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NONMULTIPLICATIVE MEASURES
IN LOCALLY COMPACT PRODUCTS

MILOSLAV DUCHON

1. We are concerned in this paper with set functions in the product of two locally
compact spaces which are a generalization of the product of two regular Borel
measures treated in [4, p. 113], [2, p. 139] and [1, p. 203, Ex. 13]. Some integration
in the product of two locally compact spaces with respect to such set functions is
also developed.

For the rest of the paper, S and T denote the locally compact (Hausdorff) spaces.
The Borel sets of S, T, and S X T are the o-ring B(S), B(T) and B(S X T)
generated by the compact subsets of S, T, and S X T, respectively. Let us denote

RB(S)o B(T)={EXF:Ec®(S), FeR(T)}.

Further, #(S) 6 B(T) will denote the ring generated by B(S) o B(T). It is well
known [3, Theorem 33 E] that the ring B(S) 6 B(T) consists of all sets of the form

G=)E xF,

where E; X F,, i=1, ..., k, is a finite family of the mutually disjoint sets from
B(S) o B(T). The product o-ring of B(S) and B(T), denoted B(S) X B(T), is
the o-ring -generated by B(S) o B(T) or equivalently by B(S) 6 B(T). Since

- B(5) X B(T) is in fact generated by rectangles with compact sides [1, 35.2], we
have

B(S)x B(T) = B(SX T),

the inclusion being, in general, proper. For the definitions of Baire, Borel measure
and regular Borel measure, the reader is referred to [1, Chapter 8]. Let 4 and v be
any regular Borel measures on S and T, respectively. The product (3, 35.B], u X v,
of u and v may fail to be a Borel measure, because its domain is too small.
However, by Johnson [4, Theorem 2.1] the following was proved (cf. also [2,
p. 139)).
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Theorem A. If u and v are regular Borel measufes on the locally compact spaces
S and T, respectively, then there exists one and only one regular Borel measure o

on S x T which extends the product uxv of u and v.
By Berberian [2, p. 139] a slightly more general result than that contained in

Theorem A was proved.

Theorem B. Let S and T be locally compact spaces, and suppose that t is
a measure on the o-ring B(S) X B(T) such that (i) for each compact set Cin S, the
correspondence

F—1(CxF) (Fe®(T))

is a regular Borel measure on T, and (ii) for each compact set D in T, the
correspondence

E—>t(EXD) (Ee®B(S))

is a regular Borel measure on S. Then t may be extended to one and only one

regular Borel measure o on S x T.
The measure g in Theorem A extending u X v is multiplicative in the sense that

O0(E X F)=u(E)v(F)
for all Borel sets E and F in S and T, respectively.

2. If we apply Theorem B we can derive some interesting results concerning

nonmultiplicative set functions defined on %(S) o B(T).
We shall prove the following theorem (cf. also [5] for a different approach).

Theorem 1. Let A be a non negative extended real valued set function on

RB(S) o B(T) such that
(i) A(Cx D)< for all compact sets Ce B(S) and D e B(T) and for each

rectangle E X F in B(S) o B(T) we have
AMEXF)=sup {A(CxD): C, D compact, CcE, Dc F},

" (ii) for each E in B(S) the correspondence F— A(E x F) is additive on B(T),
(iii) for each Fin B(T) the correspondence E— A(E X F) is additive on %(S).
Then A is g-additive on B(S) o B(T) and may be extended to one and only one

regular Borel measure o on Sx T.
Proof. Denote by A the unique additive extension of A to the ring

R=RB(S) 6 B(T). Take an arbitrary £>0 and an arbitrary decreasing sequence
"G, G, €R, n=1, 2, ..., of the -form

k
G.=)EixF;
i=1

with 0<e<A(G,) <o, n=1, 2, ...
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From the assumption (i) it follows that for every n there exist compact sets
C.cE? and D7cF;, i=1, ..., k,, such that

(G, - m<2£,, n=1,2, ..,
where
Y, =_le Cix D’
Denote *
X.=Y.

i=1
Then m=n implies X, = X,, and we have

Ma—&hiﬁﬂa—x»éiﬂa—m<a

i=1 i=1

It follows that 1(X,)>0, n=1, 2, ..., that is, the sets X, are non empty and
X..i.c X,. Since X, are compact, we have

N G.o (N X.#0.

n=1 n=1

We have thus proved that if G, e ®, G,l0, A(G.)<»,n=1, 2, ..., then A(G,)|0.
Take G, G, € B(S) 0 B(T), n=1,2, ..., with G, mutually disjoint and G = ') G,.
n=1
If A(G)<x, then
lim 4 (Cl G,.) =0

n=k
and hence

A(G)= A(G.).

n=1

Let now A(E X F)=», EX F=|") E, X F, with E, X F, in 8(S) 0 B(T), i=1, 2,

. and mﬁtually disjoint. If A(E, X F)=» for some i, we are ready. Let
A(E; X F)<w,i=1,2, ... For any positive number K there are compact sets Cc E
and D c F such that

0<K<A(CxD)<w,
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We have
O0<K<A(CX D)=A(CXDNnEXF)=

=A(CxDAUJE xF)=Y ACXDnE XF)=
=1 i=1

=Y ME XF),
and since K is arbitrary, we have
A(EXF)=E/1(E,.XF,).

The o-additive extension 4 of A to the ring B(S) 6 B(T) is a o-finite measure
and so has the unique extension 7 to the g-ring generated by B(S) 6 B(T), that is,
to B(S)X B(T). The measure 7 is defined on the o-ring B(S) X B(T) and it
follows from (i) that for each compact set C in S, the correspondence F— t(E X F)
(Fe B(T)) is an inner regular and hence a regular [1, p. 197] Borel measure on T,
and for each compact set D in T, the correspondence E— t(E X D) is an inner
regular and hence a regular Borel measure on S. According to Theorem B the
measure 7 (and also A) may be extended to one and only one regular Borel
measure o on S X T.

From Theorem 1 we obtain Theorem A.

Let %,(S) and %,(T) denote the o-ring of Baire sets in S and T, respectively.
The following holds.

Theorem 2. .Let u be a non negative extended real valued set function on
RBo(S) 0 Bo(T) such that
(i) u(C x D)< = for all compact sets G, C € B,(S) and D € B,(T) and we have

u(E x F)=sup {u(Cx D): C, D compact G,, CcE, Dc F},

(ii) for each E € A,(S), the correspondence F— u(E X F) is additive on B,(T),

(iii) for each F € B,(T) the correspondence E — u(E X F) is additive on B,(S).

Then u is o-additive on RB,(S) o B(T) and on B,(S X T) there exists one and
only one Baire measure v which extends u.

The proof is similar as in the Borel case, simpler however, because for Baire sets
we have %,(S) X Bo(T) = B(S X T).

3. We shall give some connections of the preceding results with integration in
product spaces. '

Let A, T and o have the same meaning as in Theorem 1. If @ and vy are Borel
functions on S and T, respectively, then the function @@ y: (s, t)— @(s)y(¢) is
B(S) X B(T)-measurable and if @Xy is, moreover, p-integrable, then it is also
T-integrable [1, p. 218] and we have
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Je(s)yw()do(s, 1) = [ @(s)y(r)dz(s,1).

For example, we may take bounded Borel functions ¢ and ¥ with compact
support. -

Let now @ be a non negative bounded Borel function with compact support
defined on S. There exists a compact set Cc S such that ¢ = O on S—C, and
a sequence of simple Borel functions ¢, such that

0=@.1@, suppg.csuppecC,

k'l
(p,,=2 aican, AcC,i=1,..,k,; n=12,..

i=1

We suppose that the sets A7 are mutually disjoint and hence a;>0. Since Cis
a compact set, the correspondence F— A(C X F) is a regular Borel measure on T
and since A7 < C, the correspondences

Fo>AATXF), i=1,..,k,; n=1,2, ...

are regular Borel measures on T. It follows that the correspondences
kll
F-v,(F)=Y alA(A7xF), n=1,2;...
i=1

are regular Borel measures on 7.
Observe that for every relatively compact set D<= T the map E— A(E X D),
E € 3B(S), is a regular Borel measure on S. For each compact set D c T we have

v.(D)= 2'a:,1(A7 x D)éI @(s)A(ds X D)<,

n=1,2,...

We can see that v, form an increasing sequence of regular Borel measures on T
such that for every compact set D = T the sequence v, (D) is bounded. It follows [1,

.p. 203, Ex. 11] that its limit v =lim v, is a regular Borel measure on T. Of course,

if D is compact, then we have

(D)= L @(s)4 (ds X D).

This equality can be extended for all Borel sets H in T which are relatlvely
compact,

V(H) = j @(s)A (ds x H).
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However, we may write

v(F) = [ @(s)A (ds X F)

for any -Fe B(T) and for every non negative bounded Borel function ¢ with
compact support, since if @ is A(- X F)-integrable, we may use the monotone
convergence theorem, if not (in which case we put v(F)= ), we may use its
corollary [1, p. 94 and 95, Ex. 6].

Thus the function

F—»v(F‘j=L @(s)A(ds X F)

is a regular Borel measure on T for any non negative bounded Borel function ¢
with compact support. Therefore every bounded Borel function y on T with
compact support is integrable with respect to v.

Similarly we could take a non-negative bounded Borel function i with compact
support and obtain a regular Borel measure 4 on S,

E—-u(E)= L Y(A(E xdt), Ee€B(S).

Hence every bounded Borel function ¢ on S with compact support is integrable
with respect to u.

From the preceding arguments we may derive the following theorem.

Theorem 3. (i) Let A be as in Theorem 1. Let @ be a bounded non negative real
valued Borel function on S with compact support. Then the set function

F_.v(f)=L P(s)A(ds X F), Fe®B(T),

is a regular Borel measure on T.

(ii) Let y be a bounded real valued Borel function on T with compact support.
Then vy is v-integrable.

Now we may define an “iterated” integral with respect to A as follows (for ¢ and
y as in Theorem 3)

L L o@y A(dsdr) = L wdv.

Similarly we may define an ‘“‘iterated’ integral
f f e®y l(dtdS)=f @du.
S JT S
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Let ¢ =c. and y =c, be the characteristic functions of bounded Borel sets A
and B, respectively, in § and T. Then we have

j ca®csdt=1(A X B)=

=L cs()T(A Xd1)=J;_J;CA(S)CB(I)T(del).

If

b, , a,=0, b =0,

VP

(szaiCA,a Y=
i=1

I

are the simple Borel functions with compact support, we have

f @y dr= f (2 aca,) (i bes) dr =
- L f (2. aca, (s)) (i b,.cg,(:)) r(dsdr) =

- fT J; @(s)w(0)z(dsdr).

If @ and vy are bounded non negative Borel functions with compact support on
and T, respectively, then they are uniform limits of a sequence of Borel simple

functions with compact support,
@¢=Ilim @,, y=1lm vy,.
We have

ftp@tpdt=li_r2 li_n.lwfq),.®w,,.dr=

=lim lim f @ (). ()T (dsds) =

. km k’l '
=lim lim 3 67 > a"t(A" X B7)=
1

n—se m—se T

K, k.
= lim %67 [g(s)r(ds x B7) = lim 3 67v(B7)=

i=1

- =[ voav=| [ evorasan.
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Similarly we could show that the equality

[e@war=| [ atyworeras

holds. We have thus proved the following.

Theorem 4. Let A, @ and y be as in Theorem 3. Then both iterated integrals are
equal, that is we have

L_L o(s)y()A (dfds)=fTJ;<p(s)tp(t)/l (dsd¢).

From the preceding we can see that the following theorem is also true.

Theorem S. Let o be a regular Borel measure on S X T. Let ¢ and v be bounded
non negative Borel functions with compact support defined on S and T, respec-
tively. Then we have

J;xr‘p®wd9=frjs¢®W0(d5df)=fsJT¢®WQ(dtds).

Remark 1. It is easy to see that Theorem 5 remains true if the measure g is
replaced with the measure 7 obtained from A as in Theorem 1.

Remark 2. In this paper we started with a set function A satisfying conditions of
Theorem 1. We have extended the A to the measure 7. This made it possible to
prove the equality of both iterated integrals with respect to 4. It can be expected
that another approach could start with iterated integrals with respect to 4 without
extending A to a measure on B(S) X B(T) or on B(S x T as indicated above.

Remark 3. In theorems 3 through 5 functions @ and y are supposed to be non
negative. It can be shown that we may take also real valued npt necessarily non
negative functions @ and y such that, for example, v,(F)= = | ¢ (s) A(ds X F) is
finite for all Fe B(T) and w(E)= = [ ¢ () A(E x dt) is finite for all E € B(S).
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HEMYJbTUIINIMKATUBHBIE MEPHI B JIOKAJIBHO
KOMITAKTHBIX MPOOYKTAX

MpmunocnaB 1yxoHsb
Pe3iome

IMycts § 1 T — nokansHo koMmnakTHbie (xaycaopdosbl) npocrpancTsa. Ilycts B(S), B(T)
n B(SXT) — o-xkonbla GOpeNeBCKHX MHOXECTB cOOTBETCBEHHO B S, T, S X T (T.e. 0-KoAbua
NOPOXAEHHbIE KOMMNAKTHLIMM MHOXECTBAMH) H

B(S)o B(T)={EXF:EeR(S), FeB(T)}.

B cTaThbn nOKa3bIBaeTCA, KPOME APYTHMX, CIEAyloLlas TeOpeMa.

IMycTth A — HeoTpHUaTenbHas KOHEYHas MAM GeCKOHEYHast JEHCTBUTENbHAA (PYHKLIUS MHOXECTBA
Ha B(S) 0 B(T) u Takas, 4TO

(1) A(Cx D)< pns BceX KOMNAaKTHbIX MHOXeCTB CcS u Dc T n kpoMme TOro anas 'BCAKOrO
6openeBckoro npsaMoyronasHuka E X F uMeeT MeCTO paBEHCTBO

MEXF)=sup {A(CxD):C,D «xomnaktHbie, CcE, DcF},

(2) nna Bcakoro G6openesckoro E coorBercTtBue F— A(E X F) aguutuBHO Ha B(T),

(3) nns Beakoro Gopenesckoro F coorBercTBue E— A(E X F) apnutBHO Ha 2B(S).

Toraa A o-agautuBHO Ha RB(S) 0 B(T) n 0AHO3HAYHO MPOAOXKHMO A0 PEryasipHOH GOpeneBcKoi
Mepbl 0 Ha S X T.

[anee onpenesnexbl NOBTOPHbIE HHTErPaibl MO A [ NPOAYKTA OrPAHHYEHHBIX HEOTPHLIATENbHBIX
6openeBckrX PYHKUMIA @ Ha S ¥ Y HAa T C KOMNAKTHLIM HOCHTENEM M NOKA3aHO, YTO UMEET MECTO
PaBEHCTBO OGEHX MOBTOPHLIX MHTErPaioB.
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