Mathematica Bohemica

Beata Kubi$
Monotone approximation of measurable multifunctions by simple multifunctions
Mathematica Bohemica, Vol. 126 (2001), No. 1, 113-117

Persistent URL: http://dml.cz/dmlcz/133920

Terms of use:

© Institute of Mathematics AS CR, 2001

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/133920
http://dml.cz

126 (2001) MATHEMATICA BOHEMICA No.1, 113-117

MONOTONE APPROXIMATION OF MEASURABLE
MULTIFUNCTIONS BY SIMPLE MULTIFUNCTIONS

BeATA KUBIS, Katowice

(Received March 8, 1999)

Abstract. We investigate the problem of approximation of measurable multifunctions by
monotone sequences of measurable simple ones. Our main tool is the Marczewski function,
i.e., the characteristic function of a sequence of sets.
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1. PRELIMINARIES

We introduce the notation and basic definitions which will be used throughout the
paper. For a topological space Y we set

CL(Y)={Ac€P(Y): Ais anonempty closed subset of Y},
K({Y)={Ae€CL(Y): Ais compact},
Vi ={AeCLY): ANV # 0},
Vit ={AeCLY): ACV},

where V is a subset of Y. Recall that the Vietoris topology on CL(Y) is gen-
erated by sets V~ and U™, where U,V C Y are open. By a multifunction we
mean any mapping ¢: X — P(Y), where X and Y are arbitrary sets. Let X,Y
be two topological spaces. Recall that a multifunction ¢: X — CL(Y) is lower
semicontinuous, l.s.c. for short (resp. upper semicontinuous, u.s.c. for short) provided
et V) ={r e X: p@)NV £0} (o1 (VT) ={z € X: p(z) C V}) is open in
X for every open V' C Y. A multifunction is called simple if the set of its values is
finite.
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Let (T,9) be a measurable space. A multifunction ¢: T — CL(Y) is called
measurable provided ¢ ~!(V ™) € 9 whenever V is open in Y. Let Y be a metrizable
space. Then the condition p~1(V*+) € 9 for each open V implies the measurability
of . For compact-valued multifunctions the reverse also holds (see Himmelberg [1,
Thm. 3.1]).

In [2] we investigated the problem of approximation of measurable multifunctions
by sequences of simple ones. It is a consequence of some general results that if ¥’
is separable and metrizable, then each measurable multifunction ¢: T' — K(Y) is
the pointwise limit (with respect to the Vietoris topology) of a sequence of simple
measurable multifunctions ¢,,: T — K(Y). Such a theorem is no longer valid for
multifunctions with non-compact values (see the counter-example of Spakowski [6]).

In the present paper we look for monotone approximations of measurable multi-
functions. We use the Marczewski function and the results of Spakowski [7] on the
approximation of semicontinuous multifunctions by simple ones.

Let A = (An)nen be a sequence of measurable subsets of T' and let x, be the
characteristic function of A,. The function M: T — {0,1}" defined by M(t) =
(Xn(t))nen is called the Marczewski function of A (cf.[5]). We will consider M (T)
with the topology induced by the product {0,1}"V. It is easy to check that the
Marczewski function is measurable and M (A,,) is closed-open in M(T) for each
n € N. Some applications of the Marczewski function one can find in [3, 4].

2. THE RESULTS

We start with an auxiliary technical lemma.

Lemma 1 (cf.[4]). Let B be a base of a topological space Y, let X be a set and
let p: X — K(Y') be a multifunction. Then for each open G C' Y we have

e @) = Jle MU, UV VieB, ViC G, i=1,... .k keN}.

We shall need the following versions of two results of Spakowski [7].

Theorem 2 ([7, Thm.3]). Let X be a totally bounded metric space, let Y be a
metric space and let F': X — K(Y) be an upper semicontinuous multifunction. Then
there exists a sequence of simple upper semicontinuous multifunctions F,,: X —
CL(Y) pointwise convergent to F with respect to the Vietoris topology and such
that F(z) C Fpt1(x) C Fy(z) for every x € X and n € N.
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The sequence (F},)nen is constructed in the following way. Let A,, be a %—dense
subset of X. Put

F,(z) = m m O, k(z),

k<n s€Ag

where
O (z) = {CI(F(B(Sv 1)) ifa e B(s, 1),

Y otherwise.

Note that this is a modification of the definition of Spakowski but the same proof
holds. A similar remark applies to the next result.

Theorem 3 ([7, Thm.4]|). Let X be a totally bounded metric space and let
Y be a finite dimensional normed linear space. Assume that F': X — K(Y) is a
lower semicontinuous multifunction whose values are convex with nonempty interiors.
Then there exists a sequence of simple lower semicontinuous multifunctions F,,: X —
K(Y)U{0} pointwise convergent to F' with respect to the Vietoris topology and such
that F,(z) C F11(x) C F(x) for each x € X and n € N.

Here the sequence (F),)nen is defined as follows:

F,(z) = U U O, k(z),

k<n s€Ag

where
N F(z) if z € B(s, 1),
Gs,k(l') — ZGB(S,%)
1] otherwise.

It follows from the proof of [7, Thm.4] that F,,(z) has nonempty interior for all
but finitely many n € N.

For a multifunction taking the empty set as its value we understand measurability
and continuity similarly to the usual case.

Applying Theorems 2, 3 and using the Marczewski function we obtain the following
results.

Theorem 4. Let (T,9M) be a measurable space and let Y be a separable metric
space. Then for each measurable multifunction ¢: T — K (Y') there exists a sequence
of simple measurable multifunctions ¢, : T — CL(Y) pointwise convergent to ¢ with
respect to the Vietoris topology and such that ¢(t) C pn4+1(t) C @n(t) foreveryt € T
and n € N.

Proof. Let B ={V,: n € N} be a countable base of ¥ closed under finite
unions. Set A, = ¢ 1(V,F). As ¢ is measurable and compact-valued, each A, is
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measurable. Let M: T — {0,1}N be the Marczewski function of (A, )nen. Define
a multifunction ®: M(T) — K(Y) by setting ®(M(t)) = p(t) for every t € T. We
need to check that ® is well-defined. Suppose that ¢(t1) # ¢(t2) and e.g. there is
Yo € (t1)\ p(t2). There exists a By C B such that Y\ {yo} = U Bo. By compactness
we have ¢(t2) C B1U...UBy, for some By, ..., B, € By. Now B1U...UBy, =V, for
some m € N. Hence to € =1 (V,}) and t; ¢ ¢~ 1(V,), which means M (t;) # M (t3).

We now show that @ is u.s.c. By Lemma 1 it is enough to check that ®~1(V,F)
is open for every n € N, but we have ®~}(VF) = M(A,) is a closed-open subset
of M(T). Observe that M(T) is totally bounded (with a suitable metric). Thus
we can apply Theorem 2. There exists a sequence of simple u.s.c. multifunctions
®,: M(T) — CL(Y) pointwise convergent to ® and such that ®(z) C ®,41(x) C
@, (x) forx € M(T),n € N. Define ¢,, = ®,0M. Notice that ¢, 1(G*) is measurable
for each open G C Y. Hence ¢, is measurable. Clearly, for the sequence (©n)nen
our statement holds. g

In the above result we cannot require ¢,, to be a compact-valued multifunction.
Indeed, if we consider a multifunction ¢: [0,1] — K(R) defined by ¢(z) = [0, 1]
for x > 0 and ¢(0) = {0}, then there does not exist a simple compact-valued
multifunction ¢ with p(x) C ¥(x) for all z € [0,1].

Theorem 5. Let (T,9M) be a measurable space, let Y be a finite dimensional
normed linear space and let ¢: T — K(Y) be a measurable multifunction whose
values are convex with nonempty interiors. Then there exists a sequence of simple
measurable multifunctions ¢,: T — K(Y) U {0} pointwise convergent to ¢ with
respect to the Vietoris topology and such that ¢, (t) C pni1(t) C o(t).

Proof. Let B={V,: n € N} be a base of Y. Put A, = ¢~ }(V,7) € M. Let
M be the Marczewski function of the sequence (A;,)nen. Define &: M(T) — K(Y)
by setting ®(M(t)) = ¢(t) for t € T. For the proof that ® is well-defined let us
consider t1,ty € T such that ¢(t1) # ¢(t2) and e.g. yo € ¢(t1) \ ¢(t2). Then there
exists m € N with yo € V;,, and V,,, N p(¢2) = 0. Hence t; € A,, and t3 ¢ A,,,, which
means that M(t;) # M(t2). Observe that & is Ls.c.since ®~1(V,) = M(A4,) is
closed-open in M (T). Now apply Theorem 3. There exists a sequence of 1.s.c. simple
multifunctions ®,,: M(T) — K(Y) U {0} pointwise convergent to ® and such that
D, (x) C ®pyi(x) C ®(x) for x € M(T),n € N. Define ¢, = &, o M. Clearly,
(¢n)nen is as desired. O

In the above result, taking $,(z) = conv ¢, (z) we obtain an increasing sequence
of convex-valued simple measurable multifunctions pointwise convergent to ¢.
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