obviously
a group. It is easy to see that (P, ®) is a semigroup, but it is not a group (cf.

()
(7], [9], [14]). If kz_:l a, is a non-absolutely convergent series, then P,(a,,a,,...)

o0

is not a semigroup (cf. [7]). For each non-absolutely convergent series > a, we
k=1

have

P, C Py(a,,a,,...).
These sets are different since P, is a semigroup, but P,(a,,a,,...) is not a

semigroup.

The definition of convergence preserving permutation can be stated in the
following shorter form:

A permutation ¢ = (g;)%2, € P is convergence preserving if for every con-
o0 [e 0]
vergent series Y. a, the series ) a,, also converges.
k=1 k=1
This observation is an easy consequence of the following proposition which
has been proved in [7]. Here we give an another proof of it.

PROPOSITION 1.1. Suppose that q¢ = (q,)%2, € P satisfies the condition:

o0 o0
(b) If 3° ay 1is a convergent series, then 3_ a, 1is also convergent.
k=1 k=1

o)
Then for every convergent series . b, we have

k=1
Z b, = Z by, - (3)
k=1 k=1
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Proof. In the proof of Theorem B in [13] (see the proof of Theorem 2
of [13]) the author has shown that if a permutation z = (z,)32, € P does
not satisfy condition (a) of Theorem B then there exists a convergent series

o0 [e]
> a, such that ) a, does not converge. Hence (b) implies (a). But then, by
k=1 k=1

Theorem B, we obtain the assertion of our Proposition (the equality (3)). O

At the end of this part of the paper we shall investigate the intersection of
P, with the set U of all uniformly distributed sequences of positive integers.

Recall that a sequence z = ()5, of positive integers is said to be uniformly
distributed mod m (m > 2) provided that

lim AGmnz) 1
n— 00 n m

= (7=1,2,...,m), (4)
where A(j,m,n,z) denotes the number of all z, (1 < k£ < n) with z, = j
(mod m). A sequence of positive integers is said to be uniformly distributed (in
Z) if it is uniformly distributed mod m for every m =2,3,... (cf. [4; p. 305]).

It is proved in [6] that the set U of all uniformly distributed sequences of
positive integers is a dense set of the first category in the Baire space S of all
sequences of positive integers ([6; Theorem 2]). The Baire metric d; in S is
defined as follows: d,(z,y) = %, where m = min{k; z, # y,} for z # y and
di(z,2) =0 (z=(24)32; €5, y=(Y)i2, €5).

The metrics d, d, are equivalent on P. In connection with the above the
question arises naturally of how great is the cardinality of the set U N P,, and
what are its topological properties in the space (P,d). The answer is contained
in the following theorem.

THEOREM 1.2. The set U N P, is dense in (P,d), |[UN Py| =c (c being the
cardinality of the continuum), and U N P, is a set of the first category in (P,d).

Proof. That UNF, is of the first category follows trivially from UNP, C P,
by Theorem 1.1.

Denote by D, the set of all permutations of N which arise from 1,2,...,n,...
in such a way that we change only the numbers in pairs (2n—1,2n) (n=1,2,...).
Clearly |D,| = c and |D, C P, by Theorem B.

We shall show that D, C U. Let m > 2 and z = (z,)52; € D,. We give
certain estimates for A(j,m,n,z) (see (4)).

The following cases can occur for fixed n:

1) z, =21,
2) z,=201—-1(1>1).

1) If = arises from 1,2,...,k,k+1,... in such a way that the numbers 2/—1,
20 of the pair (2! —1,2l) are not changed, then {z,,z,,...,z,} ={1,2,...,2l}
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and then A(j,m,n,z) equals the number of all numbers of the form j + mt
(t > 0) contained in the sequence 1,2,...,2l. Hence

A(j,m,n,z) = [ﬂT—J] +1 (5)

([t] denotes the integer part of t).

If z arises from 1,2,...,k,k+1,... insuch a way that the numbers 2/—1, 2]
in the pair (2! —1,2l) are changed, then {z,,z,,...,z,} ={1,2,...,2[—2,2l}
and by a simple calculation we get

A—2—j . A—2—j
[~——m ]+13A(a,m,n,x)s[———m ]+2. (6)

In both cases (see (5), (6)) we obtain

n—00 n m

Similarly we can show that (7) also holds in case 2). Hence D, C U N P,, thus
¢ =|D,| < |[UNPFy| < |P| = c. The Cantor-Bernstein theorem gives [UNP,| = c.

The density of UNF; in P follows from the obvious fact that if z = (z,)§2,
belongs to U N P, then every y = (y,)32, € P with finite {k: z, # y,} also
belongs to U N F,. O

2. Structure of the space (P,d), and porosity of sets in P

o0

Let Y ¢, be a non-absolutely convergent series. We introduce some sets of
k=1

permutations (subsets of P) which are related to the convergence character of

o0
rearrangements of ) c, . Put
k=1

H*(c),¢5,-..) = {IE = (z;)521 € P; limsups,(z,c) = +oo} ,
n—oo

H™(cy,¢p,...) = {x = (z;)52, € P; linn_l)gfsn(x,c) = —oo} ,

B+(617021-..) =P\H+(CI,C2,.‘.),

) =

B~ (c;,¢5y-..) =P\ H (cy,¢5,-..).
Hence

B+(c1,c2, )= {x = (:vj ;’;1 € P; limsups,(z,¢) < +oo},
n—oo
Bwqmmugz{x=upﬁlep;%gg@kmd>_w}.
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Further put
B(c,,¢y,...) =Bt(c;,cy,...) N Bt (cy,cy,. . )

= {a: = (z;)72, € P; 1i:31)s;p|sn(w,c)| < +oo}
(z,c) = Z Czp» T =(x;)$2, ) Define :

T =[B*(a),a5-..), (8)
“:ﬂB_(al,az,...), (8"

where the intersections on the right-hand sides are taken over all non-absolutely
o0
convergent series » a,. Remark that H*(c;,¢c,,...)NH (¢, ¢y, .. .) is a resid-
k=1
ual set in P (see Theorem B).
Note that
PyCB*NB~. (9)
The following proposition is a simple observation about these sets.
PROPOSITION 2.1.
(e
(i) If 3 ¢, is a non-absolutely convergent series, then B*(c;,c,,...) #
k=1

B~ (c;,c¢,,...) and neither of these sets is a subset of the other.
(i) We have Bt = B~.

Proof.
(i) According to a well-known theorem of Riemann on rearrangements of

series there exists ¢ = (g,)7>; € P such that Z ¢y = —00. This ¢ belongs

to B¥(c,,¢,,...), but not to B~ (¢, ¢y, ..). Sumlarly B~ (¢,,¢,,...) is not a
subset of Bt (cy,¢,,...).

o0
(i) We prove that BT C B™. Let ¢ € B*. Suppose that Y a, is an arbi-
k=1
(o]
trary non-absolutely convergent series. Then )" (—a,) is again a non-absolutely
k=1
convergent series and, by assumption, g belongs to B"‘(—al, —a,,...). From this
it follows immediately that ¢ belongs to B~(—a,,—a,,...). This holds for an

arbitrary > a,, hence ¢ € B~ (see (8’)). Similarly we obtain B~ C B*. O
k=1

As a simple consequence of part (ii) we get the following form of (9):

Py,CB*=B". (9")
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In what follows we shall use the concept of porosity of sets (cf. [16], [17]).

Let (Y, p) be a metric space. Denote by K(y,r) the ball with centre y and
radius 7 > 0, i.e. K(y,r)={z €Y; p(z,y) <r}.

Let MCY,yeY, r>0.Put

(y,m, M) = Sup{t >0; 32€Y [K(z,t) C K(y,r)] A [K(z,)n M = (2)]} :
Further, set

) :M ,
p(y,M):llmsupM__)’ p(y’M)zhmlanY(y9T M)
r - r—0+ T

r—0t+

If p(y, M) = p(y, M), then we set p(y, M) = p(y, M) = p(y, M) = rl—i+l(1;l+ M:_Ml

Clearly, the numbers 5(y, M), p(y, M), p(y, M) belong to the interval [0, 1].
A set M CY issaid to be porous (c-porous) at y provided that p(y, M) > 0

(P(y, M) > ¢ > 0) and o-porous (o -c-porous) at y if M = fj M, , where M,
n=1

is porous (c-porous) at y (n=1,2,...).

Let Y, CY.Aset M CY is said to be porous, o-porous, or o -c-porous in
Y, if it is porous, o-porous or o-c-porous, respectively, at every y € Y.

Every porous set in Y is a nowhere dense set in Y and hence every o-porous
set is a set of the first category in Y. The converse is not true even in R (cf. [15]).

From the definition of the numbers p(y, M), p(y, M) we get:

If M, C M,, then for each y € Y we have p(y, M;) > p(y, M,), p(y, M;) >
E(y’ M2) .

A set M C Y is said to be very porous at y € Y if p(y, M) > 0 (cf. [17;
p. 327]). Obviously, if M is very porous at y € Y, it is also porous at y.

A set M CY is said to be very porous (o -very porous) in Yy C Y if it is
very porous at every y € Y (if M = Ej M, and each M, (n = 1,2,...) is

n=1
very porous at every y € Y,).
The application of the concept of porosity enables us to obtain a more precise
and detailed view of the structure of sets in metric spaces.
We shall apply this concept to sets BY, B~, B*(¢;,c¢,,...), B (c;,¢,,.-.)
and F,. In the first place, we shall give an application of porosity in connection
with Theorem B for the set P.

LEMMA 2.1. Let v € N. If y € Py(v), then p(y,Py(v)) > 27*2. Ify €
P\ Py(v), then p(y, Py(v)) = 1.

Proof. Let y = (y,)%2, € Py(v) and 0 < 7 < 1. Choose a natural number
m such that 2=™ <7 < 27! Put @ = max{y;,...,y,,}. Denote by v,,...,v,
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all positive integers not exceeding a, not contained in {y,,...,y,,}. Construct
the sequence

2= ()82
=YY s Y@ +2,a+4,...,a+ 2v,v,,v,,...,7,
a+1l,a+3,...,a+2v—-1,a+2v+1l,a+2v+2,...,a+2v+7,....

Evidently the set {2;,25,..+,2, 1} = {¥1, Y25 - - 1 Yra+2,0+4,...,a+2v}
cannot be expressed as a union of not more than v blocks of positive integers.
Construct the ball K(z,2=™~v1). It is easy to verify that

K(2,27" ") C K(y,2™) C K(y,7). (10)

Further if z = ()82, € K(2,27™7?"1), then 2, = 2, (k=1,2,...,m+v)
and 80 {2, %y, Tpy o} = {21,295+ 5 Zpy 4y } - Thus

K(z,27™ " )N Py(v) =0. (10°)

From (10), (10’) we get

¥(y, r,'PO(v)) S 9-m—v-1 R

v(y,7m, Py(v)) > 27771, . > <

and so
Q(y,PO(v)) >27v"2 5.

The second part of the assertion is trivial because of the closedness of the set
Py(v) (see the proof of Theorem 1.1). m|

From the previous lemma, according to (2), we get:
THEOREM 2.1. The set P, is o-very porous set in the space (P,d).
COROLLARY. The set U N P, is o -very porous in the space (P,d).

We return to the sets BY, B~, B¥(c;,¢,,...), B7(¢;,¢,,-..). The following
results are similar to that proved in [10] for P endowed by Baire’s metric.

o2

LEMMA 2.2. Let ) c, be a non-absolutely convergent series. Then the set
k=1

B*(c;,¢,,...) is a 0-1-porous set in the set H*(c,,c,,...).

Proof. We have

oo
Bt (cy,cy,..) = | Bhi(cy 0.0, (11)
m=1
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where
Bt (c,,cy, .. )-—{x— J X, EP; s (xr,0)<m, n=1,2,...}.

Let y = (y;)2, € HT (¢;, ¢, -- .). By definition of H*(c,,c,,...) there exists a
sequence v; < v, < --- <, < ... of positive integers such that

lim s, (y,¢) = +00. (12)
k—oo K

Construct the ball K (y,27"1) C P. If z = (2;)52, € K(y,27""!) then
zi=y; (1=12,...,v,) and s0 s, (y,¢) = s, (2,¢). By (12) there exists a k,
such that s, (y,¢) >m for k > ky. Then (for k£ > k)

K(y,2'”’°“1) NBf(c),cy,...)=0.

Hence
'y(y, 2“”’““1,B;(cl,c2,...)) =2 vl (k>ky).

From this we get
p(y,B (c1s¢p,-..)) =1 (m=1,2,...).
The lemma follows from (11). a

Similarly we can prove:

oo

LEMMA 2.3. Let ) ¢, be a non-absolutely convergent series. Then the set
k=1

B~ (cy,¢y,...) is o-1-porous in the set H™(c;,cy,...).

From the previous Lemmas 2.2 and 2.3 and Theorem A we get:
o0
THEOREM 2.2. Let ) c, be a non-absolutely convergent series. Then each
k=1

of the sets B(c,,c¢,,...), Py(cy,¢cy,...) is a o-1-porous set in the residual set
H*(e;,¢9,...)NH™ (¢, --.).

Remark 2.1. In connection with inclusions (9) and (9’) the question arises
whether the set P, is equal to the set BT (= B~ ) or not. We are not able to
give any answer to this question.
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