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Abstract. The Maxwell equations with uniformly monotone nonlinear electric conductiv-
ity in a heterogeneous medium, which may be non-periodic, are homogenized by two-scale
convergence. We introduce a new set of function spaces appropriate for the nonlinear
Maxwell system. New compactness results, of two-scale type, are proved for these function
spaces. We prove existence of a unique solution for the heterogeneous system as well as for
the homogenized system. We also prove that the solutions of the heterogeneous system con-
verge weakly to the solution of the homogenized system. Furthermore, we prove corrector
results, important for numerical implementations.
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1. INTRODUCTION

In this paper we study the asymptotic behavior of sequences of solutions to the
Maxwell equations in the case of nonlinear electric conductivity. The material we
have in mind can for example be a ceramic varistor, which is used as a device to
protect electrical equipment against surges in power lines. The ceramic varistors
consist mainly of sintered ZnO grains whose interior is a good (high) linear electrical
conductor. The nonlinear conductivity in the material is caused by the grain bound-
aries which act as insulators for weak electric fields. Eventually, when the electric
field becomes stronger than some threshold the conductivity will suddenly increase
very rapidly by several orders of magnitude. For further properties of ceramic metal
oxide varistors see [4], [11], [15], [16] and the references given there.
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Here we will consider a general nonlinear conducting heterogeneous material, not
necessarily a ceramic varistor, contained in the domain €2 in which the electromag-
netic field is governed by the Maxwell equations

(1.1) O D® (xz,t) + J*(x,t) = rot H®(x,t) + F*(x,1),
OB (x,t) = —rot E°(z,1),
div B (z,t) = 0,
div D®(z,t) = o°(z, 1),
with boundary condition
(1.2) nAE®(z,t)=0 on 90 x I,

initial conditions

E5($,0):E8(x), HE($,0):H§($),

and constitutive relations

(13) B (1) = uiy (v, ) H (2.),
(1.4) Ji(at) = o2, 2, E7),
(1.5) D5 (x,t) = ni; (a:, g)Ef(x,t)

The unknown quantities are the electric and magnetic fields, £ and H¢, respec-
tively. The electric and magnetic fluxes, denoted by D® and B¢, and the current
density, J¢, are given as mappings of the electric and magnetic fields in the constitu-
tive relations (1.3)—(1.5) in which the magnetic permeability, dielectric permittivity
and the nonlinear electric conductivity are denoted by u, n and o, respectively. In a
heterogeneous material they are nonconstant functions of the spatial variable. In this
paper the heterogeneous material is modelled by letting the constitutive mappings
depend continuously on the global variable, x, and be periodic in the second local
variable, y. It is clearly seen that by scaling y = x/e the oscillations will become very
rapid when ¢, a positive constant, tends to zero, i.e. the parameter ¢ is a measure
of the fine scale variation of the material properties in Q. Note that (1.4) is the
only nonlinear relation where o is assumed to satisfy certain conditions specified in
Section 3. The source term F* is a current density source and the charge density, o°,
is defined by the last equation in (1.1). The boundary condition (1.2) corresponds
to the case when the material is in contact with an infinitely good conductor which
is an approximation of the contact with a metallic conductor. The system is solved
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for a finite time interval (0,7") but the fine scale in (1.1)—(1.5) makes it impossible
to solve the problem as is, using some standard numerical algorithm. However, it is
possible to take care of the fine scales by homogenizing the equations.

Homogenization is a multiscale method in which one studies the convergence of
solutions of heterogeneous problems when the fine scale becomes smaller and smaller,
i.e. ¢ — 0. The limit of these solutions solves the homogenized problem, a system
of PDEs with constant coefficients which corresponds to a material with homogeneous
material properties.

To the knowledge of the author, the Maxwell equations with nonlinear constitutive
relations have never been homogenized before. Existence and uniqueness results for
Maxwell’s equations with monotone nonlinear conductivity also seem to be unproved
until now. Homogenization results for linear Maxwell’s equations can be found in [2],
[3], [10], [12], [14] and [20]. In [17] the two-scale convergence method was used
which turned out to give simple and straightforward proofs in the homogenization
procedure.

The nonlinear constitutive relation in (1.4) give difficulties in identifying the corre-
sponding limit of the current density in the homogenization process (and in the limit
of the Galerkin approximations in the existence proof). The homogenized current
density is identified by the use of perturbed test functions (e.g. see [1]). To identify
the limit of the Galerkin approximations we use the weakly sequential lower semicon-
tinuity of the LP(2)3>-norm and the fact that the nonlinear conductivity mapping is
uniformly monotone and continuous. The nonlinearity also requires the introduction
of a new set of function spaces for the Maxwell system, compared with the linear
case.

The paper is organized in the following way: In Section 2 we give some basic
definitions. In Section 3 the main homogenization and corrector results as well as
the existence and uniqueness results are presented. In Section 4 we analyze the spaces
LE:(2) and L, (). In Section 5 we give some necessary compactness results of two-
scale convergence type and in Section 6 we prove the existence and uniqueness results
stated in Section 3. We also prove some important a priori estimates. Finally, in
Section 7 we prove the main homogenization and corrector results stated in Section 3.

2. PRELIMINARIES

In this text we use the Einstein tensor summation convention. Some standard
operator symbols will also be used when it simplifies the notation. By C we denote
any fixed constant which may take different values in any place it appears in an
equation or inequality. Definitions of function spaces used in this paper are found
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in [17] and [19]. We define the Y-cell as the open unit cube Y =]0,1[> in R3. We
say that a function u: R® — R is Y-periodic if u(x + e;) = u(x) for every z € R3
and for every i € {1,2,3}, where (e1, ez, €3) is the canonical basis of R3.

Throughout the paper the open interval (0,7") will be denoted by I and by Q
we denote a bounded simply connected domain in R3. The gradient, divergence
and curl operators in R® are defined as Du = (0,,u); = gradu, divu = d,,u; and
rotu = curlu = (Op,u3 — Oyytiz, Opatty — Oy, us, Oy, s — Oz,u1), respectively. The
vector product between n € R? and u € R? is denoted by n A u.

For any real number 1 < p < oo, we define p’ = p/(p — 1). Further, we define the
Banach space £P4(Q) = LP(Q)3x L4(Q)3, 1 < p,q < co. The duality pairing between
£P9(Q) and £P-9(Q) is defined by (¥, ¥,) = (U, W) era) = (u,us) + (w,ws),
where ¥ = {u,w} € LP9(Q), U, = {u,, w,} € LP7 () and (-, -) is the usual duality
pairing between LP(Q) and L? ().

The operator A is defined by A¥ = {—rotw,rot u} on the domain

V ={¥ = {u,w} € LP2(Q): rotu € L*(Q)*, rotw € L¥ (2>, n Aulpq = 0},

2 < p < 0o, which is a Banach space.
Consider the evolution triple V' C £22(Q) C V' with continuous and dense em-
beddings (by Proposition 6.2), where V' is the dual space of V. We define

LI LP2(Q)) = LP(1; LP(Q)%) x L2(I; L2(Q)%)

and let
X = L3I V) = (I 75, () x LT £357 (),
where £57 (Q) and £27'(Q) are defined in Section 4, with the dual X’ = £P2(I; V).

The space X is separable and reflexive, since it is a closed linear subspace of
the separable and reflexive space L£P2(I;LP2()). We also introduce the space
W, o(I;V, £%2()) which is the set of all functions u in X such that d;u belongs
to X'.

Remark 2.1. In this nonlinear case we need different function spaces for the
different quantities in the Maxwell equations, which we did not need in the linear case
in [17]. This is clearly seen in the a priori estimates in Section 6 and in the following
observation. If {E°, H¢} is a solution to (1.1)—(1.5) then {E<(-,t), H*(-,1)} € V,
ie. B5(-,t) € LP(Q)3, He(-,t), ot E5(-,t) € L?(Q)? and rot H®(-,t) € LPI(Q)?’.

In 1989 Nguetseng [13] presented a new concept for homogenizing scales of partial
differential equations (PDEs), the so called two-scale convergence method. The two-
scale convergence was generalized to the LP(Q)-case by Holmbom in [9], where it
also was generalized to nonperiodic cases.
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Definition 2.2. A sequence {u°} in LP(Q2), p € ]1,0¢], is said to two-scale
converge to ug € LP(Q x Y) if

(2.1) lim Qua(x)a(w, g) da::/ﬂ/yuo(x,y)a(a:,y)dydx

e—0
for every a € D(€;C¢°(Y)).

For some properties of the two-scale convergence method we refer to [1], [9], [13]
and [17].

3. THE MAIN RESULTS

In this section we will state the main results concerning homogenization of the
Maxwell equations in the case of uniformly monotone conductivity. We also state
existence and uniqueness results for the e-dependent system as well as for the ho-
mogenized system.

3.1. Heterogeneous problem.

The heterogeneous problem is the nonlinear Maxwell system (1.1)—(1.5) with os-
cillating coefficients. The family of solutions {E<, H¢} belongs to W, ,(I; V, L*2(1))
and solve (1.1)—(1.5), one solution for each fixed ¢ > 0. The solutions are to be
understood in the weak sense, i.e. almost everywhere in 2 x I.

In Section 3.3 we give the assumptions for the constitutive relations and the driving
source F¢. The existence of unique solution is given in Section 3.4.

3.2. Homogenized problem.

Even if the system has a unique solution it is not possible to obtain it due to the
rapidly oscillating coefficients. However, since the fine scale ¢ is much smaller than
all other scales, the solution can be approximated by the solution of the homogenized
Maxwell’s equations.

The homogenized solution {E, H} € W ,(I; V, £L*?(Q2)) solves

(3.1) O¢D(x,t) + J(x,t) = rot H(x,t) + F(z,t),
Oy B(z,t) = —rot E(z,t),
div B(z,t) = 0,
div D(z,t) = o(z,t)

almost everywhere in €2 x I, supplied with boundary and initial conditions
nAE(xz,t)=0 a.e. on 90 xI,

E(2,0) = Eo(z) = /Y EQ(x.y)dy, H(z,0) = Hy(x) = /Y HY (. ) dy,
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where E{(z,y) and H{(z,y) are the two-scale limits of the initial values E§(z) and
H§(z), respectively. The homogenized constitutive relations are given by

Bi(r.t) = /Y iy (2, 9) (L (2, 2) + 0y, ®(, 9, 1)) dy,
D t) = /Y i3 (2, 9) (B (2, 1) + By, 0l 1, 1)) dy,
J(at) = /Y o (5, B, 1) + Dyip(e, ,1)) dy

where ¢(z,-,-) € WP (I; Wul’p(Y)/R, L§ (Y)) is the solution of

(3.2) /Y (i3 (29U B (2, 1) + Oy p(, )]

+ oi(z,y, E(z,t) + Dyp(x,y,t))) 0y, v2(y) dy = 0

almost everywhere in Q x I for every vy € Wﬁl’p (Y)/R. Furthermore, ® is the unique
solution in L2(Q x I; Wﬁ1’2(Y)/R) of the local problem

(3.3) /Y 153 (2, 9) [H3 (2, ) + 0y, (2, , )]0y, v2(y) dy = 0

almost everywhere in 2 x [ for all vy € Wﬁl’Z(Y) /R.

Note that equation (3.2) is a local conservation law of charges and that equa-
tion (3.3) is a local divergence free condition for the magnetic flux, defined on the
Y-cell which contain the fine scale information. In the linear case in [17] the local
equations could be decoupled from the macroscopic ones. This is not possible in the
present case due to the nonlinear conductivity and the explicit dependence of u, 1
and o on the global variable x, i.e. the geometry in the Y-cell depend on where in €2
we solve (3.2) and (3.3). This global dependence allows us to model materials which
are nonperiodic. A more precise definition of this is given in the next section.

3.3. Assumptions.

The current density source, F¢, is assumed to be bounded in v (2 x I)3 and
converge strongly to F' € Lp/(Q x I)? for 2 < p < co. Further, we assume that 0, F°
is bounded in L°°(I; L¥ (Q)3), 82F< is bounded in L? (Q x I)® and that div F* is
bounded in L¥ (Q x I). The initial values E§ and Hf are assumed to be admissi-
ble test functions and to two-scale converge to E§(z,y) and H{(z,vy), respectively.
The permeability and permittivity p and n are bounded, symmetric, Y-periodic and
coercive tensors, i.e. |u;;&;| < e1|€], pij = pji and pij€& > eo|€f? for all vectors &.
Furthermore, we assume that j;;,7;; € Co(€%; L§°(Y)). The assumptions for x and
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n are almost the same as in the linear case in [17] except for the fact that they
may depend on the global variable x, which makes it possible to model nonperiodic
material.

The conductivity o belongs to the class Sy y defined by

Definition 3.1. Given 2 < p < co and two positive real constants ¢; and ¢y we
define the class Sy y = S,y (c1,c2) of maps consisting of all

o R xR x R® > R?,

such that
(i) o(x,-, &) is Y-periodic and Lebesgue measurable for every z,¢ € R3;

(i

(iii) o(z,y,-) is continuous for almost every = in R® and y in Y;

) o(-,y,&) is continuous for almost every y and every & in R3;
)

(iv) |o(z,y,0)| =0 a.e. in R® x R?;

v) |o(x,y,8)| < cr(1+ [€]P71), ae. in R® x R® for any & € R3;
i)
)

(vi

(vii

(o(z,y,&) —o(x,y, &), 61— &) = c2]61 — &P, ae. in R? x R? for all §, &, € R3;
(Deo(x,y,&1)€2,62) = 0, a.e. in R x R? for all &,& € R3.

Remark 3.2. Assumptions (i)—(iii) are the well-known Carathéodory conditions.
The continuity assumptions on o, (ii) and (iii), can be weakened. It is enough if
o(x,y,&(x,y)) is an admissible test function for smooth &.

3.4. Theorem—existence of unique solution.

Theorem 3.3. The system (1.1)—(1.5) has a unique weak solution {E¢, H°} €
W, o(I;V, £L*2(Q)) for every fixed £ > 0.

3.5. Theorem——convergence.

Our main theorem for the homogenized Maxwell system reads:

Theorem 3.4. Any sequence {E¢, H¢} of solutions to (1.1)-(1.5) converges
weakly in W, ,(I; V,£2%(Q)) to {E, H} € W) ,(I;V, £*>?(Q)) which satisfies (3.1)-
(3.3).

3.6. Theorem—correctors.
The weak convergence in Theorem 3.4 can be improved by the following corrector
result, which is important for numerical implementations.
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Theorem 3.5. Let the sequence {E°, H°} of unique solutions to (1.1)-(1.5)
two-scale converge to { E;(x,t) + 0y, o(x,y,t), Hj(x,t) + 0y, ®(x,y,t)} which satisfies
(3.1)—(3.3). Assume that E°(x,0) = E§(z) and H*(z,0) = H§(z) are admissible
test functions and two-scale converge to E;(x,0) + 9,,p(x,y,0) € LP(£; LIﬁJ(Y)) and
Hj(x,0) + 8y, ®(x,y,0) € L*(Q; LF(Y)), respectively.

(a) If Ej(x,t) + 0y, (x,y,t) and 0, ®(x,y,t) are admissible test functions, then
(i)

. . x

hmHEj (x,t) — Ej(x,t) — 3ng0<$, E’t> ’

e—0

Lr(Qx1I) -

L2Q)

e—0

. . x
hmHHj (x,t) — Hj(z,t) — ayjé(a:, g,t)’

for allt € 1.
(b) Let 9y,¢°,8,,®° € D(Q x I;C¢°(Y)), E°, H® € D(Q x I)* be mollifications of
Oy, 0, 0y;®, E and H, respectively.

Then
(i)
. . e _ . § E _
gg})g%HEﬂ'(x’t) Ej(w.t) = 9y, (“T’ E,t)’LP(QxI)
and
(iv)
lim limHH§(x t) — Ho(z,t) — 0 .<I>5<x z t)‘ =
5—0e—0ll IV A Ys AV IFEIte))
forallt e I.

Theorems 3.4 and 3.5 are proved in Section 7.

3.7. Theorem—existence of unique solution to the homogenized sys-
tem.

Theorem 3.6. The homogenized Maxwell equations (3.1)—(3.3) have a unique
weak solution {E, H} € W) ,(I;V, L*2()).

Theorems 3.3 and 3.6 are proved in Section 6.
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4. ON THE SPACES LI){(Q) anD L1, (Q)

rot

In this section we define some Banach spaces which are natural generalizations of
the Hilbert spaces used in [6] and [17] for the linear Maxwell system.

Definition 4.1. Let Q be an open and bounded domain in R*, 1 < p,q < oo.
We define Banach spaces

L£P9(Q) = {u e LP(Q)?’: rotu € Lq(Q)B}a

rot

L4 (Q) = {ue LI(Q)3: divu € LY(Q)},
with norms

[l

cra) = lullLrays + [[rotull La(a)s,

rot

lullza. (@) = [lullLa)s + |divu| Laq)-

div

The remaining part of this section is devoted to proving some important embedding
and trace properties for the spaces £2{(Q2) and L3, (€2) which will be needed in proof
of Theorem 3.4.

We begin with the definition of the standard mollifier (cf. [7]).

Definition 4.2. Let the function ¢: R?* — R be defined by

1 .
cexp<|x|27_1), if ‘.%‘ < 1,

0, if |z| > 1,

p(z) =

where the constant ¢ is chosen such that

/RN p(z)dz =1.

The standard mollifier is defined by

1 x
ps(x) = 5‘9(3) §>0, zeR3.

In the following lemmas we assume that 2 has a bounded Lipschitz boundary 92.

Lemma 4.3. Let Q5 := {z € Q: dist(z,90Q) > 6}, ps be the standard mollifier
(as in Definition 4.2) and v’ (z) := [, ¢s(z — 2)u(2) dz, (i.e. u’ = @s *u), x € Qs.
(i) Ifu € L) oru € L2, (Q), then u® € C>(Qs)? for each § > 0.

rot
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(ii) Ifue L2, (Q), then

rot,loc

rotu’ = ps *rotu on (s,

uw® —u in LU 10e ().
(il)) Ifu € L, 10.(9), then

divu® = ps *xdivu  on (j,

B
uw’ —u In deloc( ).

Proof. (i) The proof follows from the facts that L1}{ | (Q) C Li (92)? and
that f0 € C=(Q;) if f € LL () (see e.g. [7]).
(ii) We first observe that if u € LY (Q)3, then

u’ —u in LP _(Q)?

(cf. [7]). For u = (u1,uz2,uz) € LT, (), we find by integration by parts that

rot,loc

Oz, 05 (x — 2)us(z) — Ougps(x — 2)ua(z
rot u5(x) = / Ozsps(x — 2)u1(z) — Op, ps(x — 2)us(z
@\ Or, 05(z — 2)ua(z

)

)

)

Jus(

= 7/ 02305 (x — 2)ur(2) — 02y 05

“ Jua(

)

)

)

(
= / ps(x — 2) | Ozgur(2) — 0z, us(z
e (

= / ws(x — z)rotu(z) dz
Q

for x € Q5. The result now follows from the fact that rotu € LY

loc

(Q) C Lloc(Q)
Assertion (iii) can be proved by similar arguments as in the proof of (i) and by
the Green formula

(div u, @) + (u, grad ®) = / (n-u)pdr,
o0

and is therefore omitted. O
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In the next lemma we prove that we may approximate functions in £2!(Q) and
L% (Q) by smooth functions in C>(Q2)*.

Lemma 4.4.
(i) Let u € L21(2). Then there exists a sequence {u} € C>(Q)? such that

rot

up — u in L2(Q).
(ii) Let u € L, (Q). Then there exists a sequence {uy} € C*°(Q)* such that

up — u In Edw( ).

Proof. (i) Define

Qp = {z € Q: dist(z,00) > 1/k}, k=1,2,...,
Uk::Qk+17§k, k:1,2,...

o0
and choose Uy CC 2 such that @ = |J Up. Let {7y}, be a partition of unity,
=0

(o)
ie., v € C3(Uk), 0 < v, < 1forevery k € {0,1,2,...} and > 7, = 1 everywhere
k=0

on Q. For u € LV1(Q) we clearly have uy, € £E7(Q2) with cor;pact support in Uj.
By using Lemma 4.3 we conclude that, for each £k = 0,1,2..., there exists §; > 0
such that

{supp(% % (uyk)) C U
luvk — @s, * (uyk)

5
£r4(Q) < gRFT-

rot

(&)
Put v’ := Y @5, * (uyk), and note that u® € C°>°(Q2). This follows from the fact
k=0

that for each x € ) there are neighbourhoods such that there is only a finite number

oo
of nonzero terms in the sum. From the definitions of v it follows that u = 3 (uyx).

Therefore

lu — |

rot

o0 o0 1
£ra( Z [ (uve) = @s,. * (W)l czya ) < 52 oFFT g,
k=0 k=0

and the statement follows. The statement in (ii) can be proved by adopting similar
arguments and using the corresponding result in Lemma 4.3. The proof is complete.
O
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A direct consequence of Lemma 4.4 is the following result.

rot

For the trace results we need the dual spaces W+ (9Q) and W~r7(99), r =
min{p, ¢}, 1 < p,q < 0.

Lema 4.5. The space C*(Q)? is dense in LE)(2) and LY ().

Lemma 4.6. Let n be the outer normal to 0f). The linear mappings
(i) To: CY(Q)? — CL(00)3, u— n Aulsg = n A,
(i) Ty: CL(Q)3 — CHON), ur—n-ulpg =n - u,
can be extended by continuity to continuous linear mappings
(i) Tg: L2YQ) — W= rr(09)3,

rot
(i) T): £5.,(Q) — W~ 59(99).
Proof. The proof is based on the usual estimate of the norm of traces by the
norm in the corresponding function spaces, using Green’s theorem, and is therefore
omitted (see [18], or [6] for the L?-case). O

Lemma 4.7. The linear mapping
T: C* Q) — CH090)%, s ulsq,
can be extended by continuity to the continuous linear mapping

T': LP9(Q) — W75 (99)3,

rot
where s = max{p, q}.
Proof. The proof is similar to the previous one and is found in [18]. g

We continue with the following obvious lemma:

Lemma 4.8. The space L0)1(Q) is dense in LP(Q2)* and L, () is dense in
L(Q)3.
We note that £2:{(Q2) and L3, (Q) are closed in their norms and that one con-

sequence of Lemma 4.8 is that £2{(Q) and LY, () are separable, reflexive Banach

spaces. Next, we consider the space

£ (Q) :={uelll(Q)|nAu=0 on 00}.

roto rot

Lemma 4.9. £ (Q) is a closed subspace of LE(£2).

rotg rot

Proof. Letu; € L2{ (Q) be a sequence such that u; — u in LP(Q)* C L1(Q)?
and rotu; — w in L9(Q)? C LY(Q)3. Tt follows that u; — u and rotu; — rotu in
D'(Q)3. This gives w = rot u. Furthermore, 0 = nAw; — nAu=0in W=7 (90Q)3,

r = min{p, ¢}. The lemma is proved. O
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Lemma 4.10. The space
{veCY(Q)? | nAv=0 on I0N}

is dense in LV ().

rotg

Proof. By using the regularization results in Lemma 4.5, we find that C>°(Q)?
is dense in LE}{ (Q2). But the elements in C*°(€2)® do not necessarily satisfy the
boundary condition. Let {Qx} be an invading sequence in Q, i.e., @ C Q is such
that dist(0Q,0Q) < 1/k, and let v* € D(Q) be such that vk|§k = u‘;\m, where
u’ € C>=(Q)3 is the regularization of u € LL{ (Q). Clearly, v* € {v € C*(Q)? |

nAv=0 on dN} and we have, for any ¢ > 0,

[0 =l

L£P9(Q) + Hué — u”lifof(ﬂ) < 2

rot

LP9(Q H’U 7’U,|

rot

for k large enough and ¢ sufficiently small. We have proved that D(Q) is dense in
£P? (Q). The statement now follows from the fact that D(Q) C {v € C1(Q)? |

rotg

nAv=0 on 00N} O

5. COMPACTNESS RESULTS

Up to now, we have defined and characterized some suitable function spaces in
order to be able to prove the fundamental compactness results needed in the proof
of Theorem 3.4.

The following lemma is a natural generalization of a corresponding result proved
n [8] for the W2(I; L%(Q)3)-case.

Lemma 5.1. Let u® and 9;u® be bounded in LP(2 x I)® and L4(Q x I)3,
1 < p,q < oo, respectively. Further, let ug(z,y,t) be the two-scale limit of u® in
LP(Q x Y x I)3. Then Qyug € LI(Q x Y x I)3 is the two-scale limit of Oyuc.

Proof. By assumption |[u®||zr(axr)s < C and [|0su®||Leax s < C for all € > 0.
It follows that

T
hm/ /( z, E,t))dxdt: ///(UO(x,y,t),a(x7y,t)) dy dz dt
= € oJaly
T . T
lim /<8tu€(x7t),a<x,—,t)>dxdt: ///(Xo(x,y,t),a(a:,%t)) dy dzdt
e—0 oJa c oJoly
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for all @ € D(Q x Y x I)3. By integrating by parts and using the fact that a has
compact support we get

. T € x T
2115»% Oﬁ(atu (%t),a(x,g,t))dxdt —hm//( ata( g,t)>dxdt
- _///(UO(wvy,t),ata(x,%t)) dy dz dt
0/QJY
T
= ///(3tu0($’y,t),a(w,y,t)) dy dz dt.
0JQJY

Therefore dyug = xo € LY(2 x Y x I)® and the proof follows. O

Proposition 5.2. Let {u°} be a bounded sequence in LE1(Q), 1 < p,q < oo.
Then {u®}, up to a subsequence, two-scale converges to ug(z,y) = u(z)+Dyp(z,y) €
LP(Q;Lé’(Y)?’), where ¢ € LP(; Wﬁl’p(Y)) is a scalar valued function satisfying
[y Dye(x,y) dy = 0. Moreover, rot u® — rot u(x) weakly in L(£2)3.

Proof. The proof follows by using Lemmas 4.6 and 4.7 and the same kind of
arguments as in the proof of Proposition 4.3 in [17]. O

Remark 5.3. If Dyp(z,y) # 0 then, by Proposition 2.6 in [17], the sequence
{uf} will never contain a strongly convergent subsequence in LP(Q2)3. Moreover, it
clearly follows that ¢(z, ) is Y-periodic.

Proposition 5.4. Let {u°} be a bounded sequence in L, (Q). Then, up to a

subsequence, u® two-scale converges to ug(x,y) € L1(; Lg(Y))B,

divy uo(z,y) =0,
and

divu® — divu(z) = div/ uo(z,y) dy weakly in L1(Q).
Y

Proof. The proof is similar to that of Proposition 4.5 in [17] and is therefore
omitted. 0
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6. A PRIORI ESTIMATES AND PROOFS OF EXISTENCE AND
UNIQUENESS OF SOLUTIONS

The operator A, defined in Section 2, is characterized in the following remark and
proposition.

() is a linear closed subspace of £22(€2) it follows that

rot

Remark 6.1. Since £P2

rotg

V= Efgjo (Q) x Ei’fsl(ﬁ) is a reflexive and separable Banach space.

Proposition 6.2. The space V is dense in LP?(Q2) and the graph of the opera-
tor A is closed. Moreover,

A=A DAY=V,

where A’ is the dual operator to A and D(A’) is the domain of A’.

Proof. The complete proof can be found in [18] and is similar to that of the
L?(2)-case in [6]. O

As for the linear case in [17], we have the following obvious consequence of Propo-
sition 6.2 which will be useful in the sequel:

Corollary 6.3. (AU, ¥) =0 forall ¥ € V.

Definition 6.4. Let ¥ = {u,w} € LP?(Q) and define the operator M®:
LP2(Q) — L72(Q) by M*(¥) = {o°(u),0}.

By the assumptions made in Definition 3.1, the restriction M = M?|r(q)s such
that M5(u) = 0°(u) = o(z, /e, u) is bounded and uniformly monotone.
We are now prepared to prove the existence and uniqueness results in Theorem 3.3.

Proof of Theorem 3.3. The proof follows as a consequence of Lemmas 6.5-6.8
below. O

By definition U¢ = {FE¢, H®} and N0, U° = {n°0.E°, u9;H®}, where n° =
n(xz,x/e) and p€ = p(z, z/c). Summation of the first and second equations in (1.1)
yields

(6.1) NEQUE + AUS + ME(US) = G<,

where G° = {F¢,0}. By multiplying (6.1) with v € V and integrating over Q we
obtain a weak formulation of (6.1)

NEOU*(1),v) + (AU (1), v) + (M (US(1)), v) = (G*(1), v).
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Let {wy,ws,...w,} be a base in V and set

= Z Cin (t)wi
k=1
The Galerkin equation reads, for almost every t € I,
(6.2) (NEOUR (1), wy) + (AUR (), w;) + (M (Ug (1)), w;) = (G=(t), wj),

j=1,...,n, U(0) = Uy € Ly, U € LP2(I;L,,), QUE € LP2(I;L,,), wj € Ly =
span{ws, ..., w,}.

We note that we have continuous and dense embeddings, £, C V C U”2(Q) C
£22(Q) C L£P2(2) C V' and that (6.2) is an ordinary nonlinear differential equation
which has a unique solution, which is proved in Lemma 6.6 below where we use
Carathéodory’s theorem (cf. [5] and [19]), with some minor changes in the proof.

The following a priori estimates of the Galerkin solutions are needed in the proof:

Lemma 6.5. There exists a constant C' > 0 (independent of n) such that every
solution of (6.2) satisfies

HU;:L” (LP(I;LP(2)3)NL>°(1;L2(Q)3))x L>°(I;L2(2)3)

<C,
AU Lo (1,0 (9)3) x Lo (1;22(0)3) < C
MU Lo (axrys < C

and

U: <C.
tg}g% U (¢ )HL2(Q)6

Proof. By choosing w; = UZ(t) in (6.2) we get
NFOUL (1), Up (1) + (AUL(1), U (1)) + (ME(UL (1)), Un (1)) = (G, UL (1))

Thus, by using Corollary 6.3, the symmetries of n;; and u;;, the definition of M?,
and the property (vi) in the class Sy y, we obtain

SOER (1), D5 (1) + 50 HE (1), Ba0) + CIE () ope < (G° UR(1).

The remaining steps in the proof, which can be found in [18], are similar to the proof
of Proposition 5.3 in [17]. O
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Lemma 6.6. The Galerkin problem (6.2) has a unique solution US for every
fixed n > 0.

Proof. We note that the a priori estimate

1Uy]

c, <C on [0,7]
holds for all n and that the mapping
(U, t) = (AUL(8) + ME(UR(?)), wy)

satisfies the Carathéodory condition on £,, x [0,T], i.e.,
1) t — (AUE(t) + Me(UE(t)), w;) is measurable on [0, T7.
2) U — (AUZ + ME(US), w;) is continuous on Ly,

Moreover, we note that N is linear bounded and positive definite and conse-
quently has an inverse with the same properties. Since dim(L,) < oo and all norms
are equivalent on finite dimensional spaces, we have the estimate

(6.3) (AU (t) + ME (U, (1)), w;)]
< (MU0l o2 () + IMEUZ O 202 () 1w [l 22200
< (IUE@llv + CQ+ B0 00)) w5l 220
for every (US,t) in £,, x [0,T] and j = 1,...,n. We note that due to Carathéodory’s

theorem (cf. [5] or [19]) and the properties of N® the solution of (6.2) US: [0,7] — L,
is continuous and the derivative N9, US exists for almost every ¢ € [0,7]. Hence

UE € LPA(I; L),

ie., ES € LP(I; LP(Q)3) and HE € L*(I; L*(2)3). Moreover, by (6.3) we find that
the function ¢ — (AUE (t)+M°=(UZ(t)), w;) belongs to LP'(I). Since [(G=(t), w;)|P?" <
HGE(t)Hip,J(Q) l|lw; HZM(Q) and G° € X’ we conclude, via the Galerkin equation (6.2)
and the properties of N, that

UE € LY (I L)

Thus, the Galerkin problem (6.2) has a solution. Uniqueness of solution follows easily
from the assumptions made by the arguments as those used in the a priori estimates.
The proof is complete. O
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Due to the reflexivity of the spaces £2(I; £2(Q)) and L (Qx )¢ and the bound-
edness of sequences we can, by a diagonalization procedure, extract subsequences
{U;,,.} (for fixed €) which converge weakly, i.e.,

(6.4) U, = U®  weakly in LP?(I;L7%(Q)),
AUZ — We  weakly in  £P%(I; £P2(Q))
ME(U,, ) — Z° weakly in  L”' ( x I)®

and
NeUE (T) = N¢g° weakly in  £*?(Q)
as ng — 00. It remains to identify the limits U®, W<, Z¢ and g°.
Lemma 6.7. The limits in (6.4) satisfy the equation
(6.5) NEOU® + ME(U®) + AU® = G°

almost everywhere in Q x I. Here U € W) ,(I;V, £L*2(2)), U¢(0) = Us = {E§, Hg}
and U(T) = ¢°.

Proof. Wenote that (AUS ,¢) = —(Us , Ay) for every ¢ € D(Q)5. Using (6.4)
we obtain that (W¢,¢) = —(U¢, Ap) for every ¢ € D(Q)®. Thus, by definition we
find that W¢ = AU® in the generalized sense. Next, by using the integration by
parts formula

V=g, 9(T)0) = (N=UG, (0)0) = /0 (GE(8) = Z°(t) = W(1), ()
+ (' (t)o, NTU=(t)) dt,

which holds for all ¢ € C°[0,T], v € V (cf. [19]), we get

/0 (G (t) — Z°(t) — AU (t), v)p(t) dt = — / (NEU* (), o)y (1)

for all ¥ € C§°(I), v € V. This proves that N¢9,U° + Z¢ + AU® = G° almost
everywhere in Q x I. Moreover, this implies that N¢9;U¢ € X’ which together with
Ue € X' gives U® € Wpl’g(I; V, £22(Q)). By integration by parts we get

NEUH(T), y(T)v) — (NFU5(0),4(0)v) = /0 NEOUE (1), Y (t)v)
+ (W' (), NTU=(¢)) dt
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for all ¢ € C*°[0,T], v € V, which gives
(NUS(T), p(T)v) = (NTU(0),4(0)v) = (Ng%, &(T)v) — (N*Ug, ¥ (0)v)
for all ¢ € C*[0,T], v € V. Now, by choosing ¢¥(T) = 1, ¢(0) = 0 and ¥(T) =0

¥(0) = 1, respectively, and using the density of V in £22(£2) we find that U¢(T) = ¢°
and U¢(0) = U§. Further, integration by parts yields

(WAUR(T), UR(T)) = (N*UR(0), U (0))

N =

T
- / N=O,US (1), US (1)) dr
0
== <G6 - AUE - ME(UE), U2>£TJ‘2([;£TJ‘2(Q)).

Using the properties of the operator A (see Corollary 6.3) we find that

(MEUR), U erarieeai)) = (G5, Un) coarice2(a))
1
+ 5((/\/8(]5(0)7 Us(0)) = (NCU(T), U (T))).

This means that

| iz, E0) ar

T
= [ e o) e+ 5 (0 (0. B 0) + 0 HE(0). 7 (0)

— (" BL(T), EB,(T)) — (u*Hy(T), Hy(T))).

Since H:(0) — H®(0) and E5(0) — E°(0) strongly in L*(Q)% and EZ — E° weakly
in LP(Q2 x I)3 we get
T

im [ (F5(t), ES (1)) dt — / "), B (1) .

n— oo 0

Further, since E:(T) — E*(T), HE(T) — He(T) weakly in LP(2)3 and L%*(Q)3,
respectively,

tim inf || 25(7) | ogeye > [B°()]| gy
lim inf || H5(T) 2y > [ HE(T) 2 aye
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by the weakly sequential lower semicontinuity of the norms in LP(Q)% and L?(Q)3.
This implies that

fim s / (ME(ES (1)), F= (1) dt
T
< / (P (1), B (1)) b + o ((n° B(0), B*(0)) + (4 H*(0), H*(0)

— (P E*(T), E¥(T) — (4 H*(T), H(T)))
T
- [ zw.E o

ie.,
T T
timsup [ (ME(ES(0), 5 de < [ (250, (o)
n— oo 0 0
Since M7 is uniformly monotone and continuous,
Z7 = MJ(E7).

Thus, M®(U®) = Z* holds according to the definition of the operator M® and the
fact that Z = {Z1,0}. The proof is complete. O

We have proved the existence of a solution, next we prove that this solution is
unique.

Lemma 6.8. The equation (6.5) has a unique solution.

Proof. Let U and U5 be two solutions. By inserting these solutions into (6.5)
and subtracting we get

(6.6) N0,(US — US) + AUS — AUS + M*(U) — ME(US5) = 0

Multiplying (6.6) by AU® = U{ — U, integrating with respect to = over  and
using Corollary 6.3 and the uniform monotonicity of M* yields

1
SO (NEAU (1), AU (1) + CIAE* (B s <

Therefore, integrating with respect to time and using Gronwall’s inequality, we find
that AU®(x,t) = 0 almost everywhere in 2 x I. This contradiction proves that the
limit system has a unique solution and we conclude that the total sequence converges
to the limit system, not only a subsequence of the solutions to the Galerkin equations.
Furthermore, the limit of the Galerkin solutions solves the original system, i.e., the
existence of a unique solution is proved. O
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Now we will present a priori estimates for the field { E<, H¢}.

Proposition 6.9. If F°,8,F° € L°(I; L (Q)3) and 92F° € L¥ (Q x I)? are
bounded then

E® € L™(I; L*(Q)*) N LP(I; LP(2)?)
and

H® € L*°(I; L*(9)?)

with bounded norms. Moreover, o°(E*),d;E¢,rot H® € LP (I; L* (Q)3) and d,H®,
rot B¢ € L*(I; L?(2)3) are all bounded.

Proof. The proofis analogous to that of the a priori estimates for the Galerkin
equation (6.2) in Lemma 6.5 and is therefore omitted. A complete proof can also be
found in [18]. O

The uniqueness and existence results in Theorem 3.6 are proved next.

Proof of Theorem 3.6. We note that the constitutive relations for the two-scale
limit system have the same properties as for the e-system. Therefore, the solutions
will satisfy the same kind of a priori estimates and the existence of solutions can be
proved by the use of the Galerkin method as in the e-dependent system. In the local
problems we change variables, e.g. in (3.2) let u(z,y,t) = E;(z,t)y; + ¢(z,y,t), and
change the boundary conditions according to this. The existence of solutions to the
global homogenized problem follows from the fact that the e-dependent system has a
unique solution for each € > 0 and that this sequence of solutions has a subsequence
which converges weakly to a limit which satisfies the homogenized system.

Uniqueness is proved by assuming, as usual, that there exist two solutions to the
two-scale limit system E'(z,t) + Dy (x,y,t), E*(z,t) + Dyp?(z,y,t), H (z,t) +
D,®(z,y,t) and H?(z,t)+ D,®*(z,y,t). By inserting these solutions into (3.1) and
subtracting the respective equations for the two sets of solutions we find

(6.7) /OT/Q/Y (013 (2, 9)0:(E] (2, 1) + 0y, 0" (2,9, 1)

— EF(2,t) = 9y, (x,y,)) + 0i(,y, B (x, 1) + Dy (x,y, 1))
- Ui(xvya EQ(!I},t) + Dy‘PQ(xa yvt))] Ui(xvt) dy dz dt

T
= //(rotHl(x,t)frotHZ(x,t))ivi(x,t)dxdt,
0Jo
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and

08 [ [ o +0,8 w0 - #0
— 8y, ®*(z,y,1))vi(2,t) dy da dt

T
= //—(rotEl(x,t)—rotEQ(x,t))ivi(x,t)dxdta
0J0

for all v in LP(I; Efo%(,( )) and L2(I; L?O’t’ (2)), respectively. We note that E!(z,0)—
E?(2,0) = 0 and H!(x,0) — H?(x,0) = 0. Analogous relations can be derived from
the local problems (3.2) and (3.3).

In the next step we let v = AE(z,t) = E(z,t) — E*(x,t) in (6.7) and v =
AH(z,t) = HY(z,t) — H*(x,t) in (6.8), va = Ap(z,y,t) = o (z,y,t) — ©*(z,y,1),
ve = A®(x,y,t) = ®'(z,y,t) — ®%(x,y,t) in the equations corresponding to (3.2)
and (3.3), respectively. After an integration over Q x I we get the following relation
when we take the sum of the local and global equations:

/OT/Q/Y (03 (2, y) O (AEj (@, t) + 0;A¢(x, y, 1))

+oi(z,y, BN (2,1) + Dy (2,9,1) — i@, y, E*(2,1) + Dy? (2,y,1))]
x [AE;(z,t) + 0y, Ap(z,y,t)] dy da dt

///mg ,y)0 (AH (2, 1) + 9;AP(z, y, 1))
x [AH;(z,t) + 0y, A®(z,y,t)] dydedt = 0.

Now, by using Gronwall’s inequality and the initial conditions we find that
AE(z,t) + DyAp(x,y,t) = 0 and AH(z,t) + DyA®(z,y,t) = 0 almost everywhere
in Q xY x I. This contradicts the assumption of existence of two solutions and the

proof is complete. O

PROOFS OF THE HOMOGENIZATION AND CORRECTOR RESULTS

Proof of Theorem 3.4. We will carry out the details only for the local prob-
lem (3.2) because (3.3) is proved as in [17]. First we note that we can extract
subsequences which converge in two-scale sense due to the a priori estimates. We
use the fact that the homogenized system has a unique solution and conclude that
the whole sequence of solutions converges to the homogenized system.

By taking the divergence of the first equation in (1.1) we get

(7.1) O, (Th‘j (x, g)@tEj- + 0y (x, g, EE)) =0, F;.
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By assumption, 0, F is bounded in v (Q x I). Moreover, multiplying (7.1) with
evyve, v1 € D(R), vy € Wul’p(Y), integrating by parts and applying Proposition 5.4,
Lemma 5.1 and Lemma 2.8 in [17] we obtain the following local problem in a weak
formulation if we take the limit of a subsequence:

/Q/Y(nij (z,9)0c[Ej(x,t) + Oy, (2, y,t)] + J?(x,y,t))vl(x)ayivg(y) dydz = 0.

O

Further, by using v(z,t) = vi(x)b(t), b € C§°(I), as test functions, we get the
following weak formulation of the first equation in (1.1):

/ / ij ES(z, t)+az( Z Ea(x,t))vl(x)b(t) da dt
= /O/Q[rotHE(w,t)+F5(x,t)]ivl(x)b(t)dxdt.

Therefore, using the admissibility of vi(z), 7:;(z, £)vi(2z) and Proposition 5.2,
Lemma 5.1 and Lemma 2.8 in [17] once again, we get the following equation when
we take the limit of a subsequence:

(7.2) / [ 560,01 (5.0) + 0, 00050+ 7°(,00)
x vy (z)b(t) dy da dt

// [(rot H(z,t)); + Fi(x,t)]v1 (z)b(t) da dt.

We will use the Evans technique of perturbed test functions to identify the limit
function JO (cf. [1] and the references given there). Define test functions

vi (0,8) = B @,1) + 00,0 (v, 2.1) + 5% (2. 2.1)
3 3
and

i, 1) = HE (1) + 00, @' (2, 2,1) + 593 (2, 2.1),

where E¥ H* € D(Q x I)? converge strongly to E € LP(I;LP(Q)?) and H €
L*(I; L*(Q)%), respectively, as k — oo. Here o', ®' € D(Q x I;C°(Y)) and
@*,®* € D(Q x I;OF(Y))®. Moreover, we note that v; and u§ are admissible
test functions which two-scale converge to EF(xz,t) + 9y, (z,y,t) + s¢?(x, y,t) and
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HE(x,t) + 0y, (2,y,t) + sD?(x, y, t), respectively. The monotonicity of o and the
positive definiteness of n and p yield

T x E x £
0< // o; J:,—,E —Uz'(l‘,g, ))(E —vf)dadt
//&(mg = ( vj)(Effvf)) de dt

+2/’7”( )<E€(0) v5(0))(E£(0) — v (0)) da

//at i ( ) (H — uf )) da dt

1 / e )(HE(O) 45 (0)) (H(0) — £ (0)) da

L [&fil (Uz.(z,;ve)E;) -ty (oo 2o)or) arar
3
/at/ Mij EEEEJFHZJ( )H;Hf)dxdt

5

1 [T T x
_5/0 Qt/ﬂmj(x, g)Ejvf—i-uij(x, E)Hjufdxdt

6

1 (T
+ 5/0 at/ﬂmj (J:, g)vjvf + i (96, g)ujuf dx dt

7

M % /Q & (x f)(Ei (0) — v5(0))(E5 (0) — v§ (0)) dz

W~

Using Corollary 6.3 we find that the sum of the integrals corresponding to 1

and 5 can be identified with f07]9 F7E? dxdt and, thus, by passing to the weak
LP(I; LP(Q)3)-limit these terms converge to

/OT/Q Fi(z,t)Ei(z,t) dz dt.
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Moreover, by using the admissibility of v¢, u®, J(x, Z UE), Lij (:E, f)uj, i (x, f)uf,
Mij (x, f)vj and 7;; (:E, f)vf, the integrals corresponding to 2, 3, and 4 converge to

T
- / / / oi(z,y, Bz, ) + Dy (x4, 8) + s92(z, . 1))
0JQJY
T
- / / / 0y, ) EE (2, 0) + By () + 562 (2,9, 1)) dy dardt,
0JOJY
and
T
/ / / oi(z,y, ¥z, t) + Dy (x4, 8) + s92(z, . 1))
0JOJY
x (BF(x,t) + 0y, 0 (z,y,t) + 592 (z,y,t)) dy dz dt,

respectively, when € — 0. The limits of 6 and 7 are evaluated similarly. Further, we
find that

8 — /Q/ nij (2, 9)s* 3 (x,y,0)97 (x, y,0) dy d
Y
and
9= [ [ (e, )5 03 05,002 0. 9,0) dy
QJy
by the admissibility of £°(z,0) and H®(z,0). We now send E¥ and H* strongly
to E in LP(I; LP(Q)?) and H in L?(I; L*(Q)3), respectively, when k — oco. Further,

we let D' — Dy, D,®' — D,® strongly in LP(Q2 x Y x I)3 and L}(Q x Y x I)3,
respectively, and use Corollary 6.3 to obtain

(R 0B @)~ [ ()0l + 0000 500)] + 2.0 Bt
— pij(x,y)0¢[Hj(x,t) + 0y, ®(, y,t)]Hi(x,t)) dydz = 0.
We also find that
o(z,y, B¥ + Dyp* + 59?) — o(x,y, E + Dyp + 50°)
and

oi(z,y, E¥ + Dy + so®)(EF + 0y,0" + s¢?)
— 0i(z,y, E+ Dy + s¢%)(E; + 0y, + s¢?)
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a.e. in Q x Y x I. Assumption (v) implies that

o(z,y, E¥ + Dyo' + 59%)| < C(1+ |E* + Dy + 5P 1)

and
|oi(z,y, E¥ + Dy + s0*)(EF + 0,,¢" + 57|
C(|E* + Dy + s¢°| + |E* + Dy + s¢?|P).
Since
T
//Q/Y (14 |E* + Dyp* + s?[P~ 1) dy da dt
0
T
- /A/Y(1+ |E + Dy + s*P~ 1) dy da dt
0

and

T
/// (|Ek+Dy<p1+s<p2|+|Ek+Dy<p1+s<p2|p)dydxdt
ooy
T
— ///(\E+Dy<p+8s02\+\E+Dy¢+ss@2\p)dydxdt
Yy

when k — oo, by assumption, we find by Lebesgue’s dominated convergence theorem

T
///m@%ﬁuw+m¢m%wme%m
0JQJY

Ek (x,t) + Oy, p Y, y,t) + spi(z,y, )) dy da dt

H///szy, .’L‘t)"i‘Dy(p(.Ty,)—i—S(p(x:% ))
x (Ei(2,t) + 9y, 0(x,y,t) + s@?(z,y,t)) dy dz dt

as k — oo. Further, by using the local problems (3.2), (3.3) and the homogenized
equation (7.2) we find that the sum of all the limits reduces to

T
///@QMMMHDW@%WHﬁ@%m*ﬁW%Ww%wﬁNMMt
0JQJY
+/Q/ nij(2,y)s%¢03 (2,,0)¢? (2,,0) dy do
Y
1 r 2 2 2
+ 5 at WZJ(xvy)S %(xvyat)% (.’I?,y,t) dyd.’l)dt
0 QJY
+//MNWWﬁw%mﬁm%m@m
QJY
1 r 2x2 2
+t5 ) O pij(z,y)s* @5 (2, y,t) 27 (z,y, ) dydzdt > 0
0 QJY
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for all s € Ry and p? € D(Qx I; cge (Y))3. Finally, dividing by s and sending s — 0,
we get

T
/// (o(z,y, E(z,t) + Dyp(z,y,1)) — J°(2,9,1), *(2,y,1)) dydadt > 0
0JQJY
for all ¢? € D(Q x I; (O (Y))3. This implies
JO(z,y,t) = o (,y, E(z,t) + Dyp(x,y,1))

almost everywhere in 2 x Y x I. We conclude that the whole sequence of solutions
converges to the solution of the homogenized system since the homogenized system
has a unique solution. The proof is complete. O

Proof of Theorem 3.5. We will only prove (b). The proof of (a) is similar. Set
o — E5(x,t)+Dy<p5( r, £, ) and u® H5(a:,t)+Dy<I>5( T, ”E”,t) The monotonicity
of o (property (vi) in the class Smy) and the positive definiteness of i and u yield

S OB = 0™ | reqys + I1HE(T) = u*(T)|72(0p0)

< /T/ O’i x,f,EE 70i<x,g,va";))(Effvf’é)dxdt
//@nnx—<-—@w$—ﬁ%ymw
+2/m4 yﬁw> o5 (0)(EE(0) = v (0)r ()

//@mg OV (H; — S ) (HE — i) da

"3 /Q“”< )(HE(O) 5 (0))(H: (0) — uf (0))ur (z) da.

The remaining steps in the proof are similar to the corresponding proof of Theo-
rem 3.3 in [17], taking into account that JO(x,y,t) = o(z,y, E(z,t) + Dyp(z,y,t)),
and is therefore omitted. A complete proof can be found in [18]. g

Remark 7.1. In the main homogenization theorem (Theorem 3.4) and in the
proof of Theorem 3.3 the convergence is weak in W) ,(I;V,£L*2(2)). As a conse-
quence of the a priori estimates, the theorems holds also in the weak*-convergence
sense in (L>°(I; L2(2)3) N LP(I; LP(Q)3)) x L*°(I; L?(2)3). But for the sake of sim-
plifying the notation, we have, after some hesitation, carried out the theory in the
usual weak convergence sense.

281



Acknowledgements.

This work has in part been carried out when the author was visiting the Depart-
ment of Mathematics at UCSB in Santa Barbara during the academic year 1996-97.
The author would like to thank the Department of Mathematics for the hospitality he
experienced during this stay. The author wants to thank Nils Svanstedt, Chalmers
University of Technology, Lars Erik Persson, Lulea University of Technology, Bjorn
Birnir, University of California at Santa Barbara and Eero Sakksman, University
of Helsinki, for valuable discussions and suggestions during the preparation of this
paper. Finally, the University of Gévle-Sandviken, the Swedish Research Council for
Engineering Sciences (TFR) and the Swedish Institute are acknowledged for their fi-
nancial support. The referee is acknowledged for valuable comments and suggestions
which improved the final version of the paper.

References

[1] G. Allaire: Homogenization and two-scale convergence. STAM J. Math. Anal. 23 (1992),
1482-1518.

[2] M. Artola, M. Cessenat: Diffraction d’une onde électromagnetique par un obstacle borné
& permittivité et perméabilité élevées. C. R. Acad. Sci. Paris, Sér. I Math. 314 (1992),
349-354.

[3] A. Bensoussan, J.L. Lions and G. Papanicolaou: Asymptotic Analysis for Periodic
Structures. Studies in Mathematics and its Applications. North-Holland Publishing
Company, Amsterdam-New York-Oxford, 1978.

[4] B. Birnir, N. Wellander: Homogenized Maxwell’s equations; a model for ceramic varis-
tors. Submitted.

[6] E. Coddington, N. Levinson: Theory of Ordinary Differential Equations. McGraw-Hill,
New York, 1955.

[6] G. Duvaut, J.L. Lions: Inequalities in Mechanics and Physics. Springer Verlag,
Berlin-Heidelberg-New York, 1976.

[7] L.C. Evans, R.F. Gariepy: Measure Theory and Fine Properties of Functions. CRC
Press, Boca Raton, 1992.

[8] A. Holmbom: The concept of parabolic two-scale convergence, a new compactness re-
sult and its application to homogenization of evolution partial differential equations.
Research report 1994-18, Mid-Sweden University Ostersund.

[9] A. Holmbom: Some modes of convergence and their application to homogenization and
optimal composites design. Ph.D. thesis. Lulea University of Technology, 1996.

[10] P.A. Markowich, F. Poupaud: The Maxwell equation in a periodic medium: Homoge-
nization of the energy density. Ann. Scuola Norm. Sup. Pisa Cl. Sci. 25 (1996), 301-324.

[11] C.-W. Nan, D.R. Clarke: Effect of variations in grain size and grain boundary barrier
heights on the current-voltage characteristics of ZnO varistors. J. Am. Ceram. Soc. 79
(1996), 3185-3192.

[12] A. Negro: Some problems of homogenization in quasistationary Maxwell equations. In:
Applications of Multiple Scaling in Mechanics, Proc. Int. Conf., Ecole Normale Su-
perieure, Paris 1986, Rech. Math. Appl. 4. Masson, Paris, 1987, pp. 246-258.

[13] G. Nguetseng: A general convergence result for a functional related to the theory of
homogenization. SIAM J. Math. Anal. 20 (1989), 608-623.

282



[14]
(15]
[16]
[17]
18]
(19]

20]

E. Sanchez-Palencia: Non-Homogeneous Media and Vibration Theory. Lecture Notes in
Physics 127. Springer-Verlag, Berlin-Heidelberg-New-York, 1980.

A. Vojta, Q. Wen and D. R. Clarke: Influence of microstructural disorder on the current
transport behavior of varistor ceramics. Comput. Mater. Sci. 6 (1996), 51-62.

A. Vojta, D.R. Clarke: Microstructural origin of current localization and “puncture”
failure in varistor ceramics. J. Appl. Phys. 81 (1997), 1-9.

N. Wellander: Homogenization of the Maxwell equations: Case I. Linear theory. Appl.
Math. 46 (2001), 29-51.

N. Wellander: Homogenization of some linear and nonlinear partial differential equa-
tions. Ph.D. thesis. Lulea University of Technology, 1998.

E. Zeidler: Nonlinear Functional Analysis and its Applications, Volumes ITA and IIB.
Springer-Verlag, Berlin, 1990.

V. V. Zhikov, S. M. Kozlov and O. A. Oleinik: Homogenization of Differential Operators
and Integral Functionals. Springer-Verlag, Leyden, 1994.

Author’s address: N. Wellander, Department of Mathematics, University of California,

Santa Barbara, CA 93106, USA, e-mail: niklas@math.ucsb.edu, and Swedish Defence Re-
search Agency, FOI, P.O. Box 1165, SE-581 11 Link&ping, Sweden, e-mail: niklas@foi. se.

283



		webmaster@dml.cz
	2020-07-02T10:25:35+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




