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A B S T R A C T . Procedures of construction of infinite families of t r iangular and 
quadrangu lar po lyhedra of inscribable type are presented. 

1. A polyhedron (i.e., the convex 3-dimensional hull of a finite number of points 
in the Euclidean 3-space) P is said to be of inscribable type if there exists 
a polyhedron P * combinatorially isomorphic with P and a sphere 7 such 
that all the vertices of P * belong to 7 . The problem of the existence of poly
hedra of non-inscribable type goes back at least to S t e i n e r [8]. (For refer
ences, see G r i i n b a u m - S h e p h a r d [4].) Sufficient conditions for polyhedra 
to be of non-inscribable type defining large classes of polyhedra were first stated 
by S t e i n i t z [9] and G r i i n b a u m [3]. Recently, new results have been ob
tained toward characterizations of polyhedra of inscribable type. In H o d g s o n , 
R i v i n and S m i t h [6], such a characterization for general polyhedra is given 
in terms of whether the polyhedra support certain edge-weightings. Another 
characterization for a special class of quadrangular polyhedra is contained in 
Jucovic-Sevec [7]. Essential sufficient conditions for a polyhedron to be of in
scribable type have been presented by D i l l e n c o u r t and S m i t h [1], [2]. 

The aim of this paper is to yield such conditions for triangular and quadrangu
lar polyhedra which are not directly subsumed by the papers of D i l l e n c o u r t 
and S m i t h . The proofs are performed by constructing infinite families of poly
hedra having a certain structure. 

The basic idea of our constructions is as follows: Let P be a polyhedron 
with all vertices belonging to a sphere 7 , and S a subgraph of the graph G(P) 
of the polyhedron P (i.e., the graph formed by the vertices and edges of P ) . 
The vertices, edges and faces incident with S are transformed according to a 

A M S S u b j e c t C l a s s i f i c a t i o n (1991): Primary 52B10. 
K e y w o r d s : po lyhedron, inscribable type. 
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rule T so that another polyhedron P' with graph G(P') — TG(P) with all 
vertices belonging to 7 is created. (The elements of P not incident with S 
remain unchanged.) So a new polyhedron of inscribable type is obtained. The 
polyhedron P' is constructed so that its graph G(P') contains a subgraph 
isomorphic to S which enables the construction to proceed in an analogous way. 

2. We start with quadrangular polyhedra. The sufficient condition we intend to 
prove is the following: 

THEOREM 1. A quadrangular polyhedron is of inscribable type if its graph 
arises from the graph of the cube by the successive application of the transfor
mation T, in Fig. 1. 

W 

kqp1 

FIGURE 1. 

U 

FIGURE 2. 

P r o o f . Let us consider a quadrangular polyhedron P all the vertices of 
which belong to the sphere 7 and whose graph G(P) contains a graph isomor
phic to Q in Fig. 1 as its subgraph. (From now on we shall not distinguish the 
subgraph on the polyhedron and its image on the figures - this should cause no 
confusion.) Let w be a trivalent vertex of Q as indicated on Fig. 1. On the ray 
v2w outside 7 near to it; a point w' is chosen such that the segments w'u, 
w'v1 and w'v3 intersect 7 in three mutually different points xx, y2 and y3, 
respectively. Fig. 2 depicts the changed subgraph. Notice that any choice of the 
point w' forces the 4-tuples (v3,y3,x1,u) and (u,x1,y2,v1) to be coplanar. 
And moreover, because w' is on the ray v2w, the 4-tuples (V 2 ,T / 3 , v 3 , r ) and 
(v2,s,v1,y2) are also coplanar. Then: The convex hull of 

V(P) - {w} U {xvy2, y3} ( V(P) is the vertex set of P) 

is a polyhedron N with all vertices belonging to 7 . The edges and faces of the 
polyhedron P not incident to the vertex w are not changed, they are edges and 
faces of TV. We must still show that the graph of N is TXG(P), i.e., that it 
contains Q' as subgraph. To do this, it clearly suffices to show that the vertices 
v2, ?/3, xx, y2 belong to the same face of TV, i.e., that vertices y 3 , y2 as well 
as v 2 , xx are not joined by an edge. 
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This can be done in such a way that S t e i n i t z 's condition ([9]) for a poly
hedron X not to be of inscribable type is used: 

If the vertex-set V(X) of the polyhedron X has a subset T with \T\ > -—y-^-
such that no two of its vertices are joined by an edge, and in the case \T\ — 
-—-7} , in the set V(X) — T . there exist two vertices joined by an edge - then 
X is not of inscribable type. 

Let us return to our polyhedron IV. As the polyhedron P is quadrangular, 
all circuits of G(P) have even lengths, and the graph G(P) is bichromatic (cf. 
H a r a r y [5]). As P is inscribed in 7 , by the above theorem of S t e i n i t z , 
both colour-classes of G(P) have equal numbers of vertices. On a quadran
gular face, adjacent vertices do not belong to the same colour-class. Let all 
vertices of IV, with the exception of xx, y2 and y 3 , retain the colours they 
have in P . It is possible to colour the vertices x x , y2, y3 so that a (possi
bly non-regular) 2-colouring of G(N) with equal numbers of vertices in both 
colour-classes appears. However, the existence of an edge y3y2 or v2x1 in the 
graph of the polyhedron IV would by the theorem of S t e i n i t z quoted mean 
the non-inscribability of IV - a contradiction. So in fact, the graph of IV has 
been obtained by performing operation TX on the graph of the polyhedron P, 
IV = P'. In the graph of the polyhedron P', we have again got Q as its sub
graph, therefore the procedure rx can be performed once more, and so on. The 
proof of Theorem 1 is concluded by recalling that the cube is of inscribable type. 

• 

3. Analogous reasoning is fruitful if we intend to construct triangular polyhe-
dra of inscribable type. Fig. 3 presents transformations of graphs of triangular 
polyhedra of inscribable type into more complicated ones retaining inscribability. 

U ^ V 

FIGURE 3. 
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THEOREM 2. A triangular polyhedron is of inscribable type if its graph arises 
from the graph of the bipyramid with 6 faces (Fig. 4) by successive applying the 
transformations r2 or r3 depicted in Fig. 3. 

P r o o f . Let the graph of the triangular polyhedron P contain as proper 
subgraph the graph H in Fig. 3, and let all the vertices of P belong to the sphere 
7. The plane containing the face s intersects 7 in a circuit c decomposed by 
the vertices m , n into two arcs. Inside the arc that does not contain the vertex 
u choose three points yx, y2, y3 and join them with the vertex v (Fig. 5). The 
vertex w and the edges incident with it are removed. A polyhedron Q with all 
vertices belonging to 7 is obtained with vertex-set V(Q) = {V(P) — {w}j U 
{2/17 2/2? 2/3} anc^ a hexagonal face / = unyxy2y3m. In the next stages of the 
construction, the following is crucial: 

FIGURE 4. FIGURE 6. 

LEMMA. ( D i l l e n c o u r t - S m i t h [2]) Let M be a polyhedron of inscribable 
type with a non-bipartite graph. Add to this graph a new edge the diagonal of 
some face of M . The resulting graph is isomorphic to the graph of a polyhedron 
of inscribable type. 

Let us return to polyhedron Q which clearly does not admit a bipartite 
graph. Add to the graph G(Q) successively the diagonals y2m, y2n and y2u 
of the hexagonal face / . Finally we get a graph containing H' as subgraph. 
Proceeding analogously just as before but inserting the diagonal mn instead 
of uy2 we get a graph containing H" as subgraph. By the Lemma, both these 
graphs are realisable as graphs of polyhedra of inscribable type . The polyhedra 
are triangular and contain the graph H as subgraph. Thus the construction can 
proceed. D 

4. Remarks . 

1. We can show that Theorem 1 does not define all quadrangular polyhedra of 
inscribable type nor does Theorem 2 do so with the triangular ones. As examples 
for quadrangular polyhedra we can use the polyhedra constructed as follows: On 
the surface of the sphere, consider two mutually perpendicular great circles and 
divide each of the four half-circles obtained into m > 3 congruent arcs. The 
convex hull of the dividing points is a polyhedron of inscribable type. To make 
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it quadrangular, replace the two quadruples of triangles by two quadrangles. 
For m = 4, Fig. 6 presents the polyhedron. All polyhedra obtained in this 
way can be employed for performing transformation rx at the beginning of the 
construction. The transformation T1 can be employed for constructing other 
polyhedra of inscribable type having even faces only. 

2. Further triangular polyhedra of inscribable type are constructed if the hexag
onal face / of Q in the proof of Theorem 2 is otherwise decomposed by diagonals 
into triangles, or if on the arc of c with end-points m, n, any number 7- 3 of 
new vertices is set. Of course, non-triangular polyhedra of inscribable type can 
also be constructed in this way. 

3 . It is desirable to find analogous constructions of pentagonal polyhedra of 
inscribable type or to prove that the dodecahedron is the only such polyhedron. 
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