Mathematica Slovaca

Wolfgang Schwarz; Thomas Maxsein; Paul Smith
An example for Gelfand's theory of commutative Banach algebras

Mathematica Slovaca, Vol. 41 (1991), No. 3, 299--310

Persistent URL: http://dml.cz/dmlcz/133212

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1991

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/133212
http://project.dml.cz

Math. Slovaca 41, 1991, No 3., 299-310

AN EXAMPLE FOR GELFAND’S THEORY
OF COMMUTATIVE BANACH ALGEBRAS

WOLFGANG SCHWARZ — THOMAS MAXSEIN — PAUL SMITH

ABSTRACT. Beginning with the C-vector-spaces B, resp. D, spanned by the
Ramanujan sums cr, resp. the exponential functions n +— exp(27i%n), and

using the supremum-norm ||f|l« = sup|f(n)|, the || - ||« -closures B* and D*
can be defined. According to Gelfand’s theory of commutative Banach algebras,

these spaces are isomorphic with the algebra C(A) of continuous functions on
the “maximal ideal space” A.

The maximal ideal spaces Ap and Ap are constructed, and the knowledge
of these allows to deduce some properties of the function spaces B* and D*.

1. Introduction

Denote by B (resp. D) the complex vector space of linear combinations of
Ramanujan sums

Crin— Z du(5) = Z exp(2mi$n).

d|ged(r,n) 1<aZr,
ged(a,r)=1

(resp. of ezponential functions e,/ : n + exp(2wifn)). The Ramanujan sum

¢, is even mod r, that means, the values c,(n) only depend on the greatest
common divisor of n and r,

cr(n) = cr(ged(n,r)).
The closure of B (resp. D) with respect to the supremum-norm

| fllu = sup |f(n)] (1.1)
n€EN

is denoted by B* (resp. D*). These vector-spaces are semi-simple commutative
Banach algebras with identity 1 (the constant function). Therefore, by Gelfand’s

AMS Subject Classification (1985): Primary 11A25, 11L03. Secondary i1R29, 46J10,
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theory (see, for example, Rudin [7], Chapter 18, or Rudin [8], Chapter
10,11), the space B* of uniformly-almost-even arithmetical functions is alge-
braically and topologically isomorph to the algebra C(Ag) of continuous func-
tions on some space Apg, the “maximal ideal space”; the same is true for D",
the space of uniformly-limit-periodic arithmetical functions; its maximal ideal
space 1> denoted by Ap.

In fact, the determination of Ap was achievedinSchwarz-Spilker [10]
by an explicit construction, using the Weierstrafl approximation theorem, but
not using or mentioning Gelfand’s theory

It is the aim of this note to give another explicit determination of Ag and
Ap, now using some simple facts from Gelfand’s theory. Of course, these max-
imal ideal spaces are known (see, for example, (3], [4], [5], [6])

Apg may be de cribed algebraically as the set of algebra-homomorphisms
h:B* — C

For any f in B" we denote by spec(f) the set of complex A, for which the
function f—A-11 not invertible in B* (similarly for D*). From Rudin [7],
18.17, we quote the following simple properties-

(1) h(f) € spec(f) for any f € B* and any h € A,
(2) 1RO flle

(3) h is continuou on B  and the operator-no mis |[h] <1

2. The maximal ideal space of B*

a) Construction of some homomorphism . Clearly, for any integer n € N,

the evaluation - f+— f(n) areel m ntso Apg. Next, for any prime p, and
for f € B*,th limit

f(p*) = lim f p*)
exists!, and so th functi n
hooo. fr f(p™

areeeme t of A

The argument nb u m e ten ively Givene p n nt 4, for p prin
0<kp<oc a(ompl )vl fK)canb dfindfrth ecto

K (b o 21
! Given ¢ , to F B i1f1 |If Fl«. < Thefuncti F seven a

F pk) =B 1 con ta tfor k _ ko(p € , and the efore |f(p ) — B| < e fo these k, th ref r
the se 1 nc — f(p )i a auchyseq nce
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in the following manner 2

positive integers

: consider the monotonely increasing sequence n, of

min(r,kp,)
Ny = H Pp Trel r=12...,
1<p<r

with the property n,|n,4+; for any r. Then

£(K) = lim f(n) (22)
exists® , and
he: f f(K) (2.3)

is an element of Ag. All these functions hx are different, as can be seen by
evaluating hx on suitable Ramanujan sums cge .

Our goal is to show that we got all the elements of Ag. Before doing this,
we calculate the values of hx at Ramanujan sums cg for prime powers qt.
Obviously (giving the greatest common divisor on the right-hand-side a natural
interpretation)

hIC(Cq‘) = cqt (gcd( Hpk” ) q‘ )) ’

and this equals

= Cqt (q‘) = ‘P(ql)a if k'q > e,
=cp(q" ) =—¢"", i  k=0-1, (2.4)
=0, if kg<f-1.

b) Determination of Ag. We are going to prove

Theorem 2.1. The mazimal ideal space Ap consists exactly of the functions
hx, defined in (2.3), where K runs through the set of vectors (kp)p prime , with
0< kp <o0.

Assume h € Ag; h being continuous it is sufficient to know the values of h
on the subalgebra B of B*. The Ramanujan sums c¢,, considered as functions
of the index r, are multiplicative. Therefore it is sufficient to know the values

h(cge) for prime-powers ¢°.

2 We think of the sequence of primes being ordered according to their size. An integer n may
be described as a special vector K, where at most finitely k, are non-zero and none is infinity.
3 Given € > 0, choose F € B satisfying ||f — Fl||l« < €. The function F is even, and so
F(n;) = B is constant for r > ro(¢€), and so the sequence r — f(n,) is a Cauchy sequence.
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Since h(f) € spec(f), and spec(cye) is {e(q%), —¢*~!, 0}, if € > 1, and
{¥(q), =1}, if € =1, and {1} if £ = 0, there are only a few (at most three)
possibilities for choosing the value h(cge).

However, not every choice is admissible. The relations
Cpm * Cpt = (P cpm, if m>¢, (2.5)
and*
Cpt - Cpt = e(P) (1 +ep+-+ Cpt-1) + (p* -2p*71)- Cpt (2.6)
imply (using the fact that h is an algebra-homomorphism; ¢ denotes a prime)
(a) h(cgm)=0,if h(cye) =0 and m > £,
(b) h(cgm) =@(q™),if h(cye) #0 and 0 <m < ¢,
(c) h(cqe) <0 is possible for at most one £ (¢ fixed),
(d) if h(cge+1) =0, but h(cge) #0, then h(cpe) = —pt~! <0.
Therefore either h(cgm) = ¢(¢™) for any m > 0 (define kg = oo in that case),
or there exists an exponent k; such that
(P(qt)’ lf e S kq’
h(ce)={ —pt=t, if €=k, +1,
0, if €>k,+1.

Then, for the vector K = (kq)q prime ,we obtain h = hx, and so Ag is com-
pletely determined.

c) Topology. The Gelfand topology of Apg is the weakest topology the makes
every Gelfand transform

f: s~ C,  f(h)=h(f),

continuous.
So, for any prime power ¢¢, the sets

6x71(0) = {h € B hey) € O)
are open for any open O in C. Therefore, using (2.4), the sets
{hk; k, arbitrary for p#q, kg > £}

and
{hx; kp arbitrary for p#gq, kg=£€—-1}

4 By the way, the second relation implies h(cpl) € {0, —=p'~1, w(ph)}.
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are open. Choosing these sets as a subbasis for the topology, we see that every
f is continuous. For:

Given € > 0 and f,choose g = Y +,-c, satisfying ||f —g|lu < 3¢. Assume
1<r<R

that h € A, h = hx, K = (kp(h)), is given. An open neighbourhood U(h)
of h is defined by the condition

h* € U(h) iff h*=hg., and kp(h*)=ky(h) forany p<R.

Then h(g) = h*(g) for any h* in U(h), and so

If(R) = F(R*)] = |R(f) — R(f*)| <
IR(f) = h(g)| + R*(f) = h* @I S If —gllu +1If —gllu <€

(to get from the first to the second line, property (2) from §1 was used).

Therefore f is continuous, and so the topology of Ag is completely deter-
mined. It coincides with the product topology on the space

H{l,P’Pz,- . ’poo} ’
14

where each factor is the Alexandroff-one-point-compactification of the discrete
(and locally compact) space {1,p,p?,...}.

d) Main result. For functions f in B* obviously ||f%|l« = ||f]|%, and so we
obtain from 11.12 in (8]

Theorem 2.2. The Banach-algebra B* is semi-simple, and the Gelfand
transform f +— f is an isometric algebra-isomorphism from B* onto C(Ap).

By the way, semi-simplicity immediately also follows from the fact that the
evaluation homomorphisms h,: f — f(n) are in Ap, and so the assumption
f €radical(B*) = [\ kernel(h) implies f =0.

h€Ls
Next, [8] 11.20 implies5 -

Corollary 2.1. If f € B* is real-valued, and if 121{‘ f(n) > 0, then there

ezists a (real-valued) square-root g of f in B*.

e) Applications. The following result is well known and may be derived from
the Weierstral approximation theorem also; we deduce it from our knowledge of

Apg.

5 The result can be deduced from the WeierstraB approximation theorem also.
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Corollary 2.2. Assume f € B*. Then 1/f € B* if and only if there ezists
some positive constant &, for which || fll. = 6.

Proof If 1/f € B* then this function is bounded and so |f| is bounded
from below.

On the other hand, according to Gelfand’s theory (see Rudin [7], 18.17)
1/f € B*, if for any h € Ag the value h(f) is not zero. The values h(f) are
given as certain limits in section 2, and the condition |f| > é obviously implies
that all these limits are non-zero, and the corollary is proved.

These corollaries may be considerably extended, using known results on Ba-
nach algebras.

Theorem 2.3. Let f € B* be given. If the function F is holomorphic in
some region of C including the range f(AB) of f, then the composed function

Fo f isin C(Ag) and thus equal to some §, g € B*. Therefore Fo f 1sin
B* again.

Except for the last sentence, this is a specialization of L. H. Loomis,
Abstract Harmonic Analysis, Princeton 1953, 24 D. Next, § = F o f implies

h(g) = F(h(f)) for any h in Ap, and so the assertion is true if F is a poly-
nomial (then F(h(f)) = h(F(f))). The general case follows from this.

Theorem 2.4. Let f € B* be given. If 6§ > 0 and f is multiplicative, then
f(p*) =0 is possible for at most finitely primes p.

The same argument gives the following stronger version.

Theorem 2.5. Let f € B* be given. If 6 > 0 and f is multiplicative, then

there are at most finitely many primes with the property |f(p*¥) — 1| > & for
some k.

Proof. f(hx_o) =1, where Ko = (kp), kp =0 for any p. Given € = 36,
then there is some neighbourhood Uy of hx, with the property |f(h)—1|< ¢
for any h in Up. But this neighbourhood contains all hx with k, arbitrary

except for finitely many primes; for these exceptional primes k, = 0 may be
taken. Next, f being multiplicative,

f(r) = Jlim T f(pmnt=D),

p<L

and this implies, by a suitable choice of the k,, noticing |f(h) — 1| < ¢, that
|f(p*¥) — 1| > € is impossible for any “non-exceptional” prime and any k.
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3. The maximal ideal space Ap of D*

a) Embedding of Ap in [[ Z/rZ.
r€N
Define, with the abbreviation w, = exp(2ri/r), an element f, € D by
fr(n) = wl. The set of functions

{ff,1<e<r ged(t,r)=1,r=1,2,...}

is a basis of D. A function f in D is r-periodic for a suitable r, and so 1/f
is again r-periodic and so in D C D* if f does not assume the value zero.
Therefore

spec(fr) = {wf:, 1<j5<r}.
If h € Ap, then, by (1), §1

h(fr) = wi, (3.1)

where j(r,h) is some uniquely determined integer modulo r depending on h.
Thus we obtain a map

p: Dp — H Z/rZ,
reN

defined by ¢(h) = (j(r,h))r=1,2,..., where h and j are related by (3.1). Obvi-
ously ¢ is injective.
b) The Priifer Ring Z.

For any n € N consider the residue class ring Z/nZ with the discrete
topology. If m|n, then there is a continuous projection

Tmun: L/ nZ — Z] mZ, (@ mod n)+ (a mod m).

If X = [[ Z/rZ with the product topology, then X is a compact Hausdorff
reN
space, and the set

7= {(an) € X, an € Z/nZ and mm n(an) = am, if m|n}

is a closed subspace of X and therefore again compact (and Hausdorff) Note
that N is dense in Z; the reason is that, given an element (ar)r in Z and
positive integers ry,...,rn, there exists an integer m € N satisfying m = o,
mod r; for ISiSN.

Since f;, = f, it follows that j(r-s,h) = j(r,h) mod r for any h € Ap.
Therefore the image of the map ¢ is contained in Z.
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c) Surjectivity of ¢: Ap — Z.

Let some element (ar), in 7 be given. Our aim is to construct an algebra-
homomorphism h € Ap satisfying p(h) = (ar)r. Define a linear map h: D —
C on the elements of the basis of D by

h(fF)y=wkor 1<k <r, ged(k,r) =1, r=1,2,...,

and extend h linearly to D. Then h is multiplicative on D; assume first
ged(r, s) = 1; then the relation

s‘k-ar+r-l-as=(s-k+r-€)-a,s modr-s
implies
h(f7 - £5) = h(fF) - h(f})-
This is also true if ged(r,s) # 1; without loss of generality, r and s may be

assumed to be powers of the same prime, and then the as ertion is easily cheched.
Furthermore h is continuous on D. Given an element ¥ € D, Yy = Y. a,-
1<v<N
kv, satisfying ||9|| < 1, there exists an m € N, for which m = a,, modr,,
for 1 <v < N. Since h() = ¢p(m), we obtain

() < [(m) < [lpfl <1,

and so h is continuous on D. This space being dense in D | h may be contin
uously extended to an algebra-homomorphism of D*, and ¢(h) = (ar)r=1,2,
d) Continuity of ¢: Ap — Z.

Fix ay € Z/kZ, 1 < k < N with the property an = ap, mod m if mn
Then R

V(ah-“,aN): {(ﬂn) € Z’ /Bk = o for 1 < k < N}

is a typical basis element of the (product-) topology of 7. Moreover h €
o~ (V(ai,...,an)) if and only if A(fi) = wi* for any k in 1 < k < N
This is equivalent with fi(h) = wp*, 1 < k < N, where fi is the Gelfand
transform of fj, defined by f(H) = H(f) forany H € Ap.

If Uk is a neighbourhood of wi* , not containing any other k th root of unity
then it follows that

N
e ' (V(ag,...,an)) = ﬂ fk—l(Uk)
k=1

is an open set in the Gelfand topology of Ap, and so ¢ is continuous. Since
Ap and Z are compact Hausdorff spaces, ¢ is a homeomorphism. Thus we got

Theorem 3.1. The mazimal space Ap is homeomorphic with Z, defined
in 3b.
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4. On the characterization
of additive and multiplicative functions in B*

In [1] N. G. De Bruijn characterized multiplicative almost-periodic arith-
metical functions. Additive almost-periodic functions were characterized by E.
R.Van Kampen in “On uniformly almost periodic multiplicative and additive
functions”, Amer. J. Math. 62, (1940), 107-114; see also [11] and the paper of
J.Knopfmacher quoted there. The results are as follows.

Theorem 4.1. Assume f to be fibre-constant.® Then f is in B* if and
only if klim f(p*) exists (for any prime).
—00

Theorem 4.2. An additive function is in B* if and only if

klim f(pk) exists for any prime (4.1)
— 00
and
3 sup () < oo. (42)
3

Theorem 4.3. A multiplicative function is in B* if and only if (4.1) holds
and if
Y sup|f(p*) - 1] < 0 (4.3)
ok
18 true.

We give proofs for these known theorems, using the isomorphy of B* with
C(A). However, the ideas used are more or less also well known.

Remark. If f isin B*, then the Gelfand transform f is continuous at
hx , where K = (kp)p, and kg = 00, kp = 0, if p # ¢. All the functions hx,
where k, = kp = 0 for p # ¢, and k; = L, L sufficiently large, are near hy,
and so the limes relation (4.1) is true.

The proof of Theorem 4.1. now follows from the preceding remark
and the fact, that for fibre-constant functions f(h) may be defined in an obvious
manner, using the limes relation (4.1) at g. The resulting functions f obviously
is continuous, and so f is in B*.

We now use the following notation: Given any arithmetical function, define,
with an obvious interpretation of the greatest common divisor,

fm(n) = f(gcd(n,p°°)) , if p is prime (4.4)

6 f is called fibre-constant if there is a prime g such that f(n) = f(ged(n, ¢°)) for any n.
Obviously, klim f(p*) exists for any prime p # q trivially.
— 00
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and
Fr(n) = f(ged(n, [ p™))- (4.5)

P>R

The functions f(p) are fibre-constant.
Proof of Theorem4.2.
(a) Assume that (4.1) and (4.2) hold. f being additive,

f=) fo+Fr, (4.6)

P<R

and the functions f(,) are in B* by Theorem 4.1. Next

|Fr(n)l = |f(n) = > f() <> sup F(p°)l < e,

p<R P>R

if R is sufficiently large, and so f € B*.

(b) If £ =(0,0,...), K' = (kp)p, where k, is arbitrary for p > R and k, =0
if p < R, then hyxs is near hx. Since f is additive, we obtain f(hx) =0; fis
continuous, and so [f(h,c:)| < ¢, if R is sufficiently large. Therefore, evaluating

f(hx'), one gets
Y sl <e

R<p<R'
for any system k, of exponents (k, = oo is admissible, f(p™) = liin f(p*)),

and so every subseries of
> fp*e)
P

is convergent, therefore this series is absolutely convergent (see, for example,
Pélya—Szego, Aufgaben und Lehrsétze aus der Analysis, III, 51) for any

choice of the exponents. This implies (4.2).

Proof of Theorem4.3.
(a) Assume that (4.1) and (4.3) hold. Being multiplicative,

f=1I fo - Fr,

P<R

where the fibre-constant functions f(p) are in B*. Next, using (4.3),

| H fy(n)]| < exp {Z ) (I fpy ()l = 1)} <cC,

p<R PSR
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*

uniformly in R, where * means that summation is only over those primes for

which |fp)(n)| > 1. And

1f(n) = T[] f(n) < ClFr(n)| < C ¢,

P<R

uniformly in n, if R is large, again using (4.3).
Therefore f isin B*.

(b) If f isin B* and multiplicative, then the proof is similar to the correspond-
ing proof of Theorem 4.2. The details, a little more complicated than before, are
omitted. One needs that absolute convergence of a product []z; is equivalent
with the absolute convergence of the series Y {z; — 1}.

5. Another Application

Using our knowledge of Ap and the Tietze extension theorem (see for ex-
ample Hewitt —Stromberg, Real and abstract analysis) we prove

Theorem 5.1. Given a sequence {nj} of (pairwise distinct) integers greater
than one with the property

the minimal prime-divisors pmin(n;) = p; of n; tend to 0o as j — oo, (5.1)

and given complez numbers a; converging to a € C, then there ezists a function
f in B" assuming the values a; at n;.

Proof. Condition (5.1) implies that lim hp; = hy in Ag. The subset K of
j—oo

Ap, K ={h1}U{hn;} is closed and therefore compact. Define a complex-valued
function F' on K by

F(hy)=a, and F(hy)=a;.

It is easy to check that F' is continuous on K, and Tietze’s extension theorem
gives the existence of a continuous function F* on Ap extending F', which is
the image of some f in B* under the Gelfand transform, and

f(nj) = f(hn,') = F(hnj) =aj.
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