
Mathematica Slovaca

Mariusz Skałba
On ζ-convergence of sequences

Mathematica Slovaca, Vol. 48 (1998), No. 2, 167--172

Persistent URL: http://dml.cz/dmlcz/132987

Terms of use:
© Mathematical Institute of the Slovak Academy of Sciences, 1998

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz

http://dml.cz/dmlcz/132987
http://project.dml.cz


Mathemcitica 
Slovaca 

©1998 
.-• _•« /-««^\ ... ^ - , - - - - . - . Mathematical Institute 

Math. SlOVaCa, 48 (1998), NO. 2, 167-172 Slovak Academy of Sciences 

ON (-CONVERGENCE OF SEQUENCES 

MARIUSZ SKALBA 

(Communicated by Milan Paštéka) 

ABSTRACT. A new number theoretical method of summabili ty is defined, which 
turns out to be equivalent to the Cesaro method for bounded sequences. As a 
corollary, one gets for example the following theorem, which contains the prime 
number theorem: 

For any bounded arithmetical function f the condition ]P f(n) == o(x) 
n<x 

implies JZ ( u * f)(n) = °(x)> where * denotes the Dirichlet convolution, 
n<x 

and \i is the Mobius function. 

Let (an) be a sequence of complex numbers. We shall say that (an) is 
(-convergent to a G C if and only if the functional Dirichlet series 

CO , ' — x 

E5t-(E2fl-««)-
n = l \ n = l / 

is convergent to a for s = 1. This means that the series 

Jl-[Jlad^n/d) 
n = l U V d|n 

is convergent to a. 
We shall prove the following theorem giving more than the regularity of this 

summation method. 

THEOREM 1. If (an) is a bounded sequence of complex numbers, then the 
following two conditions are equivalent: 

(a) (an) is Cesaro-convergent to a, 

y^ an = ax -F o(x). 
n<x 

(b) (an) is (-convergent to a. 

As simple corollaries we obtain: 

A M S S u b j e c t C l a s s i f i c a t i o n (1991): Pr imary 11M45 40G99. 
K e y w o r d s : special methods of summability, Dirichlet convolution. 
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THEOREM 2. Let (an) be a bounded Cesaro-convergent sequence of complex 
numbers, and let (bn) be defined as follows 

K= E M-ihi.,. (!) 
did2=n 

Then (bn) is Cesaro-convergent to 0. 

THEOREM 3. Let f be a complex valued function of a real variable which is 
periodic with period 2it and Riemann integrable on [0, 2n]. Then the following 
"arithmetical formula for the integral" holds 

M™) v ^ f(n) è/^-Ę^-Ľ 
1 " 1 П 

П = l П = l 

P r o o f of T h e o r e m l . 

(a) ==--> (b) : 

Consider the sequence 

It is bounded and 
] T a'n = 0 • x + o(x). 
n<x 

By the formal equality, 

џ(n) A an A џ(n) 
00 ~/ 

E / i ( n j v--л a„ v—л ш n ) v—> a„ 
^ 1 • > -s- = > ^-^- • > - ^ - + (a + 0 + 0 + 0 + . . . 

П - - — / Г) - - — ' Г) --—-' Г) ч у 

П * - ' П ^—' П ^ - ţ П 
n = l n = l n = l n = l 

it suffices to prove the theorem in the case a = 0. As in [3; p. 685], we start with 
the identity 

B(x)-G{y/x)A(y/x) 

= E^Wf)-^))+E £(«(£)-<**)). (2) 

k<y/x m<^/x 

where 

AW = E f̂. GW = E ^ . w-E^f 
and 

n --—' n z—' n 
П < у ™<2/ П < У 

oo 
у ^ ön = sy vW y* an 
----' n -̂ -—' n ---—' П 
n = l n = l n = l 
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We have to prove that 
lim B(x) = 0. 

.r->oo 

By the identity (2), it suffices to prove the following three statements 

lim G(y/x)A(y/x) = 0, (3) 
x—»oo \ / \ / 

j!s.E^Mi)-o(^))-o. (4) 
m<y/x 

&E-?K!H<vs))=o. <« 
k<y/x 

Proof of (3): 
The sequence (an) is bounded, and therefore 

A(x) = o(Y±)=0(logx). E*)-
71<X 

L a n d a u proved in 1903 ([3; p. 570]) that for any q > 0 

G(x) = 0(log-«x), (6) 

and the proof of (3) is finished. 
Proof of (4): 
Because of m < yjx and (6), we obtain 

Hence 

G(£)-G{^)=o{\og-1^). 

£ ^ ( G ( f ) - O ( ^ ) ) = O ( l o g v ^ ) - o ( l o g - 1 v ^ ) = o ( l ) 
m 

m<y/x 

Proof of (5): 
Partial summation gives 

Ef>WD-^» 
k<y/x 

= 0(lVx]).(A(yJ^])-A(Vx))+ £ OWKD-^lf l ) ) -
AC"r 1 ^ yj X 

Hence, we only have to prove that 

to. £ owKD-^rfr))-0-
fc+i<v^ 
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From 

4fM*Tr)M( E { H M H M ^ i ) ) 
and fc + 1 < yfx, we get 

KfHM-<>(*)• 
Fix any e > 0. Because of 

^)-(^(f)-4(fcfr))=0(|G(*)|-^) 

and (6), there exists K G N such that 

Eад-MfИШ) 
I /c=K+l 

independently of x. Now we only need to prove that 

K 

< є 

.s&E^MfMiTiOH-
fc=l 

This is a consequence of the fact that for a fixed k 

}™{A(i)-A(fh))=0' 
which can be shown as follows. Let a(x) = J2 a

n • P a r t i a l summation gives 
n<x 

A(X\ AÍ X ) 

=«(íi])[fr-'([1EfT])([ifThO",+ E ^ 
x ^ ^ x — k ^ ' fc + 1 

By the assumption 

lim 
x—юo «([f]) 

- 1 

= lim 
x—>-co 

a([lfт])([lfefî] + 1 Г = 0-
for a given e > 0 and sufficiently large x 

a(r) <£ for r=[ттг]+1"--'[f]-1-
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Hence 

a(r) E ._, r(r + 1) 
fc+T^''^-*-

<• £ r + 1 
<r<* 

= .(Цl+й+0( í±i))- .O(l), 
which completes the proof of (5) and the implication (a) -=> (b). 

(b) => (a) : (Drmota) 

Let (6n) be defined by (1). By the identity 

CЮ 7 

b„x V - - - - - - - - - V V x " for | . c | < l 
n=\ n=\ 

and the regularity of Lambert's method, we get 

O O O O 7 

lim (1 - x) Y anx
n = Y-П. = a. 

_ - п - y Z_/ n Z_/ n 1 1 U 

n=\ n = l 

The assertion now follows from the tauberian theorem of Hardy-Littlewood-
Karamata . • 

P r o o f of T h e o r e m 2. This is an immediately consequence of Theo
rem 1 and the fact: 

C O 

*/ zC 7T is convergent, then J2 bn = o(x). • 
n=\ n<x 

P r o o f of T h e o r e m 3. The sequence of all natural numbers (n) is uni
formly distributed mod 27r, and therefore 

2TT 

^f(n)=x.l.ff(t)dt + o(x) 
П<X n 

([2; Theorem 1.1]). The conclusion now follows from Theorem 1. • 

Remark 1. Theorem 1 resembles I n g h a m ' s tauberian theorem ([1; Theo
rem 2]), which can be reformulated as follows: 

THEOREM 4. ( I n g h a m ) Let (an) be a sequence of real (complex) numbers 
which is Cesaro-convergent to a, and let (bn) be defined by (1). If there exists 

oo 

K > 0 such that bn > —K (respectively \ bn |< K), then X. ^ converges to a. 
n=\ 

Remark 2. Theorem 3 motivates the following definition. 
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The sequence (xn) of real numbers from the interval [0,1) is arithmetically 
uniformly distributed mod 1 if and only if for any subinterval [a, 6) the follow
ing series converges to b — a 

oo 1 

E-lEl^MjK)' (7) 

n=l d\n 

where Cra b^ is the characteristic function of [a, 6). From Theorem 1, it follows 
that this definition is equivalent to the classical one. Despite this, one can define 
the arithmetical discrepancy of a finite sequence x 1 ? . . . , xn as follows 

Dn(Xl>"'>Xn) := SUP l 5 n " ( 6 _ a ) l ' 
[a,6)C[0,l) 

where sn is the nth partial sum of the series (7). 
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