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Abstract. Necessary and sufficient conditions are obtained for oscillation of all bounded
solutions of

(+) lw(®) = y(t = 7)™ + QG (y(t ~0)) =0, t>0,
where n > 3 is odd. Sufficient conditions are obtained for all solutions of (%) to oscillate.

Further, sufficient conditions are given for all solutions of the forced equation associated
with () to oscillate or tend to zero as t — oo. In this case, there is no restriction on n.
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1. INTRODUCTION

In recent years, nonlinear higher order neutral differential equations of the form

(1) ly(t) — p)y(t — 7)) + Q)G (y(t — o)) =0, t >0,

are the subject of study for many authors [1]-[7]. The nonhomogeneous equations

associated with (1) are given by
(2) [y(t) — p(O)y(t — )™ + QWG (y(t — o)) = f(2), t >0,

where p and f € C([0,00),R), @ € C([0,00), [0,00)), G € C(R,R) is nonde-
creasing, and xG(x) > 0 for x # 0, 7 > 0, and ¢ > 0. While studying oscilla-
tory/nonoscillatory and asymptotic behaviour of solutions of (1)/(2), various ranges
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of p(t) are considered. However, few authors (see [7], [8]) have dealt with critical
cases, viz, p(t) = 1 or p(t) = —1. In [8], the authors have considered these critical
cases for (2) with n = 1. Suppose that

H;) liminf G(u)/u > a >0

lu|—o0

H2 f tn 1Q( ) =0
H3 «[O =
Hy) there ex1sts F € C™([0,00), R) such that F(")(t) = f(t) and tlim F(t)=0

)

)

)

H;) fo t"=2Q*(t) dt = oo, where Q*(t) = min{Q(t), Q(t — 1)}

Hgs) G(uv) < G(u)G(v) for u >0, v >0

H7) for u > 0, v > 0, there exists a 6 > 0 such that G(u) + G(v) > §G(u + v)
)

(
(
(
(
(
(
(
(Hs

for every sequence {o;} C (0,00), 0; — o0 as ¢ — oo, and for every v >0

such that the intervals (o; — v,0; + ), ¢ = 1,2,..., are nonoverlapping,

> I Qu -
(Hy) f(t) <0, —00 < § 2t —kr)" L) dt <0

(H10 0<ka anlQ(>dt<OO
(Hi1) G(* ):*G( )

The following results are particular cases of some results in [9]:

Theorem A (Corollary 3.2, [9]). Let n > 3 be odd. If (H;), (Hz2) hold, then
every bounded solution of (1) with p(t) = 1 oscillates.

Theorem B (Theorem 3.7, [9]). Suppose that (Hy), (Hy)—(H7) and (Hy1) hold.
Then every solution of (2) with p(t) = —1 oscillates or tends to zero as t — oc.

The following results are particular cases of some results in [10]:

Theorem C (Theorem 2.9, [10]). Let p(t) = 1. Suppose that (Hy) and (Hg) hold.

Then every unbounded solution of (2) oscillates or tends to 0o as t — oo and every
bounded solution of (2) oscillates or tends to zero as t — oo.

Theorem D (Corollary 2.8, [10]). Let p(t) = 1 and n be odd. If (H3) holds, then
every bounded solution of (1) oscillates.

Note: In Theorem 2.7 of [10] there is a misprint. That is: p(¢) should satisfy (As)
instead of (As).
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Theorem E (Theorem 2.5, [10]). Let p(t) = —1. Suppose that (Hs), (H4) and
(H7) hold. Further, suppose there exists 3 > 0 such that G(u)+G(v) < 8G(u+v) for
u < 0 and v < 0. If Q is monotonic decreasing, then every solution of (2) oscillates

or tends to zero ast — oo.

Theorem F (Theorem 2.6, [10]). Let p(t) = —1. Let (H4), (Hg), (H11) and (Hy)
hold. If [;° Q*(t)dt = oo, then every solution of (2) oscillates or tends to zero as
t — oo, where Q ( ) =min{Q(t),Q(t — 7)}.

We may observe that (Hyp) is needed in Theorem F only if we assume strict
inequality in (Hg). Further, the superlinearity condition (H;) is not assurned in
Theorems C-F. Moreover, we may note that (Hs) = (H3) = (Hz) and fo t)ydt =
oo = (Hs).

The purpose of this paper is to obtain necessary and sufficient conditions for
oscillation of all bounded solutions of

(E) [y(t) —y(t =)™ + QE)G(y(t —0)) =0, t>0

where n > 3, and Q,G, 7 and o are the same as in (2). Sufficient conditions are
obtained for all solutions of (E) to oscillate. The present results improve Theorems A,
C and D and extend some results in [7].

By a solution of (E) we mean a real-valued continuous function y on [T}, — g, o) for
some T, > 0, where o = max{, o}, such that y(t) — y(t — 7) is n-times continuously
differentiable and (E) is satisfied for ¢ € [T, 00). A solution of (E) is said to be
oscillatory if it has arbitrarily large zeros; otherwise, it is called nonoscillatory.

2. SOME LEMMAS

Lemma 2.1. If [[°t"7!|f(t)|dt < oo, then there exists F € C"([0,00), R) such
that F(")(t) = f(t) and F(t) — 0 ast — oco. If f(t) > 0, then F(t) < 0 or > 0
according as n is odd or even. If f(t) < 0, then F(t) > 0 or < 0 according as n is
odd or even.

The lemma follows if we define

F(t) = (51_1)1")! /too(s — )" 1f(s)ds, t > 0.

Lemma 2.2 (See [6, p.17]). Let f,g € C([0,00),R) be such that f(t) = g(t) +
pg(t —7),t > 7, where p € R and p # 1. Let tlim f(t) = ¢ € R exist. Then (i)
¢=(1+p)a, iflitminfg(t) =a € R and (i) £ = (1 + p)b, iflimsup g(t) = b € R.

—00 t—00
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Lemma 2.3. Let Q € C([0,00),[0,00)) and Q(t) # 0 on any interval of the form
[T,00), T 2 0, and G € C(R,R) with uG(u) > 0 for u # 0. Let y € C([0,00), R)
with y(t) > 0 for t > to > 0. If w € C([0,00),R), w™(t) = —Q(t)G(y(t — o)),
t > to+ o0, 0 >0, and there exists an integer n* € {0,1,2,...,n — 1} such that
lim w (™) (t) exists and tli)rgo w®(t) =0 fori € {n*+1,...,n— 1}, then

t—oo

W) =) - L [T QG s - o) s

Brief outline of the proof. Let y(t) > 0 for ¢ > to > 0. Setting, for
t>t >tg+o,

(_1)n—n*+1

u(t) = / s " Q) Gly(s — o)) ds

(n—n*)! J;

we obtain v(t) > 0, v/(t) < 0, v"/(t) > 0 and so on. Hence lim v (t) = 0, i =

t—o0
1,2,...,n—n* and v D (t) = —w™(t). Since w™ TV (t) = —1"(t) for t > t,,
then integrating it from ¢ to 6 (¢; < t < 6) and taking limit as § — oo we obtain
W (0) =) oe) ~ /(1)

(—1)nn ; /too(s B t)"_"*_lQ(S)G(y(S —o0))ds.

— w™) -
W (20) (n—n*—1

Lemma 2.4. Suppose that (Hy), (Hz) and (Hy) hold. Let y(t) be a solution of

(NE) [y(t) —y(t =)™ + QEU)G(y(t — o)) = f(t), t >0

such that y(t) > 0 for t > to > 0 and let

w(t) =y(t) —y(t —7) — F(t)

for t > to + o. Then either tlirgow(t) = —oo or tli)rglo w®(t) =0,i=0,1,2,...,n— 1,
and (—1)"**w®)(t) < 0 for k = 0,1,2,...,n — 1 and w™(t) < 0 for t > to + 0.
If y(t) < 0 for t > to > 0, then either tlirgo w(t) = oo or t{rgow(i)(t) =0,i=
0,1,2,...,n— 1, (=1)""*w®(#) > 0 for k = 0,1,2,...,n — 1, and w™(t) > 0 for
t=1to+ 0.

The proof of Lemma 2.4 is given in [9].
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3. NECESSARY AND SUFFICIENT CONDITIONS FOR OSCILLATION

In this section, we obtain necessary and sufficient conditions for all bounded solu-
tions of (E) to oscillate and sufficient conditions for all solutions of (E) to oscillate.

Remark 1. Let 0 < tg < ¢. Hence tlim (t—to)/t=1. If h(t) >0, t >0, then

/ (t —T)"h(t)dt < oo if and only if / t"h(t) dt < oo for large T.
T T

Theorem 3.1. Let n > 3 be odd and (Hg) hold. Then Eq.(NE) admits a positive
bounded solution if and only if (Hy) holds.

Proof. From (Hy) we obtain

oo < /Oo(t k() dE < 0
k

T

for every integer k > 0. Hence [~ t" 1| f(t)| dt < co. There exists F € C"([0, 0), R)
such that F(™(t) = f(t), tlim F(t)=0and F(t) >0,t > 0, by Lemma 2.1. Let y(t)
be a positive bounded solution of (NE) such that y(¢) > 0 for ¢ > tg > 0. Setting

3) 2(t) = y(t) —y(t — 1), w(t) = 2() = F(t), t >to + o,

we obtain w(™ (t) = —Q(t)G(y(t — ¢)) < 0. Hence each of w,w’,w”,..., w1 is
monotonic and is of constant sign for large ¢. Since w(t) is bounded, then tlggo w(t) =
¢ exists. Hence (—1)"tFw®)(t) < 0fork =1,2,...,n—1 for large t and Jim w(t) =
0 for i =1,2,...,n — 1. Further, tll}rgo z(t) = ¢ exists. From Lemma 2.2 it follows
that ¢ = 0. Since n is odd, w'(t) < 0 for large ¢ and hence w(t) > 0 for ¢ > t; > to.
From (3) we obtain y(t) > y(t — 7), t > t; because F(t) > 0. Hence liggjlfy(t) > 0.
Thus there exists § > 0 such that y(t) > 3, for t > to > t;. Lemma 2.3 yields, for
t>1t3>1t2+4+0,

G
(n—1)!

W) = o [ 5= 07 QG - o)) ds >

(n—1 /too(st)"lQ(s) ds,

that is,

G
(n—1)!

since n is odd. Hence

y(t —7) <y(t) -

/too(s . t)nle(s) ds + ﬁ /too(s — t)"*lf(s) ds,

1) < y(e4m)— 2O [ sty Qe) s s [ (st ) s

(n=DJipr (=D Jipr
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Repeating the process we obtain, for ¢ > t3,

ylt—7) <ylt+mr)—

I Z/ (s —t—kr)"1Q(s)ds
+ 7(71 ~ 1 ,;J/t-uw(s —t—k7m)"" " f(s)ds.

For ¢ = ¢, where / is a positive integer large enough such that ¢7 > 3, we have

m

(4) h (s — b1 — k)" 1Q(s)ds < y(1 + m7) — y(bT — 7)
k (k+0)T
BRI o N AR
+ =1 I;)/(kM)T(s br —kT)" " f(s)ds

However, the use of (Hg) yields

0>§:/Oo (s — 01 — kT)" "L f(s) dsz/ (s —iT)" "' f(s)ds

= ktro)r
[eS) 00 -1 00
:Z/ (s —im)" "1 f(s) / (s —iT)" 1 f(s)ds > —o0,
=0 VT =0 VT
because,
-1 oo
0>Z/ (s —im)" "1 f(s) ds>Z/ )" (s) ds > —o0.
=0 YT

Since y(t) is bounded, we get from (4)

(5) 0< kz /(:e)T(s — 01 — k1)1 Q(s) ds < co.

In particular,

0< /z (s — £1)"1Q(s) ds < oo.

T

From Remark 1 it follows that

0< / s"71Q(s) ds < 0.
T
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Hence

) T o
[T sewas= [T eoast [T g as <.

[Tt = [ mnratdses [ ot

T

LT o]
</T (s —7)"1Q(s) ds—i—/ﬁ s"71Q(s)ds < o0

T

and so on. Hence from (5) we have (Hyp).
Next we assume that (Hyg) holds. It is possible to choose N > 0, sufficiently large,
such that

i /oo(t — k)" LQ(t) dt < (n— 1)
k

= e 2G(1)
and
—1)!
Z/;W ke < P
that is,
- - o 7,nfl (n—l)'
];)/T+kT(t T —kr)" Q) dt < 260
and

Z/m (t =T —kr)" Y| f(8)| dt < (n —1)!/2,

k=0 Tkt

where T' = N7. Define

0, —oco<t<T

L(t) = 0o o
! (nG(li)!/t (S‘t)”ﬂ@(‘?)ds—ﬁ/t (s—t)""'f(s)ds, t > T.

Then L(t) >0 for t > T. Let
0, 0<t<T
ult) = iL(t—im t>T
i=0
We may note that i L(t —it) contains only finitely many terms, u(¢t) >0 fort > T

i=0
and u(t) —u(t — 7) = L(t), for t > T. Further, for ¢ > T, it is possible to choose an
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integer k > 0 such that T+ k7 <t <T + (k+1)7. Hence, for t > T,

k oo
ulty = 3" L(t —ir) = (ntli)! Z/ (s —t+ir)"1Q(s) ds
=0 =0 Y t—T
k oo
i o ;/HT(S —t4ir) " f(s)ds
G(1) < [ N
=y /Tﬂk_m(s ~T— (k= 3)7)" " Q(s) ds

e ,Z / — (= )Y ()l ds

T+ (k— _])‘r
k oo
—4im)" 7 Q(s) ds
T+1'r
_ _ s\n—1 d
n_l,Z/Ms i) f(s)] ds

(n—1)! i=0 /T+i7' (s =T —i7)" ' Q(s)ds

1 : > s \n—1
TRy ;/ﬂ”(sTw) 7)1

<1/241/2=1.

Let X = BC([T, ), R), the Banach space of all real-valued bounded continuous
functions on [T, 00) with supremum norm. Let K = {z € X: z(t) > 0 for t > T}.
For z,2 € X, we define x < z if and only if z — x € K. Thus X is a partially
ordered Banach space. Let M = {x € X: 0 < z(t) < u(t), t > T}. Clearly, z(t) =0
for ¢ > T belongs to M and it is the infimum of M. Let ¢ C M* C M. Define
xo(t) =sup{x(t): € M*}, t > T . Hence ¢ is the supremum of M* and zy € M.
For y € M, define

1 > n—1
W=7+ = / (s — )" Q)G (y(s — 0)) ds
6)  Sy(t)= +ﬁ / (s — )" U f(s)] ds, £> T,
TfZE%)Sy(Tl) . Til)ua), T<t<T,
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where T} = T + p. From (6) we obtain, for ¢ > T,

0 [T as
1

+ m/t (s — )" ()| ds < u(t —7) + L(t) = u(?)

0<Syt) <ult—71)+

and, for t € [T,T1], 0 < Sy(t) < (t/T1)u(t) + (1 — (¢/T1))u(t) = wu(t). Hence,
SM C M. Further, for yi,yo € M, y1 < yo implies that Sy; < Sy2. From the
Knaster-Tarski theorem (see [6, p.30]) it follows that S has a fixed point yo in M.
Hence, for t > T7,

M) w0l =t -1 = o [ 0" QUG ol - o) + ()]s,

(n—1

that is, yo(t) is a solution of (NE) for ¢ > T; because n is odd. If yo(71) = 0, then
from (7) we have yo(T1 — 7) < 0 since yo(¢t) = (1 — (¢/T1))u(t) = 0, t € [T, Ty].
On the other hand, we obtain yo(Th — 7) = (1 — (71 — 7)/T1)u(Ty — 7) > 0. This
contradiction shows that yo(71) > 0. For T < t < T,

Yo(t) = %yo(ﬂ) + (1 - T%)u(t) >0

implies that yo(¢t) > 0 for ¢ € [T1,T1 + r), where r = min{7, o0 }. Hence yo(t) > 0 for
t > T1. Thus the theorem is proved. O

Example 1. The equation
(y(t) —y(t—1)" +6(t —2)72(t = )7t = (t = 1))y’ (t - 1) =0,

t > 3, admits a positive bounded solution by Theorem 3.1. Indeed, y(t) =1 —t~1! is
a positive bounded solution of the equation.

Theorem 3.2. Let n > 3 be odd and (Hf) hold, where

(1) 00 0<y [ -k toa<e.
k=0 kT

Then Eq. (NE) admits a negative bounded solution if and only if (H1o) holds.

The proof is similar to that of the previous Theorem and hence is omitted.
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Corollary 3.3. Let n > 3 be odd. Then every bounded solution of (E) oscillates
if and only if

o0

> /:o(t — k7)™ 1Q(t) dt = co.

k=0"FT
This follows from Theorem 3.1.

Theorem 3.4. Consider

(8) M)+ Qt)x(t —0) =0, t >0,

where m > 2 is an even integer, Q € C([0,00), [0,00)) and o > 0. Then the following
statements are equivalent:

(a) every bounded solution of (8) oscillates
fooo Q) dt
Z Sz (t = kT)™=2Q(t) dt = oo, where T > 0.

Remark 2. (c) implies that

I= i/too (t—to — k7)™ 2Q(t)dt = 00

k=0 tot+kT

for every tg > 0. Indeed, there exists r > 0 such that 7 < tg < (r+ 1)7. If possible,
let I < oc. Then

(9) Z /(OO (t—(r+ 1)1 —kr)™2Q(t) dt < oco.

r+1)7+kT

Hence

/OO (t—(r+1)7)™2Q(t) dt < oco.
(

r+1)7
From Remark 1 it follows that

/OO t"2Q(t) dt < oo.
(

r+1)7

Then -
/ tm2Q(t) dt < oo

0
and hence

/Oo(t _ Q) dE < oo, /Oo(t C ) 2Q() dt < oo

T
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Consequently,

G > _ m—2 _ - > _ m—2
kz_o/k (t — kr)™2Q(¢) dt M/]W (t — kr)™2Q(¢) dt
+ Oo(t — k)™ 72Q(t) dt < oo,

by using (9), a contradiction. Hence the claim holds.

Proof of Theorem 3.4. We show that (a) < (c) and (a) < (b). Hence (b)
< (o).

Suppose (a) holds. If possible, let

Z/:O(t _ k)™ 2Qt) dt < oo

k=0"FT

Hence we can choose an integer N > 0 such that N7 > ¢ and

# S - _ m—2 l
s > /m (t— k)" ?Q(t) dt < 3,
k=N
that is,
T = [ 1
— (t—T —kr)™2Q(t)dt < =,
(m - 2)' ;A+k7 3
where T'= N7. Let X = BC([0,0), R) and
M={zeX: 1<) <3/2}.

Hence M is a complete metric space. For © € M, define

1, 0<t<T
Sa(t) = Hﬁ/;(/sw(u_s)m—m(u)x(u—a) du) ds, t > T.

For t > T, we have

o0

1<Sz(t) <1+ ﬁ/T (/:o(u —5)"2Q(u)z(u — o) du) ds

=1+ ﬁ i /T :ikH)T ( / = ) 2Qu)a(u — o) du) ds

!
k=0

<1+m,;)/7“ (u—T—kr)" = Q(uw)z(u—0o)du

+kT
1

3
<l+-=r<.
t373
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Hence SM C M. Further, it may be shown that |[Szy — Sao| < 3llzy — a2 for
x1 and zo € M. Hence S is a contraction. Consequently, S has a unique fixed
point * € M. It is a positive bounded solution of (8) on [T, c0), a contradiction.
Thus (a) = (c). Next suppose that (c) holds. Let z(¢) be a bounded nonoscillatory
solution of (8). We may take, without any loss of generality, 2(t) > 0 for ¢t >ty > 0.
Then (™ (t) < 0 for t > tg + 0. Hence each of x,2’,..., 2™~ is monotonic and
is of constant sign for large t. Since x(t) is bounded, then tlgglo z(t) = £ > 0 exists,

(=1)m*kgF) (1) < 0 for t > t; > to and Jim z@(t) =0,i=1,2,...,m— 1. Let
x(t) > a >0, for t >ty > ¢1. From Lemma 2.3 we obtain, for t > t3 > t3 + o,

z'(t) = ﬁ /too(s — t)m72Q(s)x(s —o)ds.

Hence

J ta+(k+1)7
") d
kZ:O »/tg-ﬁ-k'r v (t) t
1 J ta+(k+1)T 00 Ly
- (m - 2)' ];0 /ts+kr (/t (3 - t) Q(S)x(s - U) ds) dt,
that is,
w(ts +(J +)7) —a(ts) > / (s —t3 — k7T — 1) 2Q(s)x(s — 0) ds
ta+(k+1)T

> / (s —t3 — kT — 7)™ 2Q(s) ds
ta+(k+1)T

Since x(t) is bounded, we obtain

Z/ (s —t3 — kT — 7)™ 2Q(s) ds < o0,
oStk )r
a contradiction by Remark 2. Thus (c) = (a).

Suppose that (a) holds. Let [;°t™'Q(t)dt < co. Hence [ s™71Q(s)ds — 0
as t — oo. Since 0 < [Z(s — )" 7'Q(s)ds < [ s™71Q(s)ds, then [(s —
)™ 1Q(s)ds < (m —1)!/4 for t >ty > 0. Setting M = {z € X: 3/4 < z(t) < 1}
and, for z € M,

SI(to), O<t<t0
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we obtain SM C M and S is a contraction. Hence S has a unique fixed point in
M and it is a positive bounded solution of (8), a contradiction. Hence (a) = (b).
Next suppose that (b) holds. Let x(t) be a bounded nonoscillatory solution of (8)
such that z(t) > 0 for ¢ > ¢, > 0. Proceeding as in the proof of the case (¢) = (a),
we obtain tlgg)x(t) = { > 0 exists and tliglo z@D(t) =0,i=1,2,...,m — 1. From
Lemma 2.3 we obtain

2 (t) = =V (t)

because lim z/(t) = 0, where

_7(_1)m Oos— m1O(s)z(s — o) ds
o) = o [ s QGe)a(s — o)
Hence ) -

o) = 1t g | =tm Qs —oas,

where 0o > = £+ v(oc0) > 0 because 0 < v(00) < co. Suppose that x(t) > £/2, for
t > to > 0. From the above identity, we obtain

/:o(s —t3)" 7t Q(s)x(s — o) ds < o0

where t3 > t2 + 0. On the other hand, the use of (b) yields
/ (s —t3)™'Q(s)z(s — o) ds > 6/2/ (s —t3)™1Q(s)ds = 0,
ts ts
a contradiction. Hence (b) = (a). Thus the theorem is proved.
Remark 3. From Theorem 3.4 we have (b) < (c).

Corollary 3.5. Let n > 3 be odd. Then every bounded solution of (E) oscillates
if and only if

(Hi2) / t"Q(t) dt = co.
0
This follows from Corollary 3.3 and Theorem 3.4 by taking m = n + 1.

Remark 4. We may note that (Hs) = (Hz) = (Hi2). Hence Corollary 3.5
improves Theorems A and D.
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Theorem 3.6. Suppose that (Hy) and (Hy) hold. If n > 3 is odd, then every
solution of (E) oscillates.

Proof. Let y(t) be a nonoscillatory solution of (E). Then y(t) > 0 or y(t) < 0
for t > to > 0. Let y(t) > 0 for t > to. Setting z(¢) as in (3) for ¢t > to + o,

we obtain z(")(t) = —Q(t)G(y(t — 0)). From Lemma 2.4 it follows that either
Jim 2(t) = —oo or Jim 20(t) = 0,4 =0,1,2,...,n — 1 and (—=1)*2*)(t) > 0
fort > to+ 0, k =0,1,2,...,n — 1 because n is odd. However, tlim z(t) = —o0

implies that z(¢) < 0 for t > t1 > to + o, that is, y(t) < y(t — 7), t > t1. Hence y(t)
is bounded. Consequently, z(¢) is bounded, a contradiction. Therefore thﬁrgo z(t)=0
and 7'(t) < 0, t > to + 0. Then z(¢) > 0, that is, y(t) > y(t — 7), for t > to + 0.
From this we obtain litrgg}fy(t) > 0. There exists 8 > 0 such that y(t) > g for
t > t3 > tg + 0. Further, by Lemma 2.3,

G(B)

() = (n—1)!

ﬁ /too(s — )" 'Q(s)G(y(s — 0))ds >

| e as

for t > t4 > t3 + 0. Hence
o0
[ - as < .
ty

that is,
/ s"71Q(s)ds < oo

ta

by Remark 1, a contradiction to (Hz). If y(¢) < 0 for ¢ > to, then we set z(t) =
—y(t) > 0 to obtain

[2(t) — z(t — 7)™ + Q) H (x(t — o)) = 0, t >0,

where H(u) = —G(—u). Proceeding as above we get a contradiction. Hence the
theorem is proved. O

Example 2. Consider
(10) (y(t) —y(t —m)" +2y(t — 57) =0, t > 0.

Every bounded solution of (10) oscillates by Corollary 3.5 and every solution of
(10) oscillates by Theorem 3.6. Indeed, y(t) = sint is a bounded oscillatory solution
of (10).
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Example 3. Every solution of the equation
(y(t) — y(t — 2m)" + 2v/2e 7™/ (e* — 1)y(t — in) =0, t >0,

oscillates by Theorem 3.6. In particular, y(t) = e’cost is an unbounded oscillatory
solution of the equation.

Remark 5. Theorem 3.6 improves Theorem A. Since (H3) = (Hs), it also
improves Theorem D for superlinear G in view of the assumption (Hy).

Theorem 3.7. Let (Hy) and (Hs) hold. Then every solution of (NE) oscillates
or tends to zero as t — oo.

Proof. Let y(t) be a nonoscillatory solution of (NE) such that y(¢t) > 0 for
t >ty > 0. Setting w(t) as in (3) for ¢ >ty + o, we have

(11) w™ (t) = —Q(1)G(y(t - 0)) < 0.
Hence each of w,w’, . .., w™ Y is monotonic and is of constant sign for t > T > to+p.
It tlim w™ V() = —oo, then tlim w(t) = —oo and hence z(t) < 0 for large t.

Since y(t) < y(t — 7), then y(t) is bounded and hence w(t) is bounded by (Hy4), a
contradiction. Hence tlim w1V (t) = ¢ exists. Integrating (11) we obtain, for t > T,

(12) / T Q(9)Gy(s — o)) ds = w () — .

If y(t) is unbounded, then there exists a sequence {t,,} C [T, 00) such that ¢, — oo
and y(t,) — oo as n — oo. For M > 0, there exists Ny > 0 such that y(t,) > M
for n > N;j. Since y is continuous, there exists §,, > 0 with liminf é,, > 0 such that

n—oo

y(t) > M for t € (ty, — On,tn + p). If 6, > 3 >0 for n > N > Ny, then

oo e e} tn+0n+o
| awsues-aas= 3 [ Q(s)Gly(s — o)) ds

T n=N tn—0n+o0

00 tn+0n+o
> G(M) Z/ Q(s)ds

n=N tn—0n+o
A
>G(M)Z/ Q(s)ds =
n=N tn—0+0
due to (Hg), a contradiction to (12). Hence y(t) is bounded. If hm 0Sup y(t) =a >0,

then there exists a sequence {t,,} such that y(¢,) > 8 > 0 for large n. Proceeding as
above we obtain a contradiction due to (Hg). Hence limsup y(¢) = 0. Consequently
t

— 00

tlim y(t) = 0. If y(t) < 0 for ¢ > to, then we set z(t) = —y(¢t) and show that
tlim x(t) = 0. Thus the proof of the theorem is complete. O
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Remark 6. Theorem 3.7 improves Theorem C.

Example 4. Consider
(13) (y(t) —y(t —25))" + e 22y (t — 37) = f(t), ¢ >0,

where f(t) = e 3 sin®t — 2(e*® — 1)e~* (cost — sint). Hence

1 o0
F(t) = ~3 / (s — 15)2[6*3S sin® s — 2(e2" —1)e™%(cos s — sin s)] ds.
t

Then, for ¢ > 0,

1 oo (o)
|F(t)] < 5/ (s —t)%e™3%ds + 2(e*™ — 1)/ (s —t)%e *ds
¢ ¢
1 oo o0
< 5/ s2e 3% ds + 2(e*™ — 1)/ s?e”*ds, which — 0 as t — oo.
¢ t

Every solution of (13) oscillates or tends to zero as t — oo by Theorem 3.7. In
particular, y(t) = e * cost is an oscillatory solution of (13) and y(t) — 0 as t — oo.

Example 5. y(t) = e7! is a nonoscillatory solution of the equation
(y(t) —y(t —1og2))V + (72 + &2 )Pt —1) =¥, t >0,

and y(t) — 0 as t — oo. This illustrates Theorem 3.7. Here F(t) = e~3/81.
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