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ABSTRACT. A new number theoretical method of summability is defined, which
turns out to be equivalent to the Cesaro method for bounded sequences. As a

corollary, one gets for example the following theorem, which contains the prime
number theorem:

For any bounded arithmetical function f the condition z f(n) = o(z)

implies E (1 * f)(n) = o(x), where x denotes the Dzrzchlet convolution,

and p 1s th,e Mobius function.

Let (a,) be a sequence of complex numbers. We shall say that (a,) is
(-convergent to a € C if and only if the functional Dirichlet series

LR OIEINOR
n=1 n=1

is convergent to a for s = 1. This means that the series

= 1
> (S et/
n=1 d|n
is convergent to a.
We shall prove the following theorem giving more than the regularity of this
summation method.
THEOREM 1. If (a,) is a bounded sequence of complex numbers, then the
following two conditions are equivalent:
(a) (a,) is Cesaro-convergent to a,
Zanzax+o(x).
n<zx
(b) (a,) is ¢-convergent to a.
As simple corollaries we obtain:
AMS Subject Classification (1991): Primary 11M45 40G99.
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THEOREM 2. Let (a,) be a bounded Cesaro-convergent sequence of complex
numbers, and let (b,) be defined as follows

b= 3 uld)a,. 1)
d1d2=n
Then (b,) is Cesaro-convergent to 0.

THEOREM 3. Let f be a compler valued function of a real variable which is
periodic with period 2m and Riemann integrable on [0,2x]. Then the following
“arithmetical formula for the integral” holds

27

17r/ f(z) dz

0

Il

Proof of Theoreml1.
(a) = (b):
Consider the sequence
a,:=a, —a.
It is bounded and

Za%zO-z—i—o(x).

n<lz
By the formal equality,
00 /»L ® 4 ) ,u(n) S
2 = 2+ 0+0+...
. . Zn En (@+0+0+0+...),
n=1 n=1 n=1 n=1

it suffices to prove the theorem in the case a = 0. As in [3; p. 685], we start with
the identity

m
k<Vz m<Vz
where
a, p(n) b,
Aly) = P G(T)—ZT, B(y) = o
n<ly n<ly n<y
and i b_n ) i - i ,
n=1 n - n=1 n n=1 n
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ON ¢-CONVERGENCE OF SEQUENCES

We have to prove that
lim B(z) =0.
T—00

By the identity (2), it suffices to prove the following three statements

lim G(vZ)A(VZ) =0, (3)

i, 2 (0(2)-60) -o. 2
m<Vz

i, 3 P (4(F) - 405) =o. ®

SV

Proof of (3):
The sequence (a,) is bounded, and therefore

A(z) = o( 3 %) = O(logz).
n<z
Landau proved in 1903 ([3; p. 570]) that for any ¢ > 0
G(z) = O(log™ " z), (6)
and the proof of (3) is finished.

Proof of (4):
Because of m < y/z and (6), we obtain

G(L)-G(Vz)=o(log V&)

Hence "’
T %m (G(i) _ G(\/;z)) =0(log vz ) -o(log™ vz ) = o(1)
m<Vz

Proof of (5):
Partial summation gives

> 5 (a(f) - awva))

k<vaz

=6(1va))- (4( () - ava) )+ X e (a(F) - ()

k+1<z

Hence, we only have to prove that

Jim 37 G (A(F) - 4(5Ey)) =0

k+1<Vz
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From

(3)-a(z5)| =0 S 4)=ofue(i+ 1) so(£2L))

k—1<n§

x8

and k+ 1< +/z, we get

)A(%)_A(kil) -

Fix any € > 0. Because of

et (4(2) ~4(327)) =06tw )

and (6), there exists K € N such that

S 6w (4(2) - 4(z%7))

k=K+1

—~
=
N—

<eg

independently of . Now we only need to prove that

K
532609 (4(F) - (7)) =o.
This is a consequence of the fact that for a fixed &

Jm, (A(%) A(k +1 )) 0,
which can be shown as follows. Let a(z) = Z . Partial summation gives
A7) -4(e55)
-1
=@ - ED 7 2 2
r<

By the assumption

i o ([£]) (5] = o ([£5]) ([3] ) =0,

r—00

I/\

—

for a given ¢ > 0 and sufficiently large z

e T
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Hence

1
<€ Z r+1

P <r< =gk
_ 1 E+1Y)) _
= <log(1 + k) +O( po )) =e0(1),
which completes the proof of (5) and the implication (a) = (b).

(b) = (a): (Drmota)
Let (b,) be defined by (1). By the identity

T

k+1

a(r)
;ﬂ r(r+1)

21" ~ =Zanm" for |z| <1
n=1 -z n=1

and the regularity of Lambert’s method, we get

[e¢]

oo
b
i — n — -
ml_l)r{l_(l x) nz a,x nE—l o =a.

=1

The assertion now follows from the tauberian theorem of Hardy-Littlewood-
Karamata. O

Proof of Theorem?2. This is an immediately consequence of Theo-
rem 1 and the fact:

(e o]
if 3 % is convergent, then 3" b, = o(z). a
n=1

n<lz

Proof of Theorem 3. The sequence of all natural numbers (n) is uni-
formly distributed mod 27, and therefore

27
St =z oo [ 10) dt+ of)
0

n<z
([2; Theorem 1.1]). The conclusion now follows from Theorem 1. a

Remark 1. Theorem 1 resembles Ingham’s tauberian theorem ([1; Theo-
rem 2]), which can be reformulated as follows:

THEOREM 4. (Ingham) Let (a,) be a sequence of real (complex) numbers
which is Cesaro-convergent to a, and let (b,)) be defined by (1). If there exists

K > 0 such that b, > —K (respectively | b, |< K), then %1; converges to a .

n=1

Remark 2. Theorem 3 motivates the following definition.
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The sequence (z,) of real numbers from the interval [0, 1) is arithmetically
uniformly distributed mod 1 if and only if for any subinterval [a,b) the follow-
ing series converges to b —a

> % > H(d)e (z5), (7)
n=1 d|n

where ¢, ;) is the characteristic function of [a,b). From Theorem 1, it follows
that this definition is equivalent to the classical one. Despite this, one can define

the arithmetical discrepancy of a finite sequence z,,...,x, as follows
D (z,...,z,):= sup |s,—(b—a)l,
[a,b)C[0,1)

where s is the nth partial sum of the series (7).
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