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ABSTRACT. Jensen’s type inequalities are proved for convex polynomials of
linear operators.

1. Introduction

The classical Jensen’s inequality (for the conditional expectations) reads as
follows
EFf(X) > f(EFX)  as. ElX]| < oo,
where f: I — R is an arbitrary convex function defined on an open interval [
such that Prob(X € I) =1.
In the context of operator algebras, a similar result holds ([5]). Namely, if f

is an operator-convex function on (—¢,c), and « is a normalized positive linear
map on a C*-algebra A, then

af(€) > f(a) (1)
for all self-adjoint operators ¢ in A of norm less than c.

If A is a von Neumann algebra with a faithful normal semifinite trace r,
then, for a convex function f, the following inequality

T(af(€)) > 7(f(af)) (2)

holds ([12], [10]).
The inequality (2) is closely related to the previous results concerning the
special cases (canonical trace, special positive maps, etc., see [3], [4], [11], [13]).
The main goal of this paper is to prove some results related to (1) and (2). We
consider a noncommutative polynomial W (z,z*) such that £ — W(&,£*) is a

AMS Subject Classification (1991): Primary 47A63, 46L50.

Key words: Jensen’s inequality, noncommutative polynomials, completely positive linear
map.

303



RYSZARD JAIJTE

convex map in an algebra of operators acting in a Hilbert space. The inequalities
of the form

af (W, €%)) > fF(W(at,at™))
and

T(af(W(EE)) > 7(f(W(ag,af")))

are proved, where « is a positive linear map, f is a (operator) convex and
(operator) monotone function, and 7 is a semifinite trace.

2. Preliminaries

We begin with some notation. Let H be a complex separable Hilbert space,
and let L(H) be the algebra of all bounded linear operators in H . Denote by,
L*(H) the self-adjoint part of L(H). Let V C L(H) be a convex set.

2.1. DEFINITION. A (nonlinear) map a: V — L*(H) is said to be convex if

a(“%)ﬁ%(aé’—l—an), for £nevV.

EXAMPLES. The maps £ - € + €%, & €€, £ 1o (€ +£)2, € i(€ — €7),
Evrs —(E—E€%)2) & — BEXE+TEE* — €2 — (£*)? are convex in L(H). This follows
from the above definition and from the operator convexity of the function ¢ + ¢2
(for the basic facts concerning the operator convex and operator monotone func-
tions, we refer to [1], [6], 8]).

We shall show only the convexity of the map £ +— £*£. Indeed, we have

E+n\ E4+n 1 . .,
(T) 5 = e+ En+07E)

1 1 1
< (274 20%n) = —£%E + —n*n.
4(€€+ n*n) 5E7E+ 50"

Let us notice that also the inequality
a*t*éa > a*€*aa*éa

holds for |la]| <1 (since a*£*(1 — aa*)€a > 0). This is a special case of a more
general inequality as we shall see in the next section.
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3. Jensen’s inequalities for operators

3.1. THEOREM. Assume that W(z,z*) is a noncommutative polynomial such
that the map & — W(£,£*) is convez in L(H). Let W(0,0) = 0. Then, for
lla]| <1 and every £ € L(H), the inequality

a*(W(E,€"))a>W(a'€a,a’¢"a) (3)
holds.

Proof. We follow some general idea in [8]. Let b € L(H) such that bb* =
1 —aa*. Put

(G2 e ) x5

In the sequel, we shall briefly write W (&) instead of W (£,£*). Before starting
some calculations, let us remark that, by the condition bb* + aa* = 1, the maps

Z — A*ZA and Z — B*ZB are *-homomorphisms of matrices (g 8) into

(: ’?) . This implies that, for the polynomial W and X = ((() g) , we have
W(X)A = A" (W(O 0) A=W(A'XA).
We have that
W(a*€a) 0 W a*a 0
0 W (b*¢b) ) 0 b*b
=W (3

A*XA+ 1B XB)

INA

W(A"XA)+ LW (B'XB)
" (Wéf) 0>A+2B* (Wég) O)B

0
a*W()a 0 )
0 bW(ED)"

Il
A NI N =

Consequently, in particular,

W(&)a 2 W(a"€a),
which ends the proof. O
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3.2. THEOREM. Let V = {¢ € L(H) : ||£|| < c}, and let, as before, W (£) =
W(,€*) be a convex (noncommutative) polynomial of £ and &* such that for
E eV, |[W(EE)| < d. Let f, with f(0) < 0, be an operator convex and
operator monotone function on the interval (—D, D), where D = max(c,d).
Then

a*f(W(,€))a> f(W(a*€a,a"€¢"a)), (4)
for a € L(H) with |ja|| <1, (€ V.

Proof. Let bb* =1—aa*, and let A, B and X be as in the proof of The-
orem 3.1. Let us put ¢(¢§) = (Wéf) g
of f, we have that

f(W(a*¢a)) 0 f(a*W(€)a) 0
( 0 f(W(b*Eb)))<( 0 f(b*W(é)b))

) . By Theorem 3.1 and the properties

a*W(€)a 0 >
0 b*W({)b

/

= [(34%0(©)A + 3B"(¢)B)
< 11(A4%0(©)4) + 31 (B ¢(¢)B)
SATF(0(©) A+ 5B [ (¢(€))B

a“f(W(ﬁ))a 0
< (O b rmen)
so f(W(a*€a)) < a*f(W(¢))a. a

As a corollary, we obtain the following:

3.3. THEOREM. Let a: L(H) — L(H) be a completely positive linear contrac-
tion, and let f, W and £ be as in Theorem 3.2. Then

afW(, &%) = fW(ag,af”). (5)
Proof. It is enough to apply the Stinespring theorem ([14]) and an
obvious modification of Theorem 3.2 (comp. [7], (8]). O

The assumption that the function f is operator monotone and operator
convex is rather restrictive. Putting the both sides of (5) under the sign of
a semifinite trace we can obtain a version of Jensen’s inequality for a func-
tion f which is only nondecreasing and convex. Let 7 be a faithful normal
semifinite trace on a von Neumann algebra A. Let us recall that 7 admits an
extension to a linear functional on the ideal m_ linearly spanned by the set

= {x €A, : 1(z) < oo} Let ¢ = £ — ¢, be the Jordan decomposition
of a self-adjoint operator £ € A. We say that 7(§) is defined if 7(£,) < co or
7(€,) < o0.
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3.4. THEOREM. Let A be a semifinite von Neumann algebra with a faithful
normal semunfinite trace 7, and let a: A — A be a unital completely positive
linear map. Let W(z,z*) be a noncommutative polynomial such that the map

£ — W(E,E%) is conver. Assume that ||€|| < a and |W(E,E*)|| < b. Let f

be a nondecreasing and convez function on the interval I = (—o,0), where
o = max(a,b). Then the inequality
T(af(W(€))) = 7(F(W(at, at))) (6)

holds also for infinite values of T, provided that both the sides of (6) are defined.

Proof. In the sequel, as before, we shall write W (§) instead of W (&, £*).
Let (a,)) and (b,)) be sequences of real numbers (a, > 0) such that

f(u) =sup(a,u+b,), u€l=(-0,0)

(see, e.g., [2]). Consequently,
FW(©) 2 a,W(€) +b,1
and
af (W(E)) = a,aW(€) +b,1
>a,W(af) +b,1
(by Theorem 3.3, for f(t) =1).
Let

d
W (af) =//\e(d)\)

be the spectral representation of W(af).
We split the proof into two parts.
Part I. f(s) >0, for seI.

Let 0 < ey — 0. Fix some N and take a finite partition (ZfN), . ZT(nAQ)
of the interval [c,d] and real numbers C‘Ez],\;c) (n=1,2,...,N; k=1,2,...,my)

such that putting pg-N) = e(Z](-N)) we have

d ma
H /(an)\ +b,)e(dX) — ch’kpch)H <eEpn, for n=1,2,...,N
c k=1 (7)
and
d ma
_ (N)Y . (N)
H IQTZXN(G71A + bn) e(d/\) Z( lénnanN cn,k: )pk ' < EN . (8)

C
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For Z(N) with T( (.N)) = 0o, we fix an increasing net IK( ) of projections gq

in A with ¢ <p£ ), 7(q) < 00 and limgq = . For Z( with 7(p (N)) < 00,
we put K, = 0. Let By be a von Neumann subalgebra of A generated by
E and IKEN , le, By = ( (N) K(M . = 1,2,...,my)". Then the trace

T restricted to BN is sermﬁnlte By [15 Proposition 2.36]7 there is a faithful
normal conditional expectation EBN from A onto By such that 7o EBv — .

Put D = af(W(£)). We have

mn my
= (anW (a) +b,1~ Zc%’pﬁ”)) +3en <ar(w() =D,
k=1 k=1
S0 -
S eNpY <Dyl 9)
}\,:
Consequently,
Z (V)N < BN D ey 1,
k=
and finally, we get
my
(N)Y, (N) B
kz:_l<1x<na<x1\lC ’”) P SETD+eyl. (10)
Thus we have, for gn(A) = lénn%xN(an)\ +b,),
d
/QN(A)C(d)\) < Dy +2e51, (11)

c

where Dy, = EB¥D (N =1,2,...).

The operators D, are p0s1t1ve since f > 0. There is a net (N,) such that
Dy, converges weakly to some positive operator, say B. By the weak *-lower
semicontinuity of 7, we have

7(Dy,) = (af(W(§)) 2 7(B). (12)

On the other hand, the sequence of functions (g, ) converges uniformly on the
spectrum of W(af) to the function f. Thus gy(W(af) — f(W(af)) in the
uniform topology, so, by (11),

d
[ 1ve@n) = s (W) < B. (13)
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Consequently, we get the formula

T(f(W(a€)) < 7(B) < r(af (W(9))), (14)
still under the assumption that f(s) >0, for s € I.

Part I1.

Let us assume now that f(s) < 0 for some s € I. In this case, the set
of zero’s of f is one point set (if not empty). Let f(s,) = 0, and assume for
a moment that 7(|f(W(a€))|) < co. Then, for every Borel subset Z C [c,d]
separated from s (i.e., with dist(sy, Z) > 0), we have 7(e(Z)) < co. More-
over, if 7(e({sy})) < oo, then the trace 7 restricted to the von Neumann
algebra (W(a{))” is semifinite. In the case 7(e({sy})) = oo, we can fix an
increasing net K of projections g in A such that ¢ < e({so}), 7(gq) < o0, and
Iinzn g=¢e({sy}). Let B be a von Neumann subalgebra generated by W (af) and

K. Then TIB is semifinite, and there exists a 7-preserving normal faithful con-

ditional expectation E® of A onto B, and we have IEBaf(W(E)) > f(W(a{))
Consequently,

T(af(W())) > 7(f(W(ag)))
under the assumption that the both sides of this inequality are finite.

The cases 7(af(W(£))) = +oo and 7(f(a(W(£)))) = —oo are trivial. Let
us consider the case 7(af(W(¢£))) = —co (which means that 7(af (W (¢)),)
< oo and 7(af(W(£))_) = +o00). Keeping the notation of the first part of the
proof, we can start from formula (11) and use the fact that

d
[onet@n) = £(W(at))

in the uniform operator topology as N — oo, say

H/dgN()\)e(d)\) - f(W(ag))H P

Putting wy = max(26N,6N), we obtain

J(W(ag)) <EBY f(W(€)) + 2wy, .

Modifying slightly the definition of the sequence of the algebras By , we can
assume that it is increasing.

Take an increasing net (p,) of projections such that 7(p,) < oo, p, € By,
(Dy, — B weakly) and wy 7(p,) - 0 (clearly, such (p,) exists). Then we have

S

T(p P af (W(E))) > m(p,f(W(ag))) + 2wy 7(p,)
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Since p, € By , we obtain

7(p,af (W(E))) 2 m(p,f(W(af))) +0,,  with o, —0.
On the other hand, by the normality of 7, we have
7(af (W(€))) = ~lim7(p,af (W(€))_) .
Consequently,
+oo = lim7(p,af (W(E))_) = ~limr(p,af (W(E)))
< lim7(p, (=f(W(ag)), +f(W(at)) )
< lim7(p,f(W(ak))_),

so 7(f(W(af))_) = 400, which means that 7(f(W(af))) = —occ. It remains

to consider the case 7(f(W(af))) = +oo. Going back to formula (11), we
can construct the operator B as before (as the weak limit of Dy ). The only .
difference is that now B is not necessarily positive. We take the pos1t1ve part
B, of B, and by (13), we get the inequality

f(W(ag)) < B, = imE*-af(W(€)),
By the weak *-lower semicontinuity of 7, we obtain
7(By) < m(af(W(€)),)-

Taking an increasing net of projections (p,) with 7(p,) < oo and limp, = 1,
3

we obtain
+oo = lim7(p,f(W(ak)),) = lim7(p,f(W(cs)))
<lim7(p,B,) < 7(af(W(Q),),
which concludes the proof. 0

Remark. A very special case of formula (6) can be found in [10].
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