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Abstract
The measurability of the family, made up of the family of plane pairs

and the family of lines in 3-dimensional space Ag, is stated and its density
is given.
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1 Introduction

A measure on a family of geometric objects can be introduced by assigning to
each object a point of an auxiliary space and considering a suitable measure
on that space. In general the dimension of the auxiliary space is equal to the
number of parameters on which the geometric objects depend. A basic problem
is to specify measures which are invariant with respect to a given group of
transformations which map the family onto itself.

This problem was first considered by Crofton [3] who specified the invariant
measure on the family of all straight lines in Euclidean 2-space E2. This was
extended to E° by Deltheil [4] and Chern [1] first considered families of geometric
objects in projective space.

Santalé [9] calculated measures of certain families of varieties with respect
to three different groups and found that these were equal. Stoka [10] studied the
family of parabolas. He proved that a family is measurable if it is measurable
with respect to its maximal group of invariance

*This work has been subsidized by the M.U.R.S.T.
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144 Grazia RAGUSO, Luigia RELLA

However Cirlincione [2] found a measurable family of varieties even though
the family was not measurable with respect to the maximal group of invariance.
This proves that the Stoka’s condition is not necessary.

In Section 2 we provide background and definitions and in Section 3 we
prove that the family of varieties, where each variety is a pair consisting of two
hyperplanes and a straight line in 3-dimensional affine space As is measurable.

2 Background

Let ‘H, be an n-dimensional space with coordinates z1,xs,...,z, in which a
Lie group of transformations acts.
Let G, be one of its subgroups defined by the equations

yi = fi(x1,22,...,Zpn;a1,02,...,4,) (i=1,2,...,n) (#)
where a1, as, ..., a, are basic parameters.
Definition 1 The function F(z1 xa,...,Z,) is an integral invariant function of

the group (#), if

F(a:l,xg,...,xn)dxlda:g...dxn:/ F(y1ya, - - Yn) dy1dys - . . dyyn)
Az Ay

for each measurable set of points A, of the space H,,.

Theorem 1 The integral invariant functions of the group (#) are the solutions
of the following Deltheil’s system of partial differential equations:

Zaii [G@)F@)] =0 (h=12...7),

where £} () are the coefficients of the infinitesimal transformations of the group

(#) (see [4]; p- 28).

Definition 2 A measurable Lie group of transformations is a group which ad-
mits only one integral invariant function (up to a multiplicative constant).

Let G be a group which leaves globally invariant a family <& of varietes in
H,,. To G there is associated a group H (isomorphic to G) of transformations
acting on the (auxiliary) space of parameters of the family.

Definition 3 A family & is measurable with respect to G if H is measurable in
the sense of Definition 2. If @ is its integral invariant function, then the measure
of & with respect to the group G is given by

/LG:/ O(aq, e, ..., 0q) dardas ... dag,

a

where A, is the set of points of the auxiliary space which corresponds to the
family <.
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Definition 4 A family < of varieties is measurable if the measures with respect
to every group of invariance of the family are equal, if they exist.

Theorem 2 (Stoka’s first condition) If the group H associated to the maz-
imal group of invariance of S (where the only transformation, which leaves
invariant each element of the family, is the identity) is measurable, the family
is measurable.

Theorem 3 (Stoka’s second condition) If H is not measurable and there
are two measurable subgroups with different integral invariant functions, then &
is not measurable.

3 Measurability of the family Sy

Theorem 4 The family of varieties,where each variety is consisted of two planes
and a straight line in 3-dimensional affine space As, is measurable.

Let us consider the family of plane pairs and the family of lines in the affine
space As (suppose that planes and lines are in general position)

b1z + bawo + b3xs =1,
€121 + c2T2 + c3r3 = 1,
r1 =hr3 +q
To = lox3 + g2

which depend on 10 parameters by, bo, b3, c1, c2, c3,11,12,q1, Q2.
Let G12 be the affinity group given by the equations

! A A
T1 = P11%7 + P12T5 + P13x3 + a1

. — / ! !
Gi2 1 T2 = pa12] + P2ty + P23y + a2
! / /
T3 = P31%7 + P32%5 + P33T3 + a3

and let Z?:I biay; # 1, Z?:I cioy # 1.

We put
I bl C1
X = T2 ) B = b2 ’ C= C2 )
x3 b3 c3
h T )
L= l2 9 Q = q2 3 X/ = $/2 )
1 0 zl

(63}
P= (p,;j) (4,j =1,2,3) with det P#£0, A= | as
Qas
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so that we obtain

SloitB-X:LtC-le,XZL-J,‘g—‘rQ (1)
G: X=P - X'+ A
Now we see how the 10 parameters of the family 39¢ change by applying
any transformation 7" of G1s.
With a similar meaning of B, C’, L', Q' the new variety is given by the

equations
g X'=1,'C"- X' =1 (2)

X' =L -25+Q. (3)
From (1) we have
‘B-X='B-(P-X'+A)='B-P-X'+'B-A=1
(0. X='C-(P-X'+A)='C-P-X'+'C-A=1
hence
tB.P.X'=1-'B-A, 'C.-P.-X'=1-'C-A.
Finally, dividing by 1— *B - A and 1— *C - A respectively, we obtain

]‘ t / ]‘ t !
—(*B-P)X'=1 —— -P)X' =1. 4
g A ) v TigalerP) (4)
In the same way we obtain

X =L-a34+Q=P - X'+ A=1L-(p12] + p3awy + p3zas + az) + Q
= P-X'"=L-(ps1x} + psazh + p3zxs +a3) +Q — A

i.e.
P11 P12 P13 zh Iy g1 — o1
po1 P22 P23 || b | = | Lo | - (P12 + psewy + pasahy + a3)+ | @2 — a2
D31 P32 P33 zh 1 0— a3

or equivalently

11Ty + proxh + pi3aly = li(ps12] + psaxh + pasaly) + lias + (g1 — a1)
P21$/1 + p22$/2 + stmé = l2(p31$/1 + psleg +p33$§) + las + (g2 — a2)
P33Th = p3s3xh + as + (0 — ag)

hence

(p11 — lips1)z) + (P12 — lips2)zy = (lipss — p13)ah + lias + (@1 — aq)
(p21 — laps1)2) + (paz2 — lops2)ah, = (lapss — pa3)ay + laas + (g2 — a2)
Psaxé = Pssxf;
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Omitting the last identity and using the matrix form, we have

p11 — l1p31 p12 — lip32 o\ _ (lpss—p13\ I g1 — o
; = T3+ s+
P21 — lap31 P22 — lap32 Ty lapss — p23 la G2 — Q2

(5)
Putting
R— (P~ lipa1 p12 — lip32
D21 — lap31 P2z — laps2
we have
Rl — 1 [ p2o—lopsz —p12+lips2
—pa21 +lap3r P22 — l1p31
where

A =||R| = (p11 — lips1)(p22 — laps2) — (P12 — laps2) (P21 — laps1).

Then we can write (5) as
xil — R! lipss — p13 o+ R L s+ q — o
Ty lapss — p23 ly q2 — a2

21\ _ L[ p2—lpp —p2+hps ) (hps—pis)
) A\ —P21+l2pst pu— lhipn lapss —p2s ) °

1 ( P22 — laps2 —p12 + l1p32> . <l10é3 +q— o ) (6)

or

+ -
A\ —p21 +1l2p31 p11 —lipa1 loaz + g2 — g

By comparing (2) and (3) with (4) and (6) respectively, we have the con-
nections between the new parameters bl, bh, b5, ¢}, cb, ¢k, 11, 15, ¢}, ¢5 and the
initial ones:

3
1 1
by = bipi1 - by = bipio - ————
Z - Zv L bia ; 1-50  biay
3
1 1
bipiz - ———=—— Cll = CGiPil " — =3
Z - 21:1 bia; ; 1-— Zi:l Ciy;
3 1 3 1
/ /
cH = Zcmm ez Cy = Zcipis g (7)
i=1 1=37 cioy i=1 1=37 cioy
1
11 = = [(p22 — laps2)(lipsz — p13) + (—p12 + l1p32) (lapss — pas)]
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In the 10-dimensional parameter space Ajp, (7) are the equations of group
H,5 which is associated to G12 (operating in 3-dimensional space As).

Also group His depends on twelve parameters pi1, P21, P31, P12, P22, P32,
D13, D23, P33, A1, Q2, ag and the unit o € Hya (as for G12) corresponds to the
values of the parameters

0ifi#£j
Now we construct the matrix whose elements are the coefficients of the in-
finitesimal transfomations of His and we note that the columns of this matrix
are the derivates of b}, bh, b5, ¢}, ch, ¢k, 11, 1, ¢}, ¢, with respect to parameters

Dij, 1,j = 1,2,3 and o, 1 = 1,2, 3:

pij:{llfzzj and ;=0 (ivj:]-an'?’)'

v, \ v, ou, B
(apu)o = b, (31)11)0 = 0 opu ), 0,
b’y — by ab, -0 by _—
Op21 / ’ Op21 ), ’ Op21 / ’
b} - oby o by -
Ops1 ) o bs, Ops1 ), 0, Ops1 ), 0,
b} o b, o by o
Op12 ) o 0, Opi12 )o = by, op12 ), 0,
b} _ ob, _ abé _
Op22 ) o 0, Op22 )o = b, Op22 ), 0,
ov! bl ob,
5 . ) = 07 B 2 ) = b37 5 3 ) = Oa
p32 / p32 ), p32 /
b} - oby o by -
Opis ) o 0, opis ), 0, opis ), by,
b} o ab) o by o
8p23)o =0 8p23)o =0 Ip2s ), b2,
b ) -0 b}, ) -0 bl ) — b
) - — - — U3
o ’ Ops3 ), ’ dps3 ), ’
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So, the matrix of the coefficients of the infinitesimal transformations of Hio

is given by

Cij =

b1b3

0 C1
0 Co
0 C3
0 0
0 0
0 0
b1 0
b 0
bs 0
b3b1 C%

o O O

0 —h 0
0 0 —hL
0 12 Ly
0 -l 0
0 0 —la
0 Lily I
C1 -1 0
C2 0 -1
C3 ll lz
C3Cq1 0 0
C3C2 0 0
3 0 0

—q 0
0 —a
ligi g
—q2 0
0 —go
lig2  l2go
0 0

0 0

0 0
-1 0
0 -1

If lo
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Our aim is to find functions ®(by, be, b3, 1, 2, ¢3,11, 12, q1, g2) which satisfy
the following (Deltheil) system:
hag + g+ ()5 + (—qﬂg—i =0
baigye + cagger + (—l) Gz + (—a1) Gy = 0
b3f + cager + T oE + Ll G2 + i1 5 + b1 f = —4L @
bigE + 182 + (—1) 52 + (—g2) 52 = 0

o) o) Is}
by e + o + (—l2) % + (—(J2)8—:; =0

bgg—;}; + ng—i + l1lzg—lq; + l%g—lq; + l1q288—i + l2q23—;}; = —4],®
bigy +erge + (= gy) =0 (9)
b + 292 +(-82) =0
bs o + 3 B2 + 1 GE + 1,52 = —40
b?aa—fi+b1b2§—§;+b1b3§—§;+c§§—i+cm§—$+c1c3§—$+(_3_i) = —4(by + ey @
bibo S + b3 5 + babs G2 + crea g2 + 5L + Cocs fm + (— ) = —4(ba + c2)®
b1b3g—ﬁ+b2b3g—g‘;+b§§—§;+c1(;3§—$+02¢3§_i+c§g_i+llg_i+lzg_i = —4(bs+c3)®

System (9) has ® = 0 as the trivial solution, obviously. Then by dividing
any equation of (12) by ®, it becomes a (linear non-homogeneous) system of 12
algebraic equations with ten unknown quantities:

Oln® 9ln® Oln® IOln®d® Olnd® IOln® Olnd® Oln® Olnd® Olnd®
(961 ’ 8b2 ’ 8b3 ’ 861 ’ 802 ’ 803 ’ 8l1 ’ 8l2 ’ 8q1 ’ 8q2 '

The incomplete and complete matrix (respectively) of the previous system are
given by:

b1 0 0 c1 0 0 -hL 0 -—aq 0
bz 0 0 Co 0 0 0 —ll 0 —q1
bg 0 0 C3 0 0 l% lllz l1q1 l2q1
0 b1 0 0 C1 0 —lz 0 —q2 0
0 b2 0 0 Co 0 0 —12 0 —q2
0 b3 0 0 C3 0 1112 l% l1q2 quQ
0 0 b1 0 0 cgc -1 0 0 0
0 0 ba 0 0 ca 0 -1 0 0
0 0 bg 0 0 C3 ll lg 0 0
b% b2b1 b3 b1 C% CoC1 C3C1 0 0 —1 0
b2b1 b% b3 b2 Ca2Cq C% C3C2 0 0 0 -1
0

b3b1 b3b2 bg C3C1 C3Cy C% 0 ll l2
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b1 0 0 C1 0 0 —ll 0 —q1 0 0

bz 0 0 Co 0 0 0 —ll 0 —q1 0

b3 0 0 C3 0 0 l% 1112 l1(J1 lqu —4l1

0 b1 0 0 C1 0 —lg 0 —q2 0 0

0 bg 0 0 C2 0 0 —lz 0 —q2 0

0 b3 0 0 C3 0 lllg l% Z1QQ lz(]z —4l2

0 0 b1 0 0 cc -1 0 0 0 0

0 0 ba 0 0 c2 0 -1 0 0 0

0 0 b3 0 0 C3 ll l2 0 0 —4

b% b2b1 b3b1 C% CoC1 C3C1 0 0 —1 0 —4(b1 + Cl)
b2b1 b% b3b2 Ca2C1 C% C3C2 0 0 0 —1 —4(b2 + CQ)

0

b3b1  b3bsy b% c3C1 C3C2 C% 0 1 lo —4(b3 + 63)

We consider the 10 x 10 submatrix of the incomplete matrix which is ob-
tained by deleting the ninth and the twelfth rows. Its determinant is not zero.
Therefore, the incomplete matrix has rank 10. As that submatrix is also con-
tained in the complete matrix, adding first the ninth row and then the twelfth
row ( always considering the last column, obviously), we obtain two 11 x 11
submatrices.Their determinants are both zero; therefore the complete matrix
has rank 10.

We conclude that system (9) is solvable, so there exsists only one not trivial
solution given by the function

® = k(oap1 — o1p2)”* with k € R*

where o1 = biq1 + b2g2 — 1, p2 = c1q1 + coqe — 1, 01 = l1b1 + l2ba + b3,
09 = l101 + lQCQ + C3.

We leave out the calculus.

So group His associated to G2 is measurable by Theorem 2. Hence family
S10 is measurable and its density is given by

dd = (0'2p1 - O’1p2)_4db1 A dba N\ dbs A decy A dea Ades Adly Adla N dg.
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