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Abstract

In this work infinitesimal bending of a subspace of a generalized Rie-
mannian space (with non-symmetric basic tensor) are studied. Based on
non-symmetry of the connection, it is possible to define four kinds of co-
variant derivative of a tensor. We have obtained derivation formulas of the
infinitesimal bending field and integrability conditions of these formulas
(equations).
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0 Introduction

0.1. A generalized Riemannian space GRN is a differentiable manifold, endowed
with non-symmetric basic tensor Gij(x1, . . . , xN ) [2], whose symmetric part is
Gij , and antisymmetric part Gij

∨
.

By equations

xi = xi(u1, . . . , uM ) ≡ xi(uα), rank(Bi
α) = M, (Bi

α = ∂xi/∂uα), (0.1)

in local coordinates is defined a subspace GRM ⊂ GRN , with metric tensor

gαβ = Bi
αBj

βGij , (0.2)
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116 S. M. Minčić, L. S. Velimirović

which is generally also non-symmetric. Remark that in the present work Latin
indices i, j, k, . . . take values 1, . . . , N , while Greek indices α, β, γ, . . . take values
1, . . . ,M , (M < N) and refer to the subspace.
For the lowering and raising of indices in GRN one uses the tensor Gij

respectively Gij , where (Gij) = (Gij)−1.
Christoffel symbols at GRN are

Γi.jk =
1
2
(Gji,k −Gjk,i + Gik,j), Γi

jk = GipΓp.jk, (0.3a, b)

where, by the comma a partial derivative is denoted.
The scalar product and the orthogonality one expresses in usual way in the

GRN by Gij , and in the GRM by gαβ .
On subspaces of generalized Riemannian spaces there exist many works, eg.

[7]–[16], [19]–[23]. The present work is continuation and widening of our work
[21].

0.2. If in the points of GRM a vector field zi(uα) is defined, the equations

x̄i = xi(uα) + εzi(uα), (0.4)

where ε is an infinitesimal, define an infinitesimal deformation of the subspace
GRM . Obtained subspace will be denoted GRM . The vector field zi(uα) is
an infinitesimal deformation field. In this study of infinitesimal deformations,
according to (0.4), magnitudes of a degree higher than the first with respect to
ε are omitted.
Among numerous, we refer on papers on infinitesimal deformations of spaces

and subspaces, and related topics [4]–[9], [17], [18], [21]–[23].

0.3. A particular case of infinitesimal deformations is infinitesimal bending
(see e.g. [7], [8], [9], [21]). By virtue of (0.4), for gαβ one obtains [21]:

gαβ = gαβ + ε(Bi
αBj

βGij,kzk + Bi
αzj

,βGij + zi
,αBj

βGij) (0.5)

and, by definition, the subspace GRM ⊂ GRN is infinitesimal bending of the
subspace GRM ⊂ GRN iff (the equation (1.5) in [21]):

Gij,kzkBi
αBj

β + Gij(Bi
αzj

,β + zi
,αBj

β) = 0, (0.6)

1 Derivational formulas of the bending field

1.0. Let be GRM ⊂ GRN , where GRM is defined by virtue of (0.1). Consider at
points ofGRM N−M mutually orthogonal unit vectorsN i

A, (A = M+1, . . . , N),
which are also orthogonal to GRM , i.e. to the vectors Bi

α = ∂xi/∂uα. So, here
we are using also the third kind of indices:

A,B,C · · · ∈ {M + 1, . . . , N}.
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From the exposed, we have the relations

GipG
pj = δj

i , gαπgπβ = δβ
α, (1.1a, b)

GijN
i
ABj

α = 0, GijN
i
AN j

B = eAδAB, (eA = ±1), (1.2a, b)

where gαβ is obtained analogously to Gij . Similarly to (0.3), we can define
Cristoffel symbols Γ̃α

βγ by means of gαβ . These symbols are in general also non-
symmetric. Based on that, for a tensor defined in the points of the subspace we
have 4 kinds of covariant derivative. For example [13]:

Bi
α |

1
2
3
4

μ = Bi
α,μ + Γi

pm
mp
pm

mp

Bp
αBm

μ − Γ̃π
αμ
μα
μα

αμ

Bi
π (1.3a–d)

N i
A |

1
2

μ = N i
A |

3
4

μ = N i
A,μ + Γi

pm
mp

Np
ABm

μ . (1.4a, b)

From here one obtains 4 kinds of derivational formulae of the subspace GRM ⊂
GRN [13,14]:

Bi
α|

θ

μ = Φ
θ

π
αμBi

π +
N∑

A=M+1

ΩAαμN i
A, (1.5a)

N i
B |

θ
μ = −eBgπσΩ

θ
BσμBi

π +
N∑

A=M+1

Ψ
θ

ABμN i
A,Ψ

θ
BBμ = 0, (1.5b)

where θ ∈ {1, 2, 3, 4} designates the kind of covariant derivative. With respect
to (4a,b) is:

Ω
1
2

Aαβ = Ω
3
4

Aαβ (1.6a, b)

Ψ
1
2

ABμ = Ψ
3
4

ABμ (1.7a, b)

and by virtue of (48′) in [13]:

Φ
2

α
βγ = −Φ

1

α
βγ , Φ

3

α
βγ = Φ

1

α
βγ + 2Γ̃α

βγ
∨

,

Φ
4

α
βγ = −Φ

1

α
βγ − 2Γ̃α

βγ
∨

(1.8 a,c)

1.1. The infinitesimal bending field zi can be expressed by tangential and
normal component with respect to GRM :

zi = pσBi
σ +

∑

A

qAN i
A. (1.9)
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Using this value, the condition (0.6) becomes

Gij,kBi
αBj

β(pσBk
σ +

∑

A

qANk
A)

+ gασpσ
,β + GijB

i
αBj

σ,βpσ + GijB
i
α

∑

A

(qA,βN j
A + qAN j

A,β)

+ gσβpσ
,α + GijB

j
βBi

σ,αpσ + GijB
j
β

∑

A

(qA,αN i
A + qAN i

A,α) = 0. (1.10)

Taking covariant derivative of the kind θ with respect to uμ and using (5), we
get

zi
|
θ

μ = pσ
|
θ

μBi
σ + pσBi

σ |
θ

μ +
∑

A

(qA|
θ

μN i
A + qAN i

A|
θ

μ)

= pσ
|
θ

μBi
σ + pσ(Φ

θ

π
σμBi

π +
∑

A

Ω
θ

AσμN i
A) +

∑

A

qA|
θ

μN i
A

+
∑

A

qA(−eAgπσΩ
θ

AσμBi
π +

∑

B

Ψ
θ

BAμN i
B),

that is
zi
|
θ

μ = P
θ

π
μBi

π +
∑

A

Q
θ

AμN i
A, (1.11)

where
P
θ

π
μ = pπ

|
θ

μ + pσΦ
θ

π
σμ −

∑

A

eAqAΩ
θ

Aσμgπσ, (1.12)

Q
θ

Aμ = pσΩ
θ

Aσμ + qA|
θ

μ +
∑

B

qBΨ
θ

ABμ. (1.13)

The equation (11) is derivational formula of the infinitesimal bending field zi.
So, we have

Theorem 1.1 If the infinitesimal bending field zi of the subspace GRM ⊂ GRN

is expressed by the tangential and the normal component with respect to the
GRM in the form (9), then the derivation formula (11) is valid, where |

θ

μ is

covariant derivative of the kind θ according to uμ, and P
θ
, Q

θ
are given in (12)

and (13) respectively.

2 Integrability conditions of derivational formula of the
infinitesimal bending field

2.0. Applying to (1.11) covariant derivative of the kind ω with respect to uν ,
we get

zi
|
θ

μ |
ω
ν = P

θ

π
μ |

ω
νBi

π + P
θ

π
μBi

π |
ω
ν +

∑

A

(Q
θ

Aμ |
ω

νN
i
A + Q

θ
AμN i

A |
ω

ν),
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and substituting Bi
π |

ω
ν and N i

A |
ω

ν with respect to (1.5), after arranging one ob-
tains

zi
|
θ

μ |
ω
ν = [P

θ

π
μ |

ω
ν + P

θ

σ
μΦ

ω

π
σν −

∑

A

eAQ
θ

AμgπσΩ
ω

Aσν ]Bi
π

+
∑

A

[P
θ

π
μΩ

ω
Aπν + Q

θ
Aμ |

ω
ν +

∑

B

Q
θ

BμΨ
ω

ABν ]N i
A, (2.1)

where the tensors P
θ
, Q

θ
are given at (1.12,13). From (1) one gets

zi
|
θ

μ |
ω
ν − zi

|
ω
ν |

θ

μ = [P
θ

π
μ |

ω
ν − P

ω

π
ν |

θ

μ + P
θ

σ
μΦ

ω

π
σν − P

ω

σ
νΦ

θ

π
σμ

−
∑

A

eAgπσ(Q
θ

AμΩ
ω

Aσν −Q
ω

AνΩ
θ

Aσμ)]Bi
π

+
∑

A

[P
θ

π
μΩ

ω
Aπν − P

ω

π
ν Ω

θ
Aπμ + Q

θ
Aμ |

ω
ν −Q

ω
Aμ|

θ
μ

+
∑

B

(Q
θ

BμΨ
ω

ABν −Q
ω

BνΨ
θ

ABμ)]N i
A. (2.2)

On the other hand applying the Ricci type identities [11,12], we obtain

zi
|
1
2

μν − zi
|
1
2

νμ = R
1
2

i
pmnzpBm

μ Bn
ν + 2Γ̃π

μν
∨

zi
|
1
2

π, (2.3a, b)

zi
|
1
μ|

2
ν − zi

|
2
ν |
1
μ = R

3

i
pμνzp, (2.4)

zi
|
3
4

μν − zi
|
3
4

νμ = R
1
2

i
pmnzpBm

μ Bn
ν ± 2Γ̃π

μν
∨

zi
|
1
2

π, (2.5a, b)

zi
|
3
μ|

4
ν − zi

|
4
ν |
3
μ = R

4

i
pμνzp, (2.6)

where [11,12]:

R
1

i
jmn = Γi

jm,n − Γi
jn,m + Γp

jmΓi
pn − Γp

jnΓi
pm, (2.7)

R
2

i
jmn = Γi

mj,n − Γi
nj,m + Γp

mjΓ
i
np − Γp

njΓ
i
mp, (2.8)

R
3

i
jμν = (Γi

jm,n − Γi
nj,m + Γp

jmΓi
np − Γp

njΓ
i
pm)Bm

μ Bn
ν

+ 2Γi
jm
∨

(Bm
μ,ν − Γ̃π

νμBm
π ), (2.9)

R
4

i
jμν = (Γi

jm,n − Γi
nj,m + Γp

jmΓi
np − Γp

njΓ
i
pm)Bm

μ Bn
ν

+ 2Γi
jm
∨

(Bm
μ,ν − Γ̃π

μνBm
π ). (2.10)

The magnitudes R
1

i
jmn, R

2

i
jmn are curvature tensors of the first and the second

kind respectively of the space GRN , while the magnitudes R
3

i
jμν , R

4

i
jμν are also
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tensors and we called them in [11,12] curvature tensors of the space GRN with
respect to the subspace GRM .

2.1. The cases (3.a,b) can be written in the form

zi
|
θ

μν − zi
|
θ

νμ = R
θ

i
pmnzpBm

μ Bn
ν + 2(−1)θΓ̃π

μν
∨

zi
|
θ

π, θ ∈ {1, 2}. (2.11)

Taking in (2) ω = θ ∈ {1, 2}, we obtain an equation with the same left side as
in (11). Substituting zi

|
θ

π in (11) by virtue of (1.11) and equaling the right sides

of cited equations, we obtain the first and the second integrability condition of
derivational formula (1.11) of the infinitesimal bending field zi of the subspace
(for θ = 1, θ = 2):

R
θ

i
pmnzpBm

μ Bn
ν + 2(−1)θΓ̃π

μ
∨

ν(P
θ

σ
πBi

σ +
∑

A

Q
θ

AπN i
A)

= [P
θ

π
μ|

θ

ν − P
θ

π
ν |

θ

μ + P
θ

σ
μΦ

θ

π
σν − P

θ

σ
νΦ

θ

π
σμ

−
∑

A

eAgπσ(Q
θ

AμΩ
θ

Aσν −Q
θ

AνΩ
θ

Aσμ)]Bi
π

+
∑

A

[P
θ

π
μΩ

θ
Aπν − P

θ

π
ν Ω

θ
Aπμ + Q

θ
Aμ|

θ
ν −Q

θ
Aν |

θ
μ

+
∑

B

(Q
θ

BμΨ
θ

ABν −Q
θ

BνΨ
θ

ABμ)]N i
A, θ = 1, 2. (2.12)

a) Multiplying this equation with GilB
l
λ and using (0.2), (1.1,2), we obtain

R
θ

lpmnBl
λzpBm

μ Bn
ν + 2(−1)θΓ̃π

μν
∨

P
θ

σ
πgλσ

=
[
P
θ

π
μ|

θ

ν − P
θ

π
ν |

θ

μ + P
θ

σ
μΦ

θ

π
σν − P

θ

σ
νΦ

θ

π
σμ −

∑

A

eAgπσ(Q
θ

AμΩ
θ

Aσν −Q
θ

AνΩ
θ

Aσμ)
]
gλπ.

Taking into consideration (1.1b) and substituting P
θ
, Q

θ
according to (1.12,13),
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the previous equation becomes

R
θ

lpmnBl
λzpBm

μ Bn
ν + 2(−1)θΓ̃π

μν
∨

gλσ(pσ
|
θ

π + pρΦ
θ

σ
ρπ −

∑

A

eAqAΩ
θ

Aρπgσρ)

= [pπ
|
θ

μν + pσ
|
θ

νΦ
θ

π
σμ + pσΦ

θ

π
σμ|

θ

ν −
∑

A

eA(qA|
θ

νΩ
θ

Aσμ + qAΩ
θ

Aσμ|
θ

ν)gπσ

− pπ
|
θ

νμ − pσ
|
θ

μΦ
θ

π
σν − pσΦ

θ

π
σν |

θ

μ +
∑

A

eA(qA|
θ

μΩ
θ

Aσν + qAΩ
θ

Aσν |
θ

μ)gπσ

+ (pσ
|
θ

μ + pρΦ
θ

σ
ρμ −

∑

A

eAqAΩ
θ

Aρμgσρ)Φ
θ

π
σν

−(pσ
|
θ

ν + pρΦ
θ

σ
ρν −

∑

A

eAqAΩ
θ

Aρνg
σρ)Φ

θ

π
σμ]gλπ

−
∑

A

eA[(pσΩ
θ

Aσμ + qA|
θ

μ +
∑

B

qBΨ
θ

ABμ)Ω
θ

Aλν

−(pσΩ
θ

Aσν + qA|
θ

ν +
∑

B

qBΨ
θ

ABν)Ω
θ

Aλμ]. (2.13)

Substituting the dummy indices l, p with i, j respectively and zj according to
(1.9), using the Ricci type identity

pπ
|
θ

μν − pπ
|
θ

νμ = R̃
θ

π
ρμνpρ + 2(−1)θΓ̃ρ

μν
∨

pπ
|
θ

ρ, θ = 1, 2 (2.14)

where R̃
θ

π
ρμν are the corresponding curvature tensors of the subspace (formed by

means of Γ̃) and denoting

pλ = gλσpσ, Φ
θ

λρπ = gλσΦ
θ

σ
ρπ,

Ω
θ

A
σ

μ = gρσΩ
θ

Aρμ,

the equation (13) becomes

R
θ

ijmnBi
λ(pσBj

σ +
∑

A

qAN j
A)Bm

μ Bn
ν

+2(−1)θΓ̃σ
μν
∨

(pρΦ
θ

λρσ −
∑

A

eAqAΩ
θ

Aλσ)

= pσ(R̃
θ λσμν

+ Φ
θ

λσμ|
θ

ν − Φ
θ

λσν |
θ

μ + Φ
θ

ρ
σμΦ

θ
λρν − Φ

θ

ρ
σνΦ

θ
λρμ)

+
∑

A

eA[qA(Φ
θ

λσμΩ
θ

A
σ

ν
− Φ

θ
λσνΩ

θ
A

σ

μ
− Ω

θ
Aλμ|

θ
ν + Ω

θ
Aλνμ

θ

)

+pσ(Ω
θ

AλμΩ
θ

Aσν − Ω
θ

AλνΩ
θ

Aσμ)

+
∑

B

qB(Ω
θ

AλμΨ
θ

ABν − Ω
θ

AλνΨ
θ

ABμ)], θ = 1, 2. (2.15)
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b) By multiplying (12) with GilN
l
c and taking into consideration (1.1, 2),

one obtains

R
θ

lpmnN l
CzpBm

μ Bn
ν + 2(−1)θΓ̃π

μν
∨

Q
θ

CπeC

= eC [P
θ

π

μ
Ω
θ

Cπν − P
θ

π
ν Ω

θ
Cπμ + Q

θ
Cμ|

θ
ν −Q

θ
Cν |

θ
μ

+
∑

B

(Q
θ

BμΨ
θ

CBν −Q
θ

BνΨ
θ

CBμ)].

Substituting P
θ
, Q

θ
as in the previous case, from here we have

R
θ

ijmnN i
CzjBm

μ BN
ν

+ 2(−1)θΓ̃π
μν
∨

eC(pσΩ
θ

Cσπ + qC |
θ

π +
∑

B

qBΨ
θ

CBπ)

= eC{(pπ
|
θ

μ + pσΦ
θ

π
σμ −

∑

A

eAqAΩ
θ

Aσμgπσ)Ω
θ

Cπν

− (pπ
|
θ

ν + pσΦ
θ

π
σν −

∑

A

eAqAΩ
θ

Aσνg
πσ)Ω

θ
Cπμ

+ pσ
|
θ

νΩ
θ

Cσμ + pσΩ
θ

Cσμ|
θ

ν + qC |
θ

μ|
θ

ν

+
∑

B

(qB |
θ

νΨ
θ

CBμ + qBΨ
θ

CBμ|
θ

ν)

− pσ
|
θ

μΩ
θ

Cσν − pσΩ
θ

Cσν |
θ

μ − qC |
θ

ν |
θ

μ

−
∑

B

(qB |
θ

μΨ
θ

CBν + qBΨ
θ

CBν |
θ

μ)

+
∑

B

[(pσΩ
θ

Bσμ + qB |
θ

μ +
∑

A

qAΨ
θ

BAμ)Ψ
θ

CBν

− (pσΩ
θ

Bσν + qB |
θ

ν +
∑

A

qAΨ
θ

BAν)Ψ
θ

CBμ]}.

Multiplying the both sides of this equation with eC = ±1, and taking into count
that

qC |
θ

μ = ∂qC/∂uμ = qC,μ, θ = 1, 2,

qC |
1
2

μ|
1
2

ν = (qC |
1
2

μ),ν − Γ̃π
μν
νμ

qC |
1
2

π = qC,μν − Γ̃π
μν
νμ

qC,π

from where qC |
θ

μν−qC |
θ

νμ = 2(−1)θΓ̃π
νμ
∨

qC,π, the previous equation can be written
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in the form

eCR
θ

ijmnN i
C(pσBj

σ +
∑

A

qAN j
A)Bm

μ Bn
ν

+(−1)θΓ̃π
μν
∨

(pσΩ
θ

Cσπ +
∑

B

qBΨ
θ

CBπ)

= pσ(Φ
θ

π
σμΩ

θ
Cπν − Φ

θ

π
σνΩ

θ
Cπμ + Ω

θ
Cσμ|

θ
ν − Ω

θ
Cσν |

θ
μ)

+
∑

A

eAqA(Ω
θ

CπμΩ
θ

Aν
π − Ω

θ
CπνΩ

θ
Aμ

π)

+
∑

A

[pσ(Ω
θ

AσμΨ
θ

CAν − Ω
θ

AσνΨ
θ

CAμ)

+ qA(Ψ
θ

CAμ|
θ

ν −Ψ
θ

CAν |
θ

μ)

+
∑

B

qB(Ψ
θ

ABμΨ
θ

CAν −Ψ
θ

ABνΨ
θ

CAμ)]. (2.16)

2.2 Substituting θ = 1, ω = 2 into (2) and using (4), we obtain the third
integrability condition of derivational formula (1.11) of zi:

R
3

i
pμνzp = [P

1

π
μ|

2
ν − P

2

π
ν |
1
μ + P

1

σ
μΦ

2

π
σν − P

2

σ
νΦ

1

π
σμ

−
∑

A

eAgπσ(Q
1

AμΩ
2

Aσν −Q
2

AνΩ
1

Aσμ)]Bi
π

+
∑

A

[P
1

π
μΩ

2
Aπν − P

2

π
ν Ω

1
Aπμ + Q

1
aμ|

2
ν −Q

2
Aν |

1
μ

+
∑

B

(Q
1

BμΨ
2

ABν −Q
2

BνΨ
1

ABμ)]N i
A. (2.17)

a) By multiplying the previous equation with GilB
l
λ one obtains

R
3

i
lpμνBl

λzp = [P
1

π
μ|

2
ν − P

2

π
ν |
1
μ + P

1

σ
μΦ

2

π
σν − P

2

σ
νΦ

1

π
σμ

−
∑

A

eAgπσ(Q
1

AμΩ
2

Aσν −Q
2

AνΩ
1

Aσμ)]gλπ.
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By substitution of P
θ
, Q

θ
with respect to (1.12,13), from here it follows that

R
3

i
lpμνBl

λzp = [pπ
|
1
μ|

2
ν + pσ

|
2
νΦ

1

π
σμ + pσΦ

1

π
σμ|

2
ν

−
∑

A

eA(qA|
2

νΩ
1

Aσμ + qAΩ
1

Aσμ|
2
ν)gπσ

−pπ
|
2
ν |
1
μ + pσ

|
1μ

Φ
2

π
σν

+
∑

A

eA(qA |
1μ

Ω
2

Aσν + qAΩ
2

Aσν |
1
μ)gπσ

+ (pσ
|
1
μ + pσΦ

1

σ
ρμ −

∑

A

eAqAΩ
1

Aρμgσρ)Φ
2

π
σν

− (pσ
|
2
ν + pσΦ

2

σ
ρν −

∑

A

eAqAΩ
2

Aρνg
σρ)Φ

1

π
σμ]gλπ

−
∑

A

eA[(pσΩ
1

Aσμ + qA|
1

μ +
∑

B

qBΨ
1

ABμ)Ω
2

Aλν

− (pσΩ
2

Aσν + qA|
2

ν +
∑

B

qBΨ
2

ABν)Ω
1

Aλμ]. (2.18)

Substituting the dummy indices l, p with i, j respectively and using the Ricci-
type identity [11]:

pπ
|
1
μ|

2
ν − pπ

|
2
ν |
1
μ = R̃

3

π

σμν
pσ, (2.19)

where

R̃
3

α
βμν = Γ̃α

βμ,ν − Γ̃α
νβ,μ + Γ̃σ

βμΓ̃α
νσ − Γ̃σ

νβΓ̃α
σμ + Γ̃σ

νμ(Γ̃α
σβ − Γ̃α

βσ) (2.20)

is the curvature tensor of the 3rd kind of the subspace, the equation (18) becomes

R
3

ijμνBi
λ(pσBi

σ +
∑

A

qAN i
A)

= pσ(R̃
3

λσμν + Φ
1

λσμ|
2
ν − Φ

2
λσν |

1
μ + Φ

1

ρ
σμΦ

2
λρν − Φ

2

ρ
σνΦ

1
λρμ)

+
∑

A

eA[qA(Φ
1

λσμΩ
2

σ
Aν − Φ

2
λσνΩ

1

σ
Aμ − Ω

1
Aλμ|

2
ν + Ω

2
Aλν |

1
μ)

+ pσ(Ω
1

AλμΩ
2

Aσν − Ω
2

AλνΩ
1

Aσμ)

+
∑

B

qB(Ω
1

AλμΨ
2

ABν − Ω
2

AλνΨ
1

ABμ)]. (2.21)

b) Multiplying (17) with GilN
l
c, one obtains

R
3

lpμνN l
cz

p = ec[P
1

π
μΩ

2
Cπν − P

2

π
ν Ω

1 Cπμ

+ Q
1

cμ|
2
ν −Q

2
cν |

1
μ

+
∑

B

(Q
1

BμΨ
2

CBν −Q
2

BνΨ
1

CBμ)].
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Substituting P
θ
, Q

θ
using that

qc|
1
μ|

2
ν − qc|

2
ν |
1
μ = 0,

and arranging, we get

eCR
3

ijμνN i
c(p

σBj
σ +

∑

A

qAN j
A)

= pσ(Φ
1

π
σμΩ

2
cπν − Φ

2

π
σνΩ

1
cπμ + Ω

1
cσμ|

2
ν − Ω

2
cσν |

1
μ)

+
∑

A

eAqA(Ω
1

cπμΩ
2

π
Aν − Ω

2
cπνΩ

1

π
Aμ)

+
∑

A

[pσ(Ω
1

AσμΨ
2

CAν − Ω
2

AσνΨ
1

CAμ) + qA(Ψ
1

CAμ|
2

ν −Ψ
2

CAν |
1

μ

∑

B

qB(Ψ
1

ABμΨ
2

CAν −Ψ
2

ABνΨ
1

CAμ)]. (2.22)

2.3. The cases (5a,b) can be given with the equation

zi
|
θ

μν − zi
|
θ

νμ = R
θ−2

i
pmnzpBm

μ Bn
ν + 2(−1)θ−1Γ̃π

μν
∨

zi
|
θ

π, θ ∈ {3, 4}. (2.23)

Substituting θ ∈ {3, 4} in (2), we get the equation with the left side as in
(21). According to that we get the 4th and the 5th integrability condition of the
derivation formula (1.11) (for θ ∈ {3, 4}):

R
θ−2

i
pmnzpBm

μ Bn
ν + 2(−1)θ−1Γ̃π

μν
∨

(P
θ

σ
πBi

σ +
∑

A

Q
θ

AπN i
A)

= [P
θ

π
μ|

θ

ν − P
θ

π
ν |

θ

μ + P
θ

σ
μΦ

θ

π
σν − P

θ

σ
νΦ

θ

π
σμ

−
∑

A

eAgπσ(Q
θ

AμΩ
θ

Aσν −Q
θ

AνΩ
θ

Aσμ)]Bi
π

+
∑

A

[P
θ

π
μΩ

θ
Aπν − P

θ

π
ν Ω

θ
Aπμ + Q

θ
Aμ|

θ
ν −Q

θ
Aν |

θ
μ

+
∑

B

(Q
θ

BμΨ
θ

ABν −Q
θ

BνΨ
θ

ABμ)]N i
A, θ ∈ {3, 4}. (2.24)

a) Multiplying this equation with GilB
l
λ, we get

R
θ−2

lpmnBl
λzpBm

μ Bn
ν + 2(−1)θ−1Γ̃π

μν
∨

P
θ

σ
πgλσ

= [P
θ

π
μ|

θ

ν − P
θ

π
ν |

θ

μ + P
θ

σ
μΦ

θ

π
σν − P

θ

σ
νΦ

θ

π
σμ

−
∑

A

eAgπσ(Q
θ

AμΩ
θ

Aσν −Q
θ

AνΩ
θ

Aσμ)]gλπ.



126 S. M. Minčić, L. S. Velimirović

from where, as in previous cases,

R
θ−2

lpmnBl
λzpBm

μ Bn
ν + 2(−1)θ−1Γ̃π

μν
∨

gλσ(pσ
|
θ

π + pρΦ
θ

σ
ρπ

−
∑

A

eAqAΩ
θ

Aρπgσρ) = [pπ
|
θ

μν + pσ
|
θ

νΦ
θ

π
σμ + pσΦ

θ

π
σμ|

θ

ν

−
∑

A

eA(qA|
θ

νΩ
θ

Aσμ + qAΩ
θ

Aσμ|
θ

ν)gπσ

− pπ
|
θ

νμ − pσ
|
θ

μΦ
θ

π
σν − pσΦ

θ

π
σν |

θ

μ

+
∑

A

eA(qA|
θ

μΩ
θ

Aσν + qAΩ
θ

Aσν |
θ

μ)gπσ

+(pσ
|
θ

μ + pρΦ
θ

σ
ρμ −

∑

A

eAqAΩ
θ

Aρμgσρ)Φ
θ

π
σν

−(pσ
|
θ

ν + pρΦ
θ

σ
ρν −

∑

A

eAqAΩ
θ

Aρνg
σρ)Φ

θ

π
σμ]gλπ

−
∑

A

eA[(pσΩ
θ

Aσμ + qA|
θ

μ +
∑

B

qBΨ
θ

ABμ)Ω
θ

Aλν ]

−(pσΩ
θ

Aσν + qA|
θ

ν +
∑

B

qBΨ
θ

ABν)Ω
θ

Aλμ].

According to [12]:

pπ
|
θ

μν − pπ
|
θ

νμ = R̃
θ−2

π
σμνpσ + 2(−1)θ−1Γ̃σ

μν
∨

pπ
|
θ

σ, θ ∈ {3, 4}, (2.25)

the previous equation becomes

R
θ−2

ijmnBi
λ(pσBj

σ +
∑

A

qAN j
A)Bm

μ Bn
ν

+ 2(−1)θ−1Γ̃π
μν
∨

(
θ

pσΦ
θ

λσπ −
∑

A

eAqAΩ
θ

Aλπ)

= pσ( R
θ−2

λσμν + Φ
θ

λσμ|
θ

ν − Φ
θ

λσν |
θ

μ + Φ
θ

ρ
σμΦ

θ
λρν − Φ

θ

ρ
σνΦ

θ
λρμ)

+
∑

A

eA[qA(Φ
θ

λσμΩ
θ

σ
Aν − Φ

θ
λσνΩ

θ

σ
AμΩ

θ
Aλμ|

θ
ν − Ω

θ
Aλν |

θ
μ)

+pσ(Ω
θ

AλμΩ
θ

Aσν − Ω
θ

AλνΩ
θ

Aσμ)

+
∑

B

qB(Ω
θ

AλμΨ
θ

ABν − Ω
θ

AλνΨ
θ

ABμ)], θ ∈ {3, 4} (2.26)

b) Multiplying (23) with GilN
l
c, we have

R
θ−2

lpmnN l
cz

pBm
μ Bn

ν + 2(−1)θ−1Γ̃π
μν
∨

Q
θ

cπec

= ec[P
θ

π
μΩ

θ
Cπν − P

θ

π
ν Ω

θ
Cπμ + Q

θ
cμ|

θ

ν −Qcν |
θ

μ]

+
∑

B

(Q
θ

BμΨ
θ

CBν −Q
θ

BνΨ
θ

CBμ)], θ ∈ {3, 4}.
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Substituting P
θ
, Q

θ
, one obtains

ec R
θ−2

ijmnN i
cz

jBm
μ Bn

ν

+ 2(−1)θ−1Γ̃π
μν
∨

(pσΩ
θ

Cσπ + qc|
θ

π +
∑

B

qBΨ
θ

CBπ)

= (pπ
|
θ

μ + pσΦ
θ

π
σμ −

∑

A

eAqAΩ
θ

Aσμgπσ)Ω
θ

Cπν

−(pπ
|
θ

ν + pσΦ
θ

π
σν −

∑

A

eAqAΩ
θ

Aσνg
πσ)Ω

θ
Cπμ

+ pσ
|
θ

νΩ
θ

Cσμ + pσΩ
θ

Cσμ|
θ

ν + qC |
θ

μν +
∑

B

(qB |
θ

νΨ
θ

CBμ + qBΨ
θ

CB |
θ

ν)

− pσ
|
θ

μΩ
θ

Cσν − pσΩ
θ

Cσν |
θ

μ − qC |
θ

μν −
∑

B

(qB |
θ

νΨ
θ

CBμ + qBΨ
θ

CB |
θ

ν)

+
∑

B

[(pσΩ
θ

Bσμ + qB |
θ

μ +
∑

A

qAΨ
θ

CBμ)Ψ
θ

CBν

−(pσΩ
θ

Bσν + qB |
θ

ν +
∑

A

qAΨ
θ

CBν)Ψ
θ

CBμ].

Having in mind that for θ ∈ {3, 4}:

qC |
θ

μν − qC |
θ

μν = 2(−1)θ−1Γ̃π
μνqC,π, (2.27)

the previous equation, after putting in order, becomes

ec R
θ−2

ijmnN i
c(P

σBj
σ +

∑

A

qAN j
A)Bm

μ Bn
ν

+ 2(−1)θ−1Γ̃π
μν
∨

(pσΩ
θ

Cσπ +
∑

B

qBΨ
θ CBπ

)

= pσ(Φ
θ

π
σμΩ

θ
Cπν − Φ

θ

π
σνΩ

θ
Cπμ + Ω

θ
Cσμ|

θ
ν − Ω

θ
Cσν |

θ
μ)

+
∑

A

eAqA(Ω
θ

π
CπμΩ

θ

π
Aν − Ω

θ

π
CπνΩ

θ

π
Aμ)

+
∑

A

[pσ(Ω
θ

AσμΨ
θ

CAν − Ω
θ

AσνΨ
θ

CAμ) + qA(Ψ
θ

CAμ|
θ

ν −Ψ
θ

CAν |
θ

μ)

+
∑

B

qB(Ψ
θ

ABμΨ
θ

CAν −Ψ
θ

ABνΨ
θ

CAμ)], θ ∈ {3, 4}. (2.28)
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2.4. For θ = 3, ω = 4 according to (2) and (6) we get

R
4

i
pμνzp = [P

3

π
μ|

4
ν − P

4

π
ν |
3
μ + P

3

σ
μΦ

4

π
σν − P

4

σ
νΦ

3

π
σμ

∑

A

eAgπσ(Q
3

AμΩ
4

Aσν −Q
4

AνΩ
4

Aσμ)]Bi
π

+
∑

A

[P
3

π
μΩ

4
Aπν − P

4

π
ν Ω

3
Aπμ + Q

3
Aμ|

4
ν −Q

4
Aν |

3
μ

+
∑

B

(Q
3

BμΨ
4

ABν −Q
4

BνΨ
3

ABμ)]N i
A. (2.29)

This is the 6th integrability condition of the derivational formula (1.11) of the
deformation field zi.

a) Multiplying the previous equation with GilB
l
λ, we get

R
4

lpμνBl
λzp = [P

3

π
μ|

4
ν − P

4

π
ν |
3
μ + P

3

σ
μΦ

4

π
σν − P

4

σ
νΦ

3

π
σμ

∑

A

eAgπσ(Q
3

AμΩ
4

Aσν −Q
4

AνΩ
3

Aσμ)]gλπ (2.30)

From here, analogously to the previous cases, using the Ricci type identity [12]

pπ |
3
μ|

4
ν − pπ |

4
ν |

3
μ = R̃

4

π
σμνpσ, (2.31)

where

R
4

α
βμν = Γ̃α

βμ,ν − Γ̃
α

νβ,μ + Γ̃σ
βμΓ̃α

νσ − Γ̃σ
νβΓ̃α

σμ + Γ̃σ
μν(Γ̃α

σβ − Γ̃α
βσ), (2.32)

is the 4th kind curvature tensor of a subspace, and from (29) we finally get

R
4

ijμνBi
λ(pσBj

σ +
∑

A

qAN j
A)

= pσ(R̃
4

λσμν + Φ
3

λσμ|
4
ν + Φ

4
λσν |

3
μ + Φ

3

ρ
σμΦ

4
λρν − Φ

4

ρ
σνΦ

3
λρμ)

+
∑

A

eA[qA(Φ
3

λρμΩ
4

σ
Aν − Φ

4
λσνΩ

3

σ
Aν − Ω

3
Aλσμ|

4
ν + Ω

4
Aλσν |

3
μ)

+ pσ(Ω
3

AλμΩ
4

Aσν − Ω
4

AλνΩ
3

Aσμ)

+
∑

B

qB(Ω
3

AλμΨ
4

ABν − Ω
4

AλνΨ
3

ABμ)]. (2.33)
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b) Multiplying (29) with GilN
l
C and arranging, we get finally

eCR
4

ijμνN i
C(pσBj

σ +
∑

A

qAN j
A)

= pσ(Φ
3

π
σμΩ

4
Cπν − Φ

4

π
σνΩ

3
Cπμ + Ω

3
Cσμ|

4
ν − Ω

4
Cσν |

3
μ)

+
∑

A

eAqA(Ω
3

CπμΩ
4

π
Aν − Ω

4
CπνΩ

3

π
Aμ)

∑

A

[pσ(Ω
3

AσμΨ
4

CAν − Ω
4

AσνΩ
3

CAμ)

+ qA(Ψ
3

CAμ|
4
ν −Ψ

4
CAν |

3
μ)

+
∑

B

qB(Ψ
3

ABμΨ
4

CAν −Ψ
4

ABνΨ
3

CAμ)] (2.34)

From the above exposed, the next theorem is valid:

Theorem 2.1 If the infinitesimal bending field zi of the subspace GRM ⊂ GRN

is expressed by virtue of tangent and normal component in the form (1.9), then
the coefficients pσ, qA satisfy the conditions (15), (16), (21), (22), (26), (28),
(33), (34).

References

[1] Efimov, N. V.: Kachestvennye voprosy teorii deformacii poverhnostei. UMN 3.2 (1948),
47–158.

[2] Eisenhart, L. P.: Generalized Riemann spaces. Proc. Nat. Acad. Sci. USA 37 (1951),
311–315.

[3] Kon-Fossen, S. E.: Nekotorye voprosy differ. geometrii v celom. Fizmatgiz, Moskva, 1959.

[4] Hineva, S. T.: On infinitesimal deformations of submanifolds of a Riemannian manifold.
Differ. Geom., Banach center publications 12, PWN, Warshaw, 1984, 75–81.

[5] Ivanova-Karatopraklieva, I., Sabitov, I. Kh.: Surface deformation. J. Math. Sci., New
York, 70, 2 (1994), 1685–1716.

[6] Ivanova-Karatopraklieva, I., Sabitov, I. Kh.: Bending of surfaces II. J. Math. Sci., New
York, 74, 3 (1995), 997–1043.

[7] Lizunova, L. Yu.: O beskonechno malyh izgibaniyah giperpoverhnostei v rimanovom
prostranstve. Izvestiya VUZ, Matematika 94, 3 (1970), 36–42.

[8] Markov, P. E.: Beskonechno malye izgibanya nekotoryh mnogomernyh poverhnostei.
Matemat. zametki T. 27, 3 (1980), 469–479.
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[21] Velimirović, L. S., Minčić, S. M.: On infinitesimal bendings of subspaces of generalized
Riemannian spaces. Tensor (2004), 212–224.

[22] Yano, K.: Sur la theorie des deformations infinitesimales. Journal of Fac. of Sci. Univ.
of Tokyo 6 (1949), 1–75.

[23] Yano, K.: Infinitesimal variations of submanifolds. Kodai Math. J., 1 (1978), 30–44.


		webmaster@dml.cz
	2012-05-04T00:32:31+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




