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ON THE TORSION GROUPS OF 
THE COBORDISM GROUPS OF IMMERSIONS 

ANDRÁS SZŮCS1) 

(Communicated by Julius Korbaš) 

ABSTRACT. In most of the earlier known cases the cobordism groups of immer
sions had torsion elements only of order 2 and 4. Here we show that some of these 
groups actually have elements of order 128. 

The cobordism group of immersions of unoriented n-manifolds in R n + f c will 
be denoted by Imm(n, k). Its rank is well known: 

rank Jmm(n,fc) = rankíř n + f e (Mo(A;);Q) = í ° 
if k is odd, 

rank f i n -k if fc is even 

(see [Burlet], [Wells], [Sziics]). 
The computation of its torsion group is more difficult. There are results about 

this torsion group for the cases when the codimension k is equal to 1 and when 
k is near to n . In the first case (when k = 1) these groups are the stable 
homotopy groups of the infinite dimensional projective space PQO-^ and these 
groups are known to have arbitrarily high 2 -torsion elements. (The first few of 
these groups were found by Liulevicius.) 

On the other hand, in the second case (when k is n , o r n — 1, or n —2) these 
groups have torsion elements only of order 2 or 4 (see [Wells] and [Koschorke]). 

What can be said about these torsion groups for the other codimensions? 
Here we show that the groups 7mm(n, k) for k = n — 3 , or k = n — 4, and 

n < 2k — 1 also may have torsion elements only of order 2 and 4. On the other 
hand, if k = n — 13 and n > 29, then at least one of the groups Imm(n, k) 
and Imm(n — 1, k — 1) has an element of order 128. 

AMS S u b j e c t C l a s s i f i c a t i o n (1991): Primary 57R42. 
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R e m a r k . It is known that for k odd the groups Imm(n, k) are finite 
2-primary groups (see [Wells, Theorem 4].) But Wells's Theorem 6 claiming 
that Imm(n, k) has p torsion if k is even and n = k + 2p2 — 2p — 1 is false. 
Actually the groups Imm(n,k) have only 2-torsion if n < 3k, (see [Sziics]). 

THEOREM 1. For any n > 29 at least one of the groups Imm(n,n — 13) and 
Imm(n — 1, n — 14) has an element of order 128 . 

P r o o f o f T h e o r e m 1. If n < 2fc — 1, then the following sequence is 
exact: 

2
 dn,k e* O'n.k+l ^ dn-l,k 

ftn-k * Imm(n, k) — • Imm(n, k + 1) • - \ _ f c _ ! > Imm(n — 1, k) —• ( * ) 

(see [Salomonsen], [Koschorke], [Pastor (2.3)]). 

Here the map e* is induced by the inclusion Rn+k C !Rn+/c+1 and f^7 is 
the cobordism group of those i -dimensional manifolds the stable normal bundle 
of which is decomposed into the direct sum of two isomorphic bundles. These 
groups f^7 have been computed by Golubjatnikov for i < 13. In particular 
^13 ~ ^256 © G, where G is a finite 2 -primary group of exponent 64. 

We shall use two observations due to Koschorke (see [Korschorke, 7.15, and 
page 112 after 10.2]): 

(1) 2e* = 0 , 
(2) dn,k o an?fc = 2 • id. 

Let us write instead of the indices {n, k+1} simply 1 and instead of {n—1, k} 
just 2 . Then we have 

d\ o ai = 2 - id, 

d2 o a2 = 2 • id, 

im a\ = ker d2 . 

LEMMA. For any a € ^ln
1_k_1 there exist elements x,y such that 

2a = ax(x) +a2(y). 

P r o o f . Let us denote by b the element 2a — a2 o d2(a). Then d2(b) = 0 
and so there exists an element x such that b = a\(x). Now putting y = d2(a) 
we obtain 2a = a\(x) + a2(y). • 

Notice that at least one of the elements x and y has finite order because at 
least one of the groups Imm(n, k) and Imm(n, k + 1) is finite. 
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Notice also that no elements of infinite order are mapped by a\ or a2 into 
elements of finite order (use (1)). 

Now let a be an element of order 256 in Q^. Then 

2a = a±(x) + a2(y) 

for some x G Imm(n, n — 13) and y G Imm(n — 1, n — 14). 
Here the left side has order 128. Further at least one of the summands on the 

right side has finite order and so both of them have finite order. These orders 
are powers of 2 therefore at least one of them has order at least 128. Then x 
or y has at least order 128 too. • 

The next theorem shows that when the dimension and the codimension are 
close to each other then there are no high order torsion elements. 

THEOREM 2. If n < k + 4 and n < 2k — 1 then the torsion groups of the 
groups Imm(n, k) have only Z2 and Z4 factors, and the number of the Z4 
factors is at most one. 

Moreover, two consecutive groups Imm(n, k) and Imm(n—l,k — l) together 
may have at most one Z4 factor unless n — k = 4 and k is even. 

R e m a r k . For n < k + 2 this follows from Koschorke's results, which show 
also that Z4 factors do occur. 

P r o o f of T h e o r e m 2 . The groups f^7 are the following for 2 < i < 4 : 

n*7 « np &z2, tip « z® z2, 
(see [Golubjatnikov]). 

For k = n — 2 or n — 3 from (*) we get the following exact sequence 

0 —> ime* —• Imm(n, k) —• Z2 —• 

and this implies the claims for k = n — 2 or n — 3 . For k = n — 4 we can write a 
similar exact sequence if we replace Imm(n, k) by its torsion group. It remains 
to show the last claim of the theorem. 

Suppose first that 0 < n — k < 4. Then the groups Imm(n, k) are finite. 
If Imm(n, k) has a factor Z4 then it must be mapped by aUik onto Z2. Now 
an,k is epimorphic and so dn-\,k-i is zero, i.e. Imm(n — 1, fc — 1) is mapped 
monomorphically into ime* and so 2 • Imm(n — 1, k — 1) = 0. 

Finally let k be odd and equal to n — 4. Then, if Imm(n, k) has a Z4 
factor, then it must be mapped onto the Z2 factor of f^7 « Z ® Z 2 by an^ 
since 2 • ime* = 0 . Then the torsion group of Imm(n — l,fc — 1) is mapped 
monomorphically in im e* and so it contains no elements of order 4 . 
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