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Abstract

The paper deals with tensor fields which are semiconjugated with
torse-forming vector fields. The existence results for semitorse-forming
vector fields and for convergent vector fields are proved.
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1 Introduction

Torse-forming vector fields were introduced by K. Yano [8] in 1944 and their
properties in Riemannian spaces have been studied by various mathematicians.
For example some properties in Ricci semisymmetric Riemannian spaces have
been proved by J. Kowolik in [1]. In 7-semisymmetric Riemannian spaces they
are studied by the authors in [4] and [5].

This paper is devoted to the study of tensor fields which are semiconjugated
with torse-forming vector fields. We are motivated by the work of J. Kowolik [1].

First we give some definitions and notations. V,, denotes an n-dimensional
Riemannian space with a metric g and an affine connection V. The metric g
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need not be positive definite. T'V,, is a space of all tangent vector fields on V,.
In the whole paper we will assume that n > 2 and that all functions, vectors
and tensor fields are sufficiently smooth. Further £ will be a non-zero vector
field, i.e. £(z) # o for each x € V},.
We denote the Riemannian tensor in V,, by R. This tensor is called harmonic,
if Ry , =0, where “” denotes the covariant derivative. This condition can be
is the Ricci tensor of V,,.

written in the form Rijx = Rik,j where R;; = Rf},

Definition 1 Vector field £ is called torse-forming, if Vx€&€ =o0- X + a(X) - &
for all X € TV,,, where p is some function on V,,, a is a linear form on V,,. In
the local transcription this formula has the form ffg = 00! + a;¢", where ¢"

are components of the torse-forming field &, 6! is the Kronecker delta, a; are
components of the form a, which is a covector on V.

Definition 2 A torse-forming vector field £ is called:

e recurrent, if o =0,
e concircular, if the form a is gradient (or locally gradient), i.e. there exists
(locally) a function ¢(z) such that a = 9;p(x)dz?,

e convergent, if £ is concircular and ¢ = const - exp(p(z)),
o semitorse-forming, if R(X,€)€ =0 for each X € TV,,.

Properties of torse-forming vector fields in the Einsteinian spaces are proved
by the authors in [5]. In [2] and [3] J. MikeS proved that in non-Einsteinian Ricci-
symmetric and Ricci-two-symmetric (R;; 1 = 0) spaces there are no concircular
vector fields which are not recurrent.

In what follows we will need a definition of an operator R(X,Y) o T for
tensors of the type (0,¢) or (1,q).

Let T be a tensor of the type (0,¢), which is defined as a g-linear form
T(X17X2, e ,Xq), where Xl,XQ, ‘e ,Xq € TVn

In the space V;, we introduce an operator R(X,Y) o T in the following way:

R(X,Y)oT(Xy, Xs,...,X,)
q
;Z (X1, Xe 1, REX,Y) Xo, Xopn, 0, Xy).

In the local transcription the tensor R(X,Y) o T has a form

q

(07
§ Tzl...zs,laszrl...zq isjk”

s=1

By the Ricci identity we have

gy [Fk] = ZTH As—1Qs41.. g]ka

where [jk] denotes the alternation of the tensor with respect to j and k.
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If T is a tensor of the type (0,0) (i.e. an invariant, which is a function or a
scalar on V), then we put R(X,Y) oT = 0, or locally T; = 0.
Similarly we can define an operator R(X,Y) o T for a tensor T of the

type (1, q):
R(X,Y)oT(Xy1, Xs,...,X,)
q
éz (X1, s Xom1, ROX,Y) X, X1y, Xg) — ROLY)(T(X0, .., X))

The tensor R(X,Y) o T has a local expression

q
E h «
Til.‘.is,laiSJrl. 7 ]k T Lig Ra]k}
s=1

By the Ricci identity we have

q
h _ h e
Til.“iq,[jk:] - Tilu.is,lai”l...iq zSJk T
s=1

g Ra]k

Now we present Kowolik’s theorems of [1] in a modified form which is more
convenient for us. These theorems will be generalized in the next parts of our
paper. First, recall notions used in the theorems.

Definition 3 A Riemannian space V,, is called semisymmetric, if
R(X,Y)oR=0 VX, Y €TV,. (1)

We write (1) locally in the form RU o, (im) = 0 OF

Rl ju RS + Rl RS + RY o RiYn — R Rl =
Definition 4 A Riemannian space V,, is called Ricci semisymmetric, if
R(X,Y)oRic=0 VXY € TV,. (2)
We write (2) locally
RojRiy + Ria R =0 or  Ryjpy = 0.

Simply conformaly recurrent spaces (s.c.r. spaces) were defined by W. Roter [7].
These spaces are characterized by the following conditions:
The Riemannian space V,, is a s.c.r. space, if and only if:
1. Chijr # 0, where Ch;j i is a Weyl tensor of conformal curvature,
2. Chijkg = 1Chijk
3. a vector gy, is locally gradient,

4. the Ricci tensor is a Codazzi tensor.
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Remark 1 It holds that each s.c.r. space is semisymmetric.

Theorem 1 ([1]) Let V,, (n > 4) be a Ricci semisymmetric space with a har-
monic Riemannian tensor. If there is a torse-forming vector field & in V,,, then
& is either concircular or recurrent.

Theorem 2 ([1]) If there is a torse-forming vector field € in a s.c.r. space V,
(n #4), then & is recurrent.

Let T be a tensor field of the type (0,¢) or (1,¢) and & be a vector field on
V... By means of the operator R(X, &) o T let us define the basic notion of our

paper:
Definition 5 The tensor field T is semiconjugated with the vector field &, if
R(X,&)oT =0 foreach X € TV,. (3)
In the local transcription (3) has the form
T ums™ =0, (4)

where £™ are local components of &.

2 Vector fields semiconjugated with torse-forming vector
fields

In this section we will consider 1-covariant vector fields semiconjugated with a
torse-forming vector field £&. Denote by £(X) a linear form generated by &, i.e.

§(X) = g(X,€).

Theorem 3 Let T' (# 0) be a 1-covariant vector field semiconjugated with a
non-isotropic torse-forming vector field &, which is not convergent. Then £ is
semitorse-forming and T is colinear with a form £(X).

Proof Assume that there is a non-zero vector field T" and a non-isotropic
non-convergent torse-forming vector field &, which satisfy (4), i.e.

TR 567 =0, ()

where T} are local components of T and thj i are components of the Riemannian
tensor R. According to [5] we can assume that £ is normalized, i.e. g(&,&) =
e = %1, and the condition

§a Rk = Gijck — gircj + &iajk (6)
holds, where aj; = —ef[;0,x) and

ek = o + e’y (7
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Since £ is not convergent, we have ¢; # 0.
Contracting (6) with 7% = T,,¢** and using (5) and properties of the Rie-
mannian tensor we get

gijCka — TiCj + Eiajka =0. (8)

If ¢, T* # 0, then (8) gives rank ||g;;|| < 2. Since n > 2, we have ¢, T* = 0
and (8) leads to
771‘6]‘ + &ajka =0. (9)
Since ¢; # 0, the condition (9) implies
Ti = a§i7

where a if a non-zero function.
Substituting T; = a&; in (6) we see, that either £ is semitorse-forming vector
field or T; = 0. This completes the proof of Theorem 3. O

3 Symmetric 2-covariant tensors semiconjugated with
a torse-forming vector field

We will prove the following theorem:

Theorem 4 Let n > 2 and let T (# vg) be a 2-covariant symmetric tensor
field semiconjugated with a mon-isotropic torse-forming vector field &, which is
not convergent. Then it holds that &€ is semitorse-forming in V,, and

T(X,Y)=7-9(X,)Y)+¢-{X)-£Y) VXY €TV,, (10)
where v, Y are functions on V,.

Proof Assume that there is a 2-covariant symmetric tensor field 7" on V,,,
which is semiconjugated with a normalised torse-forming vector field £, which
is not convergent. It means that £ satisfies (6) and ¢; # 0.
Further we have:
R(X,&)oT =0 VX eTV,,

i.e. locally
Toj R 58" + Tia RS 5€° = 0. (11)

If we substitute (6) in (11) and use properties of the Riemannian tensor we get
after computation

qiTajc® — Tije + g1 Tiac® — Thcy + §ui; = 0, (12)

where w is some tensor of the type (0,2) and ¢ = c,g*°.
We will prove that
Toic™ = 7e;. (13)
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Assume, that (13) does not hold. Then there exists a vector £’ such that
cat® =0 and T,pe%c’ = 1. (14)
Contract (12) with e’e/. Since T;; = Tj; and (14) holds, we get
€1 = h&, (15)

where h = —fwagee”.
If we contract (12) with €7, we obtain by means of (14) and (15)

gii — Tiae®ci + &(hTiac® + wipe”) = 0.

This implies that rank|/g;;|| < 2, which contradicts the assumption that (13)
does not hold.
By (13) we extract the member T,;c* in (12). After computation we obtain

Fijci + Fycj + &ui; =0, (16)

where
def

Since ¢; # 0, then there exists ¢’ such, that c,¢® = 1.
Contracting (16) with @'y’ we get Fio® = f - &, where f = —1w,5e%e”.
Similarly, if we contract (16) with 7, we get

Fa=&xi, (18)
where x; = —fci — winp®.
Since Fj; is a symmetric tensor, the equality (18) implies
Fij =v-&¢&;. (19)

By the assumption Fj; # 0, we have 1) # 0. Substituting (17) to (19) we see,
that (10) is true. It remains to prove that the vector field £ is semitorse-forming.

Therefore we covariantly derive the equality (19) by indices ! and m, then
we alternate it with respect to [ and m and finally we contract it with £™. Since

Fijim&™ =0 and ¢ #0,

we reach the formula

Eopm) & &5+ & EumE™ =0,

wherefrom it follows
So,um)€™ = 0.

This means that the vector field £ is semitorse-forming. o
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4 Antisymmetric 2-covariant tensors semiconjugated with
a torse-forming vector field

The following theorem deals with antisymmetric tensor fields.

Theorem 5 In a Riemannian space Vy, (n > 3) there is no non-zero 2-covariant
antisymmetric tensor field T semiconjugated with a non-isotropic torse-forming
vector field &, which is not convergent.

Proof Assume that there is a 2-covariant anti-symmetric tensor field T on V,,,
which is semiconjugated with a non-isotropic torse-forming vector field £, which
is not convergent. It means, that & satisfies (6) and ¢; # 0. Similarly as in the
proof of Theorem 4 we get, that (11), (12) and (13) are true. Substituting (13)
in (12) and using the antisymmetric property of T' (i.e. T;; = —T};), we get
after computation

(Thi — pgii)e; — (Tij — pgij)ei — §uij = 0. (20)

Since ¢; # 0, then there exists ¢, for which ¢®c, = 1. Contracting (20)
with ¢/ we find
Ty — pgii = &mi + XaCi (21)

where 7; and y; are some covectors.
Symmetrising (21) we obtain

—2pgi = &mi + &M+ X + xaicr- (22)

If n > 4, we deduce that u = 0.

Assume that n =4 and pu # 0. Then covectors &;, ¢;, 1;, x; must be linearly
independent. Hence their coordinates in a given point x can be chosen in the
following way:

51:5117 7713:61'2’ 61:53’ Xl:(s;l

Then
0100
____i 1 00O
9= "5,10 0 0 1
0010
The inverse matrix ¢” has the form
0100
. 1 00O
ij_
97 =200 0 0 1
0010
We can check that N
978§ =0

holds, i.e. £ is isotropic, a contradiction.
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Thus for n > 3 the formula (22) implies, that g = 0. Therefore we can
simplify (21) and (22) as follows:
Tij = &inj + Xicj
and
&mi + &m + xaci + xia = 0. (23)

Vectors &; and x; are not colinear. Otherwise it should be T;; = 0. Therefore
there is (' such that

Cap® =1 and xap” =0.

Contracting (23) with ¢'p! we find 17,9 = 0 and contracting (23) with ¢! we
get m; = —cap® - xi- Then (23) has a form

(ci — cap®&i)xa + (a1 — cap™&)xi = 0.
Since x; # 0, we obtain
Ci = Cap™&;. (24)
Using (7) and (24) we derive
0.5 = (Cap® — €0?).

Hence we have g = o(£), where £ is a scalar field satisfying &, = Or€. It means
that & is concircular and, by [3], is convergent. O

5 Main results

By means of Theorem 4 (for symmetric tensors) and Theorem 5 (for antisym-
metric tensors) we will prove the following assertion for arbitrary 2-covariant
tensors.

Theorem 6 Let n > 3 and let T (# ~g) be a 2-covariant tensor field semi-
conjugated with a non-isotropic torse-forming vector field €, which is not con-
vergent. Then it holds that € is semitorse-forming in V, and

where v, ¥ are functions on V.

Proof Assume that there is a 2-covariant tensor field T on V,,, which is semicon-
jugated with a normalised torse-forming vector field &, which is not convergent.

Tensor T can be uniquely expressed in the form T'= U + V, where U is a
symmetric part and V is an antisymmetric part of 7. It holds

UX,Y) = %(T(X, Y) 4+ T(Y, X))
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and 1

for any vector fields X,Y € T'V,,. Therefore U and V are also semiconjugated
with £ Theorem 5 implies, that V' = 0. Hence T' = U and so T is symmetric
and the assertion of Theorem 6 follows from Theorem 4. O

Now we will prove theorems for Riemannian spaces having Riemannian and
Ricci tensors semiconjugated with a torse-forming vector field. These theorems
generalize Kowolik’s results in [1].

Theorem 7 Let n > 2 and let V,, be a non-FEinsteinian Riemannian space,
where the Ricci tensor is semiconjugated with a non-isotropic torse-forming
vector field €. Then & is convergent.

Proof Assume that the Ricci tensor Ric is semiconjugated with a torse-forming
vector field &.
Since Ric is a symmetric tensor, we get by Theorem 4

Ric(X,Y)=v9(X, )+ ¢ - &(X) - &Y) VX, Y € TV,, (25)

where £(X) = g(X, £) and 1 is a function on V;,.
Semitorse-forming fields fulfil R" j ﬁgagﬂ = 0. Contracting it with respect to

h and j we obtain Ra[;fa{ﬂ = 0, which can be written in the form

Ric(€,€) =0.

Let usput X = & aY = £ in (25). Since we can assume that £ is normalized,
ie. g(&,&) =¢&(&) = e = =1, we get ¢ = —ey and so the formula (25) has the
form

Ric(X,Y) =~ (g(X,Y) — e€(X) - £(Y)) VX,Y €TV, (26)
Substituting Y = £ in (26) we obtain

Rice(X,€) =0 VX € TV,.

It means that £ is an eigenvector of the Ricci tensor corresponding to the zero
eigenvalue. Therefore £ is convergent. a

Theorem 8 Letn > 2 and let V,, be a Riemannian space with a non-constant
curvature, where the Riemannian tensor is semiconjugated with a non-isotropic
torse-forming vector field €. Then & is convergent.

Proof Assume that a Riemannian space V,, with a non-constant curvature
has the Riemannian tensor which is semiconjugated with a torse-forming vector
field €& which is not convergent. Then V,, has the Ricci tensor which is also
semiconjugated with £&. Therefore by Theorem 7 the space V,, has to be an
Einsteinian space. We can easily see that & is concircular.
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Then, according to the result of [4] the Riemannian tensor has the form
Rpijk = K(gnjgik — gnrdij),

which means that V,, has a constant curvature, a contradiction. We have proved
that & has to be convergent. O
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