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1. INTRODUCTION

1.1. Preliminaries. This article is inspired by [3], [5] and generalizes the method
of Favard ([1], [4], [7]). The method used here is based on the Fourier transformation.
This method in comparison with the method from [6] (based on the Cauchy integral)
is more complicated and laborious but at the same time it is richer and stronger.
Some results, procedures, proofs and parts are the same as in [6] and therefore be
not all repeated but we shall refer to [6] only.

In what follows they will all criteria of existence and uniqueness as well as all
estimates deal with complex matrix (Bohr’s uniformly) almost periodic functions.

1.2. Notation and definitions. We denote: N the set of all positive integers,
No the set of all non-negative integers, R the set of all real numbers (real axis), C
the set of all complex numbers (complex plane).
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If E is a non-void set and m, n are from N then E” denotes the Cartesian product
ExE... x E of m factors and E™*" is the set of all matrices of m rows and n

columns, the elements of which belong to E; E'*! = E! = E. Analogously we could
denote more-dimensional matrices.

Ifn € Nand m = (my,...,m,) € NJX", W = (m},...,m)) € N}*" then the
inequality m < ' stands for the system of inequalities m; < m;», i=12...,n.

If M, N are non-void subsets of C or R and if w, ¢ are complex numbers then
wM={wh: Ne M}, E4N={+pu: pe N}, MHN={A+u: e M,peN},
D+ N = M+0 =0 and S(M) stands for the smallest additive semigroup containing
M and S(0) = 0.

The distance of two sets M, N, of a point z and a set N/ and of two points z, w
in C or R, respectively, is denoted by dist|M, N], dist[z, V] and dist[z, w].

The boundary of a set M is denoted by OM.

If « is a positive number then by a strip or an a-strip in the complex plane we
mean the set m(a) = {z € C: |Rez| < a}. If 29 € C and R € (0,00) then x(zo, R),
R(z0, R) and K(zo, R), respectively, denote an open disc, a closed disc and a circle
centred at zg with its radius R in the complex plane.

For number vectors or matrices, even more-dimensional, we use the norm | - |,
which is equal to the sum of absolute values of all coordinates of the vectors or all

elements of the matrix.
k
In addition to the usual symbol [[ = ajasz...a; for a product we will use the
=1

Jj=

1
symbol [] = agak—_1...a; for the product with a reversed order of factors.
j=k

For a vector m = (m1,...,mu) € NJY M € N, we introduce the combinatory
number
ml\ _ m]! L
)= , where |m| =m1+...4+ my.
m (mq!)..... (mar!)

1.3. Spaces and the starting problem. We will deal with functions f: R — X,
where X is one of the spaces E, E™, E™*"™ and E = R or E = C.

We denote by C(X), CB(X) and AP(X), respectively, the space of all continuous
functions f: R — X, the space of all functions from C(X) bounded on R and the
space of all almost periodic functions from C'B(X). The mean value of a function
f € AP(X) is denoted by M(f) or M{f(t)}.

The spaces CB(X) and AP(X) are made Banach spaces (B-spaces) with the norm
defined by |f| = sup{|f(¢)|x: t € R}. For a positive integer k& we will denote by
Ck(X),CB*(X) and AP*(X) the space of all functions from C(X) with continuous
derivatives up to the order k on R, the space of all functions from C*(X) which
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are bounded on R and have bounded derivatives up to the order k£, and the space
of all functions from C'B*(X) which are almost periodic and have almost periodic
derivatives up to the order k.

The spaces CB!(X) and AP!(X) endowed with the norm

11l = max{|f],|£]}

become B-spaces. If all elements of a matrix almost periodic function f € AP(X)
are trigonometric polynomials then f is called a trigonometric polynomial.
If f € AP(X) then by A; we denote the set of all Fourier exponents of f and the
set 1Ay will be called the spectrum of f.
If f is an almost periodic function with the Fourier series ) p(X) exp (iXt), A € Ay,
by

then we denote Y (f) = > |p(A)|,A € Ay. If the Fourier series of a function f
X

converges absolutely then Y (f) < cc.

For any function f from AP(X) there exists a sequence of the so-called Bochner-
Fejér approximation (trigonometric) polynomials B,,, m = 1,2, ..., of the function f
with their spectra contained in iA y and uniformly convergent to f on R and moreover
22(Bm) < 22(f),m=1,2,..., (see [1], [4], [7]).

The starting problem solved in [3], [5] is to find an almost periodic solution of the
almost periodic differential equation with constant coefficients

(1.1) #(t) = agx(t) + box(t — 7) + f(t),  teR

where 7 is a positive constant, the so-called time lag, ag, by belong to C™ *"0 n, €
N, f € AP(C" *"0) and z is a function from C!(C" *1). An important role is played
by the properties of the matrix function

(1.2) O(z) =zE — ag — by exp (—z7), z€C,

where E = E,,, is the unit matrix from C" *"0and by the properties of its determi-
nant A(z) = det ®(z), the so-called characteristic quasipolynomial, and the equation
A(z) = 0, the so-called characteristic equation of (1.1).

Under o(A(z)) we understand the set of all roots of the characteristic quasipoly-
nomial, which is a transcendent entire function (in general) of the complex variable
z. Consequently, the quasipolynomial A(z) has an infinite number of roots with-
out any finite limit point. Each strip 7(«), a > 0, contains only a finite number
of roots of A(z) because ®(z)z~! is arbitrarily close to the unit matrix E in the
strip m(«) for all z sufficiently large (in absolute value). Hence the matrix ®(z)
is a regular one for such z. Therefore a positive number a can be chosen so that
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the finite set 7(2a) N o(A(z)) lies on the imaginary axis of the complex plane. If
7(2a) N o(A(z)) # 0 and this set contains just the points i1, . ..,i¢;,, jo € N, then
we set 0 ={& — & j.k=1,...,j0}, and if 7(2a) No(§(z)) = O, then we set § = ().

2. EQUATIONS WITH ALMOST PERIODIC COEFFICIENTS

2.1. Basic equations. In the sequel we study the differential equation
(2.1) &(t) = apx(t) + box(t — 7) + a(t)z(t) + b(t)x(t —7) + f(t), t € R

where 7, ag, bp, f,z have the same meaning as in 1.4 and further a,b € AP(C"0 *™0)
with Y (a) < 00, (b) < co. Our aim is to prove the existence and uniqueness of
an almost periodic solution of Equation (2.1) the spectrum of which is contained in
a certain apriori given set iA, A C R. Such a solution is called an almost periodic
A-solution.

2.2. Formal solutions. First,we solve the given equation in a formal manner.
This means that we are looking for the so-called formal solution x; represented by
a trigonometric series with coefficients from C™ *! which formally satisfies Equation
(2.1). In [6] the proof of the following theorem can be found.

Theorem 2.1. If in Equation (2.1) a,b are nonconstant trigonometric polyno-
mials a(t) = % a(ug)exp (iukt), b(t) = JXV: B(vy) exp (ivgt) and f is a (non-zero)
tngonometnckpolynomml F@) => 0N e)lzgl(i)\t) for M, N € N, t € R and if (see at
the end of 1.3 concerning the deﬁgition of the set 0)

(2.2) A =inf(Aq UAy) >0,

23) . {dist [0,S(Ag UAL)] >0 for 60,
4 for 6 =0,

(2.4) d = dist [iA, o(A(2))] > 0,

where A = Ay + S(A, UAy U{0}), then there exists a unique formal almost periodic
A-solution xy of Equation (2.1).

In [6] in the proof of this theorem the unique formal almost periodic A-solution
xp=xs(t) ~ Y c(r)exp(irt) for o € A is expressed in the form

T

(2.5) Zx,\ ~ ZZZCI)P (iN) () exp (i(A + 30)t)

A 520 P
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for A € Ay, t € R. Here P = P(3) denotes an increasing sequence

0=Py<Pi<...<Pj=5

of vectors from No™*M+N) " which satisfies |[P; — P;_1| = 1, j = 1,...,|5]. With

every such sequence P = P(3) for a fixed A\ € Ay we can associate in a unique
_ - _ 1x(M+N) A

manner a sequence p = p(5) of vectors po,p1,...,p|s| from Ny satisfying

_ _ k
Po=0,|pjl=1,j=1,...,|5],and Pr = > pj, k=0,1,...,|5], while p; = (g;,7,),
j=0

g € NgM 7 e NN i =1,...,|5]. The function ®p is given by the formula

Pp(z)= |] @' (z+iP;0)(p;@)

J

o

5]

with 7(0) = 1, v(p;@) = a(g;i) + B(F;7) exp (~iP;1@7), j = 1,...,]5], while
a(u) = 0 for j1 & Aq, B(v) = 0 for v & Ay (a(0) = B(0) = 0).
Remark 2.2. Every almost periodic A-solution of Equation (2.1) is at the same

time a formal almost periodic A-solution of Equation (2.1). The contrary is not true

in general.

Every 0 € A can be presented in the form ¢ = A + & = A\ + mjg + nv, where
e Af,

M1 151 _
I I _(u>
n= . V= . ) w = — |
124
115,93 UN
M= (m,...,mp) ENSM = (ny,...,nn) e NgN 5= (m,n).

The number of all possible different “descents” from A + 5@ to A represented by

all sequences P = P(3) is

() - Al |
s (ma!) ... (ma) (1)) ... (nn!)

2.3. Closed regions G,;,Gp. The positive number o was chosen such that
iB(a) = m(2a) N o(A(z)) C iR (B(a) C R). If B(a) contains at least two points
then we define de = min{|¢ —€|: ¢, € € B(a), € # £} and if B(a) contains one or no
point then we define d¢ = 4. Further, we shall assume that the number vy = inf Ay
is positive. We pick a positive number § = %min{a, A, de,dg,d, T,v9,4}, where we
suppose dy > 0.
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Further, unless stated otherwise, we assume that we are given a fixed vector s and
a fixed sequence P = P(3) of vectors. Recall that k(z,d) and &(z,d) are the open
disc and the closed disc centred at z with radius § in the complex plane C. In C we
construct closed regions

(2.6) Gi=m()\ |J w(&-iP;@;8), j=0,1,...,]s,
§EB(a)

and we denote

|5] |5]
(2.7) Gp = ﬂ U U k(i — iP;@; 6).

Since the matrix function ®(z) introduced in (1.2) is analytic and regular on Gy, the
matrix function ®(z + iP;©) is analytic and regular on G; and the same property is
possessed also by ®~1((z +iP;®), j = 0,...,]5|. It follows that the matrix function
®p(z) is analytic on the closed region G(P).

Now we define the set iBj(a) = m(2a) N o(A(z + iP;©)) which lies also on iR,
j=0,...,|5. We have B;j(a) N B(ar) =0 for j # k, 5,k € {0,...,|5|} provided we
suppose dy > 0.

If for an integer j from {0,...,|3|} there exists £ € B;(a) then there exists £ €
B(a) = By(a) such that £ + P;& = £. Tt means that € = £ — P;&. We define the set

bo

= (vg,00) N Bj(a), 7 = 0,...,|5. If there exists £ € B; C Bj(a) then we have
E+P P;iw = ¢ for a point £ € By(a) and € > v, P;@ > 40j, vo < E+ P;@ = ¢ so that
&> vy and € € By.

In the sequel we will take up the case By # () but the case By = @ would be
even easier. We set f = sup By so that for any £ € By the inequality vg < £ < f
holds (€ < oo because By is a non-void and finite set of real numbers). By virtue
of the relationgzgfpjw > vy we get 0 < 465 < P;jw < € — v < éfvo and
0<j<jo=7j(P)<jo=][(—w0)/(48)] (the entire part [a] of a real number a is
an integer for which the inequality [a] < a < [a] 4+ 1 holds), where jj is the smallest
integer such that B; = 0 for j > jo (or B; do not exist). Finally, we define the
set B = U B;. According to the preceding assumption we have B # (). Because

7=0
o = inf Ay > 40 and d = dist[iA, o(A(2))] > 40, the inequality [€ — 6 — vo| >

€ —wvo] — & > d— 6 > 36 holds for any £ € B. If there exist &, e B, £ +E, then
(€ £0) = (E£6)| > | — €] — 26 > de — 25 > 26 owing to ¢ — &| > dg > 46.
At this time we construct the real number set

(2.8) Jo = (vo,00) \ | J (€ —6,¢+9),

(eEB
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There exist kg € N and a finite sequence of real numbers 0 = ug < vg < up < ... <
Uk, < Uk, < 0o such that

(2.9) Jo = (vo,u1) U ... U (Ukg—1, Ukg) U (Vg , 00)

WhﬂeUOfUO = Vo = 45, Vj—u; = 25,] = 1,...7]{0, Ujt+1— Yy = 25,] :0,...7143071.
(The number kg is equal at most to the product }omo, where mg is the number of
all mutually different points from the finite set By.)

3. TRIGONOMETRIC INTEGRALS

3.1. Auxiliary relations and calculations. Let us recall and derive some prop-
erties of a few trigonometric integrals which we will use in what follows. In the sequel
we shall deal with functions H = H(t) of the real variable ¢ and with functional values
from a linear space.

(i) If H is a linear function on a real interval (u,v), —0o < u < v < 00, it means
that H(t) = H(u)+ ((t—u)/(v—u))(H(v) — H(u)), t € (u,v), then for any non-zero
real number s the equality

(3.1) /v H(t)sintsdt = — %(H(v) cosvs — H(u)cosus)

sinws — sinus
—(H(v) — H
e ()~ H)
is valid.
(ii) If a function H has derivatives H, H absolutely integrable on a real interval

(u,v), —00 < u < v < 00, then for any non-zero real number s the equality

(3.2) /U H(t)sintsdt = —l(H(v) cosvs — H(u) cosus)

S

1 . 1 v
+ = ((H(v)sinvs — H(u)sinus) — — / H(t)sintsdt
s u

S

holds.

(i) If a function H has derivatives H, H absolutely integrable on a real interval
(v,00), v € R, and if lim H(¢) = 0 for ¢ — oo then for any non-zero real number s
the equality

> 1 1 .
(3.3) / H(t)sintsdt = —H(v) cosvs — — H(v) sinvs
. s s
1 [>®.
2/ H(t)sintsdt
holds.
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(iv) If on the real interval (0,00) a real function H is nonnegative, monotone
and if lim H(t) = 0 for t — oo and the integral [ H(t)sintdt exists then for any

= / H(t)sintdt‘ g/ H(t)sintdt = ag
v 0
holds.

Proof. First we recall the well-known Leibniz criterion for alternating number

nonnegative number v

(3.4)

series: If a sequence of nonnegative real numbers {ax}7°, is monotone and lima, = 0

o0
for k — oo is true then the series Y (—1)¥ay is convergent and for any nonnegative
k=0

integer m the estimate @, > | Z ak| holds.
To verify the validity of (3. 4) we denote

(k+1)m
/ H(t)sintdt’, k=0,1,...,
k

ap =
2
oo
S = ’ H(t smtdt’ > (=1)Fmag, m=0,1,....
mw k=m
Evidently ax > agt1, £ = 0,1, ..., and at the same time lim ay = 0 for k¥ — co. Hence
for the series S,,, m = 0,1,..., the conditions of the Leibniz convergence criterion

are fulfilled. Consequently, S < am < ag holds for m = 0,1,.... This proves (3.4)
for v =mn, m =0,1,.... If a nonnegative number v is not an integer multiple of the
number 7 then there exists such an integer m = m(v) that 0 < (m — )t < v < mn
(m = [v/ Tt] + 1, where [v/ 7] is the entire part of the real number v/x). We denote
V=V = |fmn H(t)sint) dt| for m = m(v). Evidently the inequality 0 < V' <
Am—1 18 vahd. For v ¢ Nyn the inequality (3.4) is split into four cases (), (8), (),
(6).
(o) 0KV <@ — amy1 < Sy then S(v) =S, — V < Sy < am < ap.
B) If am — ami1 <V < Sy, then S(v) = S =V = am — amy1 — V + Smge <
Sm+y2 < amy2 < a
() IS, <V <ap then S(w)=V -8, :V—am—l—Sm_H < St € amyr < ag.
(0) fam <V < apm-1then S(v) =V -5, <am-1—5Sm = Sm-1 < am-1 < ap. O
(
o

v) If a real function H is monotone and 0 < H(¢) < C/t with a positive constant
C on the real interval (0, 00) then

(3.5)

(t)sints dt’ < Crn
holds for any positive number s, v.
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P roof From (3 4) we get relations | [° H(t)sintsdt| = 1| [** H(L)sintdt| <
1T H(L)sintdt < € [ 2tdt = Cn O
(vi) If a real function H is defined on the real interval (v, 00) with the positive
number v and if H converges to zero for ¢ — oo and its derivative H exists and is

absolutely integrable on the interval (v, c0) and if the inequality |H ()] < C/t* with
a positive constant C holds then the inequality

(3.6)

t)sints dt‘ < 2nC

is valid for any real number s.

Proof. It will be enough to consider positive numbers s. The function H
can be expressed in the form H = Hy — Hy, where H; = H;(t) = § [ (
(—1)jH(w)) dw, j = 1,2. The functions H;; j = 1,2, are nonnegatlve, monotone on
the interval (v, c0) and the inequality H,;(¢) < C/t holds for ¢t € (v,00) and j = 1,2.
If we extend these functions by the formula H;(t) = $H;(v) for t € (0,v), j =
1,2, then with the same notation for the extended functions we have on (0, 00) two
functions Hy, Hy with the properties demanded in (v). Hence we get the inequalities
| [° H;(t)sintsdt| < Cr, j = 1,2, and the validity of (3.6). O

3.2. Fourier integrals and transformations. For real numbers ¢ and a we

define three trigonometric integrals

C(a) =C(a, f,a) / f(z) cos ax dz,

S(a) = S(a, f,a) / f(z) sinax dz,

E(a) = E(a, f,a) / f(z)exp (iax) dz = C(a) +1S(a),
where a complex function f is defined on the real interval (a, o).

Theorem 3.1. If on the interval (a,c0) a complex function f = f(x) is defined
and locally integrable and if for x — oo either

1. f is absolutely integrable or

2. the real part and the imaginary part of f converges to zero
then the integrals C(a), S(a), E(«) exist respectively

1. for any real a or

2. for any real non-zero a and they converge to zero for a — 00, respectively.
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Theorem 3.2. Let a complex function H = H(t) be absolutely integrable on
R. We denote h(s) = &= [*°_ H(t)exp (—ist)dt for s € R. If in a neighbourhood of
a point to € R the function H has a finite variation then (H (to+) + H(to—)) =
nll_)n;o J" h(s)exp (isto) ds holds. If the function h is absolutely integrable on R and

the function H is continuous on R then H(t) = [ h(s)exp (its) ds is valid for any

t € R. (The function h is the Fourier transformation of the function H and H is the
conjugated Fourier transformation of h.)

Remark 3.3. The proofs of Theorems 3.1 and 3.2 can be found in [2]. The
condition v # 0 from Theorem 3.1 is not necessary for S(a) because S(0) = 0. For
the existence of h for any real non-zero s it satisfies according to Theorem 3.1 if H
is odd and continuous on R and if its real and imaginary parts are monotone for all
sufficiently large ¢ E R (in absolute value) and lim H(t) = 0 for t — foo. In this
case the formula h(s) = —2 fo )sin st dt is valid. If moreover the function h is
absolutely mtegrable on R and the function H has a finite variation then for any
t € R we have H(t) = [*_h(s)exp (its) ds = 2i [~ h(s)sintsds.

3.3. Convolution of Fourier transformation with almost periodic func-
tions. In the sequel we suppose that functions H,h satisfy the conditions from
Remark 3.3.

Theorem 3.4. For a complex almost periodic function f with its Fourier series
S (M) exp (iXt), t € R, A € Ay, we define a function F = F(t) = [*_h(s)f(t+s)ds,
bY

t € R, where h is the Fourier transformation of a given complex function H defined

on R. The function F is almost periodic with its Fourier series Y, H(\)@(X) exp (iAt),
)

teR, AeAy.

Proof. For any real numbers ¢, v the inequality [F(t+v)—F@t)|=|["_ h
(ft+v+s)—f(t+s))ds| < Sup |f(t+v)—=f@)] [T [h(s)|ds holds Thls 1mmed1ately
implies that F' is uniformly contmuous on R and an almost periodic function. If we
denote by b()\) the Fourier coefficient of the function F for a real number A then

b(A) = Mi{F(t) exp (=iAt)}
= Mt{/ h(s)exp (iAs) f(t + s) exp (—iA(t + 5)) ds}

— 00

= /00 h(s)exp (iAs) Miys{f(t + s)exp (—iA(t + s))} ds

— 00

B /OO h(s) exp (iXs) ds - (A).

— 00

For A ¢ A; we have p(\) = 0, consequently b(\) = 0. O
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Remark 3.5. The consideration in 3.2 and 3.3 can be easily generalized to

matrix functions.

4. ALMOST PERIODIC A-SOLUTIONS

4.1. Modifications of the functions ®p in functions Hp. In view of the defi-
nition of ® and in view of ® = E—(—7)bg exp (—z7), (™) (2) = —(—7)"bgexp (—27)
for z € C, m = 2,3,..., and the relations (<I>_1(z))’ = -0 1(2)®' ()@ 1(2),
(@71(2))" = 2071 (2)@'(2) 27! (2)@'(2) 27 (2) — 271 (2) " (2)7 ! (2) = 2071 (2) x
()0 ()P (2)21(2) — <I)*1(z)@”(z)@’l(z)@(z)qﬁl( ) it is possible to choose
the already defined constant C; (see [6]) large enough so that besides the estimates

P~ (2)| < C for z € Gy,
o 271 (a) :
| <

|@~1(2)| < C1/|2| for z € Go \ {0}
also the following ones are true:

| < Cp for z € Gy,
(4.2) [(@7(2))™] < C1/|2| for z € Go \ {0},
[(@71(2))™] < Cy/|2[* for z € Go \ {0}

form =1,2.

Now we begin with trigonometric polynomials a, b, f from (2.1) fulfilling the con-
ditions (2.2), (2.3), (2.4) and in addition we suppose that vp = inf Ay > 0 and again
By # 0. We denote S = $(a), T = S(b). For a fixed 5 € Ng™*™M*+™) and a given
sequence P = P(3) we construct an odd square matrix function Hp by the formula

=0 fort=0,
:(I)p(lt) fOI’tEJO,
Hp(t) = = Hp(uy) + 52 (Hy(vj) = Hp(uy)) fort € (uj,v),

jzoalv"'vk()v
= 7Hp(7t> for t < 0,

(up = 0, Jo = (vo,u1) U... U (Vpy—1, Uky) U (Vky,0)). The function Hp = Hp(t)
is defined, continuous and piecewise smooth up to any order on R. We shall prove
that Hp has absolutely integrable derivatives on R, which is necessary for us in the

sequel. Denote by hp the Fourier transformation of the function Hp, which means
hp(s) = 5= [0 Hp(t)exp (—its)dt, s € R.
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This improper integral converges owing to the properties of Hp on Jy (more ex-
actly: ®p on Gg) except for the case 5 = 0 when for s = 0 the improper integral
does not converge.

Therefore, for 5 = 0 we denote Hp, hp also by Hy, hg. Since the function Hp is
odd on R we get hp(s) = —1 [ Hp(t)sintsdt, s € R\ {0}.

4.2. Estimates of Hp. In what follows we will show that for 5 # 0 the Fourier
transformation hp of Hp is absolutely integrable on R and therefore

(4.3) Hp(t) :/ hp(s)expitsds; t € R.

— 00

To this aim we need to prove a few assertions.

Lemma 4.1. For all t € Jy the inequalities

(4.4 |\Hti’1|lzjw\ ||fl1)!45Ll:[1<Cl|ak|> ]H<Cl|ﬂk> ’

k=1

Mﬁ{ﬂl(q'“k') (G

k=1
sl 15l

Clj
0o Vino) < 33 TS0

k=0 k=0 35=0

ﬂlfvﬁ |:H<Cl|06k|> ] U(Cl|gk|>

are valid for ay, = a(pg), k= 1,...,M; B = B(vg), k=1,...,N; v = ~v(0) = 1,
v = (@) = a(g;@) + B(r;&) exp(=ip;1&), pj = (§j,75); L,-..,|5]. (The deriva-
tives Hp, Hp at the boundary points of Jy are the corresponding one-sided deriva-

tives on Jy.)

Proof. Owing to |p;| = |g;| +|7;| =1, j =1,...,|5|, the equality

5] M N
7) I = [H |ak|m'c] T 15
j=1 k=1 k=1
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is true. Further, for ¢t € Jy in accord with the definition of Hp we have

Hp(t) = ®p(it) =

o

@1 (it +iP@) v (@),

w| |

| o
Hp(t) =i0p(t) =1 [[ (@' (it +iP;@)) " v (9;0)
k=0 j=|5

o =

o

Hp(t) = ~p(it) = (@7 (6 +1P2) ™5 (s

~

)

1=0 k=0 j=|3]|

where 0;; = 0 for j # k and d;;, = 1 for j = k (analogously for ;). Hence, the

validity of (4.4), (4.5), (4.6) already follows by means of (4.1) and (4.2) for t € Jy.
t

Corollary 4.2. The consequences of the estimates (4.4), (4.5), (4.6)
Gy 7 Cilaw\ ™ ] 77 ¢ CalBrly ™
!/ -
(4.4) Hp (] < 15 |+1),45[H1( " ) kl:[l( 15 ) :

(4.5) |Hp(t)|<|8%6h—[1<cl|ak|> ]ﬂ<01|ﬁkl> ,

=1

(4.6') Hp(t)] < |§%5 |:H<Cl|06k|> ] ﬁ<01|ﬁk|>

k=1 k=1

=

are valid for any t € R.

Proof. The validity of these estimates follows at once from (4.4), (4.5), (4.6),
because Hp and its derivatives are continuous on Jy U (—Jp), odd or even functions
on R and linear on each component of the open set R\ Jo U (—Jp). O

For 5 # 0 the absolute integrability of Hp on R follows from Lemma 4.1 and
Corollary 4.2.

4.3. Estimates of hp. Now we shall estimate the function hp.

Lemma 4.3. For any m € N the inequality

a2 [
O T[t+j+1) ™
=0

holds.
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First we define the converging series

Proof.
" D). (htmt1) M= 5hSe
= 1 = 1 1 1
7, = S —— —_— | =1< —.
! l;(k+1)(k+2) k_0<k+1 k:+2> 1

L is true then Zm+1 < mLHZm <

If for a number m € N the inequality Z,, < —
m. This means that the inequality Z,, < mi is true for any m € N. Hence, we
have
/°° dt B i /k“ dt
O JI(t+7i+1) &=0"’F IITE+5+1)
j=0 §=0
- 1 1
kzzo(k—l—l)...(k-&-m-&-l) m!

for any m € N.

Lemma 4.4. There exists a positive constant Cy independent of § and P such

that for all non-zero real numbers s the inequality

1 GG [ﬁ (Cl|04k|> } ﬁ (Cﬂﬂk )

( ) | P( )| 52 |§||
k=1 k=1

holds for 5 # 0.

Proof. Since the function Hp is odd on R, the equality

hp(s) —%/O Hp(t)sintsdt

. k() vy
_i<2/ +/ )Hp(t)sintsdt
T ]:0 u]' J()
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holds. By double integration by parts and using (3.1) and (3.2) we get for any 5 > 0

ko
i 1
hp(s) = —-— { - Z(Hp(l}j) cosvjs — Hp(u;) cosu;s)
§=0

sinv;s — sinu;
+3_22 L (Hp(v;) — Hp(uy))

-y
1 ko—l
_Z Ho(w: s , .
. Z( p(ujy1)cosujris — Hp(vj) cosv;s)
7=0
ko—1
+ 2 Z (Hp(ujt1)sinuji1s — Hp(vj) sinv;s)
3=0
1 : _ L
+ —Hp(vk,) cosvgys — — Hp(vk,) sinvg, s — — [ Hp(t)sintsdt
s s 52 /s,
i "0 sinvjs — sinu;s
o Jj° J N )
=3 { - Z W(HP(%) Hp(u;))
7=0
ko—1
- Z (Hp(ujt1)sinuji1s — Hp(vj) sinv;s)
3=0
+ Hp(vg,)sinvg,s + | Hp(t)sints dt}
Jo
Recall that % < 52, vy — Ug = vg = 40, vj —u; =26,j=1,...,ko, where 0 = up <
lp—1
v <up < ... <up, <V, <00 so that Z m < kol Z (Ujr1 —v;) < Ugy — Vo
=0 =0

By means of further modifications we get

ko
1 2
)| < 23| Y o ()] + ) +Z Hp(e)

S U5
j=0 "7

ko—1

+Z|Hp u; |+Z/

Because for 5 # 0 the estimate

/°° dt _/°° dt
S ARE

Ujt+1 |
| Hp(t |dt+/ |Hp(t)|dt].
Vi

0

o Tl (t+ P;) (t + vg, + P;@)
=0 =0
1 o0 dt 1
< _ - —
(40)51 Jo 1l |5]1(49)I51
(t+1+7)
=0

o7



holds according to Lemma 4.3, by using (4.6) we obtain

oo dt 1 C1lv]
Hp(t)|dt < 1 — < —
[ e @la < 1+ 1) [Hom]/v . eI

0 ko [1(t+ P,;®) Tj=1
7=0

by virtue of the correct inequalities m + 1 < 2™ and (m + 1) < 4™, m = 0,1,....
Owing to (4.4"), (4.5"), (4.6") and the previous results we conclude that

ko

& 2 2 2ko + 1
h < —
Ihe(s)l < 252 [(|s| TS 2 vy —u REY

ko—1
1 1 C1 il 0102 Cl|%
+ 2 (i ~ ) s @} Hl NE [ls? L H
- =
where Cy = (4ko + 4 + uk, — vo)/(416?). O

Lemma 4.5. For all 5 # 0 and P there exists a positive constant Cs independent
of § and P such that the following inequality

(4.10) Ihp(s)] < Cﬁﬁs []f[l (Cl|05k|>mk} ﬂ (C’1|ﬂk )

k=1

is true for all real non-zero s. This means that |hp(s)| is uniformly bounded on
R\ {0}.
Proof. From (4.4') and (4.4) we get

1 Vg o)
e <2 [ [ H)ar
0

Vg
K N
Uko O Cilyl , G / dt
< =1 Y 1ol <
(|§|+1)!4n(5j:1 48 + T H 1]

* L (t+Pw) =
5=0

< (o + DG d Cilyl . C1Cs d C1 1751
|5|ldns AL 45 T |5l 45
j=1 j=1

where C5 = (vk, + 1)/(4nd), so that (4.10) is true. O

4.4. Estimates of Hy, hy. Now we still need to verify the validity of (4.9) and
(4.10) for 5 =0 and s # 0.
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Lemma 4.6. For s # 0 the estimates (4.9) and (4.10) are valid for Hy, ho (if
necessary we increase the already defined positive constants C,Cs and Cj).

Proof. The function Hy has an absolutely integrable derivative Hy on the
interval (vg,,00), since for ¢ > vy, the inequality

(4.11) [Ho(t)] = [(@71(it))'| < O/t

is valid by virtue of the third estimate from (4.2). This means that the real and
imaginary parts of each element of the matrix function Hy satisfy the conditions from
the assertion (vi). Consequently, for all real non-zero s we get | f;; Hy(t)sints dt| <
41n3Cy by using (3.6).

Owing to the form of Hy the inequality | [;*° Ho(t)sintsdt| < [ [Ho(t)|dt <
v, C1 is correct, so that |ho(s)] < (vk, + 4nd)C1/(46). If we choose Cs = (vg, +
4n3)/(46) then (4.10) is verified. The estimate (4.9) remains valid also for hg
with regard to the correct inequality |Ho(t)] = |[(®1(it))"] < C1/t? for t > vy,
based on the third estimate from (4.2) and therefore by virtue of (4.11) the integral
f;:) H(t)sintsdt converges. O

Lemma 4.7. Owing to the validity of (4.9) and (4.10) for any 5 and P the

estimate

(4.12) /OO |hp(s)|ds < Cﬁgﬁ“ L:C[Il (Cl|ak|> ] 1]—:][ (Clwk )

— 0o

is true with a positive constant Cy independent of § and P

Proof. With regard to fov’“’ |hp(s)]ds < (\;rj\ and

|5

C.C, c
e 11
j=1

15 H
o0 C1Cs [ ds Cily;l  CiCs Chl;]
/vk (s ds < 6 / ST —|§|!%j1]1 5

0 0 Jj=1

we obtain a true estimate

/ Ihp(s)|ds < 2/ Ihp(s)|ds < S Cl('g”'
0 .

— 00

with the positive constant Cy = 2(Covy + C3)/vk,- O
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4.5. Almost periodic A-solutions. We show that the obtained formal A-
solution z; from (2.5) is an almost periodic A-solutions. To this aim we prove
directly only a certain absolute convergence of the trigonometric series (A € Ay)

(4.13) 3 [Z 3 Bp(IN)p(iN)p(A) exp (iAt)] exp (i50t)
P A
- [Z Z H,y( o()) exp (i/\t)} exp (i50t)

which arises by a rearrangement of the trigonometric series xy. Namely, the conver-
gence of the series

50 e >0 P —o0
_ E o
|f|Clc4ZZ|§LH < penen Y ('jl)ﬁ 1('3]'
>0 J=1 5>0 Jj=1
M N
=|f|C1C4Z [H (Cl|50£k|> k/mk'} H (C’1Lﬁk|) k/nk'
520 “k=1 k=1
_ MO Crlarlym T (= (CalBelyT
=inee | TT( X (55) m) [ T (557) /n
k=1 *m=0 k=1 “n=0
= |f|C1Cyexp (C1(S +T)/8) = Alf]| for t € R,

where A = C1Cyexp (C1(S +T)/6), will be considered in the sequel. In the case of
the one-point spectrum for f(t) = ¢(\)exp (iAt), t € R, when ¢ and ' coincide and
x coincides with (4.13), the convergence of the series (4.14) ensures the absolute
and consequently uniform convergence of x) on R for every A\ € Af. Hence, the
trigonometric series x5 = Y xx, A € Ay, converges absolutely and uniformly on R
and satisfies the estimate

(4.15) jzg| < Alf].

(Recall that f is a trigonometric polynomial.)
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Theorem 4.8. The formal solution x¢ from Theorem 2.1 is an almost periodic
A-solution of Equation (2.1). Moreover, it is unique and satisfies the estimate

(4.16) [zl < Alf]
where the positive constant A depends only on ag, by, vo, A, dg,d,d¢, S, T and S =

Yla(p)l =22(a), peAa; T =3 [B(v)| = 22(b), v € Ay

Proof. If an almost periodic A-solution of Equation (2.1) exists, its unique-
ness is ensured by the uniqueness of the formal almost periodic A-solution z¢. The
function x; satisfies (4.15). Inserting x; into the right-hand side of (2.1) we get the
formal derivative ¢ of x¢ and the estimate

| < (lao| + [bo| + lal + [b1) |z + ] < [(Jao| + [bo| + 5 +T) A+ 1]|f]

which implies the absolute and uniform convergence of the trigonometric series & ¢,
which means that ©; is the derivative of x; and z; is the unique almost periodic
A-solution of Equation (2.1). Setting

A= (lag| +|bo| + S+ T +1)A+1
we conclude that the estimate (4.16) holds. O
Corollary 4.9. Let A1, As be two non-void sets of real numbers and let S,T be

two positive constants. If a,b, f from Equation (2.1) are trigonometric polynomials
with Ay C Ay, Ag C Ao, Ay C Ay and D (a) < S, > (b) < T and if

(4.17) vy = inf Ay > 0,
(4.18) A" =inf Ay > 0,
dist [0; S(A2)] > 0 for 6§ # 0,
i 0 10; S(As)] /
4 for 6 =0,
(4.20) d = dist [iA;0 (A (2))] > 0,

where A’ = A; + S (A3 U{0}), then there exists exactly one almost periodic A’-
solution xy of Equation (2.1). This solution satisfies the estimate (4.16) where the
positive constant A depends only on ag, by, vy, A',dg,d’,de, 7, S, T.

Proof. The existence of an almost periodic A’-solution z follows from The-
orem 4.8 which ensures the existence of an almost periodic A-solution where A =
Ar+ S(AqUA,U{0}), so that A C A’ and an almost periodic A-solution is also
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an almost periodic A’-solution. The uniqueness of an almost periodic A’-solution s
follows from the facts that a(u) = 0 for p € Ay \ A, and B(v) = 0 for v € Az \ Ay
and ¢(A) = 0 for A € A; \ Ay, which means that the A’-solution z; coincides with
the A-solution z; from Theorem 4.8. (More detailed explanation is in [6].)

The construction of the positive constant A is the same as before with the only
exception that the constants vg, A, dg,d are replaced by the constants vy, A’, dj, d’,
respectively, for which it is apparent that vy < vo, A’ < A, djy < dy, d' < d so that
the constant A could at worst increase. g

Remark 4.10. Corollary 4.9 ensures the validity of the estimate (4.16) with a
positive constant A common for all almost periodic A’-solutions z; of Equation (2.1)
of the whole class of trigonometric polynomials a, b, f from Corollary 4.9.

4.6. Limit passages. The conclusions obtained under the assumption that a, b, f

are trigonometric polynomials remain valid even under more general assumptions.

Theorem 4.11. If in Equation (2.1) a,b are trigonometric polynomials and f is
almost periodic and if the conditions vo = inf Ay > 0, (2.2), (2.3), (2.4) are fulfilled
then Equation (2.1) has exactly one almost periodic A-solution x; and this solution
satisfies the estimate (4.16).

Remark 4.12. Equation (2.1) may admit even infinitely many almost periodic
solutions but only one of them has its spectrum in iA (hence it is derived the name
of an almost periodic A-solution).

Proof of Theorem 4.11. There exists a sequence of Bochner-Fejér approxi-
mation polynomials B,,, m = 1,2, ..., of the function f (with spectra contained in
Ay) uniformly convergent to f on R.

If we choose Ay = Ay, As = Ay, U Ay then A’ C A and for Equation (2.1) with
f = By, we have satisfied the assumptions from Corollary 4.9 which coincide in this
case with the assumptions from Theorem 2.1 and v = vy =inf Ay >0, m=1,2,....
The equation

(2.1m) &(t) = apx(t) + box(t — 7) + a(t)z(t) + b(t)z(t — 7) + B (t), t € R,
has exactly one almost periodic A-solution x,, and this solution satisfies the estimate
(4.16m) lXm|| < A|Bpm|, m=1,2,....

Since the spectrum of the trigonometric polynomial B, — B,, is contained in
iAy, the equation (for t € R) &(t) = aox(t) + box(t — 7) + a(t)z(t) + b(t)x(t — 7) +
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Byt (t) — B (t) has also exactly one almost periodic A-solution, namely @,k — Zm,
and the estimate ||@p1x — Tm|| < A|Bmyr — Bm| holds for mk = 1,2,.... In
virtue of the uniform convergence of the sequence of the trigonometric polynomials
B,, to the almost periodic function f on R, it is readily seen that the sequences
of almost periodic functions {z,},{Zm} converge uniformly on R and the limit
functions zy = limx,,, &5 = limd,, satisfy Equation (2.1). Thus, z; is an almost
periodic A-solution of Equation (2.1) and the validity of the estimate (4.16) can be
verified by using the limit passage for m — oo in the estimates (4.16m).

It remains to check the uniqueness which could be damaged by the limit passage.
So, let us suppose the existence of another almost periodic A-solution y of Equation
(2.1). In such a case there exists a sequence y,,, m = 1,2,..., of Bochner-Fejér
approximation polynomials of the almost periodic function y to which they converge
uniformly on R and their derivatives 9,,, m = 1,2, ..., form a sequence of Bochner-
Fejér approximation polynomials of the almost periodic function  to which they
converge uniformly on R for m — oo. It is easy to verify that the sequence of trigono-
metric polynomials fo,, (t) = §(t) — aoym (t) — boym (t — 7) — a(t)ym (t) — b(t)ym (t — 7),
m =1,2,..., converges uniformly on R to the almost periodic function f. Denoting
A =A=Ar+S(AUA,U{0}), Ay = Ay UAy we have A’ = Ay + S (A2 U {0}) and
vy = inf Ay = inf Ay = vy > 0 and the assumptions (4.18), (4.19), (4.20) are satis-
fied which coincide here with the assumptions (2.2), (2.3), (2.4). The spectra of the
trigonometric polynomials f,, and consequently also the spectra of the trigonometric
polynomials B,,, — f,, are contained in iA, m = 1,2,..., so that by Corollary 4.9.
the equation

&(t) = apx(t) + box(t — 7) + a(t)z(t) + b(t)x(t — 7) + B (t) — fin(t)

has exactly one almost periodic A-solution, namely wy, = %, — ym, which satisfies
the estimate || Wy, || = |&m — Yml| < A|Bm — fml, m =1,2,.... However, ||xf —y|| =
lim ||y, — ym|| = 0 and hence z; = y. 0

Corollary 4.13. Let Ay, Ay be two non-void sets of real numbers and let S,T be
two positive constants. If the assumptions (4.17), (4.18), (4.19), (4.20) are satistied
and if f is an almost periodic function with its spectrum contained in iA1 and if
a,b are trigonometric polynomials with their spectra contained in iAo for which
dS(a) < S, Y.(b) < T, then Equation (2.1) has exactly one almost periodic A’-
solution xy where A’ = A1 +5 (A1 U Ay U {0}) and this solution satisfies the estimate
(4.16) where the positive constant A depends only on ag, by, v, A, dp,d', d¢, 7,5, T.

Proof. The validity of Corollary 4.13 can be verified by passing to the limit
analogously as in the proof of Theorem 4.11. O
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Remark 4.14. Corollary 4.13 ensures the validity of the estimate (4.16) with a
positive constant A common for all almost periodic A’-solutions z; of Equation (2.1)
of the whole class of trigonometric polynomials a,b and an almost periodic function
f from Corollary 4.13.

Now we abandon the assumptions that a, b are trigonometric polynomials.

Theorem 4.15. If a and b are almost periodic functions with absolutely con-
vergent Fourier series and f is an almost periodic function and if the assumptions
vo = inf Ay > 0, (2.2), (2.3), (2.4) are satisfied, then Equation (2.1) has exactly
one almost periodic A-solution xy, where A = Ay + S (A, U Ay U{0}), and this so-
lution satisfies the estimate (4.16) in which the positive constant A depends only on
ao, bo,vo, A, dg,d,d¢, 7,5, T, where S =3 (a), T = >_(b).

Proof. There exist sequences a,, and b,,, m = 1,2,..., of Bochner-Fejér
approximation polynomials of the almost periodic functions a and b, respectively,
to which they converge uniformly on R. If we denote Ay = A, U Ay, Ay = Ay +
S (A2 U{0}) then A" = A1 + S(A2U{0}) = A, Ay, CT A2y Ay, CAy, m=1,2,..;
Ay C A1 Moreover, Y (am) < S, D.(bm) < T, m = 1,2,.... According to the
choice of Aj, Ay the assumptions of Corollary 4.13 are satisfied for the equation
(t) = agz(t) + box(t — 7) + am(t)x(t) + by (t)x(t — 7) + f(t), t € R. Therefore,
this equation has exactly one almost periodic A-solution x,, and for this solution
we have the estimate ||z, || < A|f|, m = 1,2,.... Corollary 4.13 implies that the
equation (t) = aox(t) + box(t — 7) + am(t)x(t) + b (B)z(t — 7) + frix(t), t € R,
where fm k(t) = (am+k(t) — am ) Tmrk(t) + (bmsk(t) — b () Tmin(t — 7), t € R,
has exactly one periodic A-solution. It is evident that this solution is @, 1r — Tm
and for this solution the estimate ||Zmtr — Tm|| < A|fm k| holds true, m = 1,2, ...
Further, we get the inequality ||Zm+r — Tm|| < Alfmk| < Alamtr — am| + |0msr —
b )Ttk < A%(|amtk — am|+|bmik —bm|)| f|; myk = 1,2,.... But this means that
lim |24k — T || = 0 for m — oo uniformly with respect to k = 1,2, ..., so that the
almost periodic function x; = limx,, is an almost periodic A-solution of Equation
(2.1) and satisfies the estimate (4.16).

Again, it is necessary to verify the uniqueness of this solution, which could be lost
by the passage to the limit. Let y be also an almost periodic A-solution of Equation
(2.1). Then the almost periodic function w = z; — y is a unique almost periodic A-
solution of the equation @(t) = agz(t) +box(t —7)+ am (£)x(t) + by (V) (t —7) + Fin (),
t € R, where F,,,(t) = (a(t) — am(t))w(t) + (b(t) — by (t))w(t — 7), t € R, and this
solution satisfies the estimate |w|| = ||zy—y|| < A(la—am|+|b—bp|)|w|, m =1,2,....
The right-hand side converges to zero for m — oo, so that y = z . U
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Corollary 4.16. Let A1, A5 be two non-void sets of real numbers and let S, T be
two positive constants. If the assumptions (4.17), (4.18), (4.19), (4.20) are satisfied
and if f is an almost periodic function with its spectrum contained in iA; and a,b are
almost periodic functions with their spectra contained in iAy satisfying > (a) < S,
>(b) < T, then Equation (2.1) has exactly one almost periodic A’-solution x; where
A" = A1 +5(A20U{0}) and this solution satisfies the estimate (4.16) where the positive
constant A depends only on ag, by, vj, A, dyy, d’,de, 7, S, T.

Proof. Analogous reasoning as in the proof of Theorem 4.11. O

Remark 4.17. Corollary 4.14 ensures the validity of the estimate (4.16) with a
positive constant A common for all almost periodic A’-solution z; of Equation (2.1)
of the whole class of almost periodic functions a, b, f from Corollary 4.13.

4.7. A slight generalization. The assumption vg = inf Ay > 0 for Equation
(2.1) can be weakend.

Theorem 4.18. Ifa,b, f from Equation (2.1) are almost periodic functions while
a, b have absolutely convergent Fourier series and if in addition to the conditions (2.2),
(2.3), (2.4) the condition —oo < vy = inf Ay is fulfilled then there exists exactly one
almost periodic A-solution z; of Equation (2.1). This solution satisfies the estimate
(4.16), in which the positive constant A depends only on ag,bo, A, dg,d,d¢, 7,5, T,
where S =) (a), T =Y (b).

Proof. It is sufficient to consider only the case —oco < vy < 0. We use the
substitution z(t) = y(¢t)exp (—ivt), t € R. In this substitution we will choose a
suitable positive constant v such that the transformed Equation (2.1) satisfies the
conditions from Theorem 4.11. The substitution gives the equation

(4.21) §(t) = aoy(t) + boy(t — 7) +a(t)y(t) + b(t)y(t —7) + f(1), t € R,

where Gy = ag + WwE, by = byexp (ivt),a(t) = a(t), b(t) = b(t)exp (ivr), f(t) =
f(t) exp (ivt). For Equation (2.1) we denote its characteristic equation det ¥(z) =0
where the matrix function W(z) = zE — ag — boexp (—27) = (2 — )E — ag —
bo exp (—(z — iv)7) = ®(z —iv). It means that for the characteristic quasipolynomial
det ¥(2) we have det U(z) = A(z — iv) and its spectrum is o(det ¥(2)) = o(A(z —
iv)) = 0(A(z)) + iv. We denote 6 = $min{a, A, dg,d,d¢, 7,4} where the positive
constants from the composed brackets have the same meaning as before. Now we
choose v = —vy + 46 and for Equation (4.21) we apparently get § = { —&': £,¢ €
o(det (¥(2)))} = 0, Aj = A+ v, Ag = Ay, Ay = Ap and A = Aj + S(A, U A, U
{0}) = A+ v so that I = infAf = v+ infAy = —vg +40 +vg = 46 > 0, dj =
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dist[f; S(Az UAG)] = dist[d, S(A, UAy)] = dg > 0, d = distiA; o( det ¥(z))] =
dist[iA; o(A(2))] = d > 0. These conditions in accord with Theorem 4.15 ensure
the existence and uniqueness of an almost periodic A-solution y ¢ of Equation (4.21).
This solution satisfies the estimate ||y;|| < K|f| = K|f| where the positive constant
K representing the constant A from (4.16) depends only on ag, bg, A, dg, d, de, 7,5, T,
where S = > (a), T'=)_(b). This implies that the almost periodic function z(t) =
yy(t) exp (ivt) is a unique almost periodic A-solution of Equation (2.1) and satisfies
estimates [z | = |ys| < K|f], [£¢] = [g7 —ivys| < (1+0)lys| < A+v)K|f] = (1—vo+
40)K|f| < (5 —vo)K|f] so that the inequality |zs|| < A|f|, where A = (5 —v)K,
holds. a

Remark 4.19. From the estimate ||z¢| < (5 — vo)K|f] in the proof of Theo-
rem 4.18 it follows that a one-sided boundedness of A may not be omitted.

5. QUASILINEAR EQUATIONS

5.1. Functions of several variables. Let g = ¢g(¢,x) be a continuous function
g: Rx D — CP*9, where D C C"™*" is a non-void set. The function g is said to be
(a) almost periodic in the variable ¢ on R x D if g(t,z) is almost periodic as a
function of ¢ for any fixed xz € D;
(b) uniformly almost periodic in the variable t on R x D if g(¢, ) is almost periodic
int on R x D and for any € > 0 there exists a set {7} C R relatively dense in
R such that |g(t + 7, z) — g(t,z)| < e for every 7 € {7}, t € R, x € D;
(c) localy uniformly almost periodic in the variable t on R x D if for any compact
set K C D the restriction g, of the function g on R x K is uniformly almost
periodic in the variable t on R x K.

Lemma 5.1. Let g: R x D — CP*? be a function almost periodic int on R x D.
A necessary and sufficient condition for g to be locally uniformly almost periodic in
t is that it be continuous in x uniformly with respect tot € R on R x D.

Proof. The proof can be found in [6]. O
In the sequel we deal with the cases in which the conditions for the locally uniform

almost periodicity of the introduced function are fulfilled.

5.2. Harmonic analysis. Let g: R x D — CP*? be a function almost periodic
inton R x D. For any x € D the Bohr transformation

1 s+T
alha) =alhag) = Jim o [ glt.)exp (~ixe)
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exists for each A € R uniformly with respect to s € R. If a(\, ) is non-zero for a
given X € R for at least one point = € D, i.e.a(A,z) Z0, x € D, then A is called the
Fourier exponent and a(\, z),x € D, is called the Fourier coefficient of the function
g. The set of all Fourier exponents of the function g is denoted by Ay. If D is a
compact set, then the set A, is at most countable (see [6]). If the set D is a region
(an open connected non-void set), then there exists a monotone sequence of compact
sets K1 C K5 C ... C K, ... C D for which lim K,,, = D. In such a case the equality
Ay = JA,, holds, where A, is the set of all Fourier exponents of the restriction of

the fuITction gonto R x Ky, m=1,2,..., and thus A, is an at most countable set.

If g is locally uniformly almost periodic in the variable ¢ on R x D and D is a
region, then the Fourier series g(¢,x) ~ > a(\, ) exp (1At), A € Ay, can be uniquely
determined except for its order of summkation. If the function g is also analytic in
the variable x on a closed ball lying in D and containing the set R of all values of
an almost periodic function f, then the inclusion Ap C Ay + S(A;U{0}) is valid for
the function F(t) = g(¢, f(t)), t € R.

5.3. Derivatives. Now we will deal with a function g = g(t,u,v,e): R x D =
R x C! x C"*! x g — C"*1| where &g = &(0;50) C C, dp > 0. In order to avoid

complicated expressions, we will use the symbolic records for Jacobi matrices, as for

example
9g
bt
g:@:a(glvvgn): :
T ot ot o
9gn
ot
% e 991
BT e W N Y
Y du out, ..., U, a'g'n """ 5 g'n Ouy/ jk=1,...n
a—ul, “ ) By

and analogously g,. These Jacobi matrices will be called derivatives of the function
g. The norm of a matrix is the sum of absolute values of all its elements.

For any given positive constant R we define the “norms” |g|g, |9¢|r; |9u|r; |9v| R as
the maximum value of the least upper bounds of magnitudes of functions g, g+, gu, gv,
respectively, on the (metric) space Qg = R x C x Cg x Ko, where Cp*! = {w €
Cct: lw| < R}. Further, we denote lgllrg = max{|g|r, |gt|r, |9ulr;s |gv|r} If
two points U = [t,u,v,e], U = [t, @, 0,¢] are from Qg then we have the inequality
19(U) = g(U)] < llgllr(luw — af + |v — o).
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5.4. Quasilinear equations. Using the Banach contraction principle we will deal
with the quasilinear (weakly nonlinear) system

(5.1) &(t) = aox(t) + box(t — 7) + a(t)z(t) + b(t)z(t — 7)
+ f(t) +eg(t,x(t),z(t —7),¢e), t € R,

where ¢ is a small complex parameter. For ¢ = 0 we get the generating equation (2.1)
with its conditions for ag, by, a, b, f. Assume that the function g = g(¢,u, v, €) together
with its derivatives g,, g, are locally uniformly almost periodic in the variable ¢ on
R x D, where D = C"*! x C"*! x kg and Ry = &(0,60), dp > 0, and g is analytic
in the variables u,v,e. (Lemma 5.1 implies that g is continuous in the variables u, v
uniformly to ¢t € R and € € Ky on R x D.)

Put A = S(AfUAy+ S(Aqg UA, U{0})). If A¢ C A for a function £ € AP(C™*1),
then the composite function F(t) = F(t,£(t)) = g(t,&(t), £&(t — 7),e), t € R, is an
almost periodic function whose spectrum is contained in iA for each € € Ry (see the
end of 5.2), as Ap C Ag+S(AyU{0}) CAfUA;+S(AU{0}) C A is valid due to the
analyticity of the function ¢ in the variables u,v. Thus the “spectrum” iA is wide
enough to allow the existence of an almost periodic A-solution of Equation (5.1).

Theorem 5.2. If Equation (5.1) satisfies the conditions (4.17), (4.18), (4.19),
(4.20) for Ay = A UAg, Ao = AgUAy, AN = A =S(AfUA;+ S(Ag UA, U{0})),
then for each positive number R > A|f|, where A is from (4.16), there exists such
a positive number (R) that Equation (5.2) has a unique almost periodic A-solution
xe with the norm ||z.|| < R for each ¢ € Ry for which |e| < e(R) holds.

Proof. Let us consider the Banach space H(A) = {¢ € APY(C™*!): A¢ C A}
with a norm || - ||. If a non-negative number R is given, then we define the metric
closed subspace Hg(A) = {¢ € H(A): ||€]| < R} of the space H(A).

If ¢ € H(A), R > ||£]| and € € R, then the function

V(t) = V(tag) = g(t>£(t)’§(t - T)’E)v tER,

is almost periodic and belongs again to H(A) and |v| < |g9|lr < lgllr, 7] = lg¢ +
Gub(t) + ué(t — 7)] < (1+2R)|lgll r. Thus ]| < (1 -+ 2R)[g]|

Define an operator A = A(e) on the Banach space H(A) for each € € &g such that
the operator A maps any function £ € H(A) to the function A¢ € H(A) which is the
unique almost periodic A-solution of the equation

z(t) = apx(t) +box(t —7) +a(t)x(t) +b(t)x(t— 1)+ f(t) +eg(t, &(¢),£(t—7),¢), t € R,
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(uniqueness is guaranteed by Theorem 4.8) and which satisfies the estimate (4.16),
ie. ||A¢|| < A|f+ey|. Due to Corollary 4.9 the constant A is common for all functions
from H(A) for Ay = A,Ay = A, UAy as A’ = A. Thus the final estimate reads
lA¢]| < A[|f]+e(1+2R)|g|g]. If a positive number R is chosen such that R > A|f|,
then the operator A = A(c) maps the space Hr(A) into itself for any ¢ € o for
which [¢] < (R — ALf)/(1 + 2R) Alg| ).

Further, it is necessary to find out for which ¢ € gy the operator A = A(e) is
contractive on Hr(A). If two functions &, 7 belong to Hr(A) and € € Rq is given,
then we put ye(t) = g(t,£(),&(t — 7)), ¥y(t) = g(t,n(t),n(t — 7),€), t € R. The
function w = A — An is the unique almost periodic A-solution of the equation

L(t) = apx(t) + box(t — 7) + a(t)x(t) + b(t)z(t — 7) + e(ve(t) — (1)), t € R,
and satisfies the inequality

[w]| = lAE — An|| < [elAlve — vl < [el24llgllrIE — 1l < el2AllglllIE —nll,

since

e — vl < lgulrlE — 1l + 90| rIE — 1] < 219l 1§ — 7]

In order to get a contractive operator A on Hpr(A) it is sufficient to put |¢| <

1/(2A] g1l )-
The operator .4 maps the space Hr(A) into itself and turns out to be a contraction

on Hp(A) for |e] < e(R), where

R—Alf| 1 }

e(R) = min < do, ,
(B) = min {60, (ot T ST

Consequently, there exists a unique function z. from Hgr(A) for |¢| < e(R), R >
A|f|, such that Ax. = z., i.e.there exists a unique almost periodic A-solution z. of
Equation (5.1) for each ¢ € Ry if |¢| < €(R). This completes the proof of Theorem 5.2.

O

Conclusion. In comparison with the method of solution from [6] we have here
weaker conditions for a,b, f from Equation (2.1) (we do not require the existence
of first derivative of a,b, f) except the assumption inf Ay > 0. Also the estimate
llzfll < A|f] of the A-solution x; of Equation (2.1) is simpler in comparison with
the estimate ||zf|| < Al f|| in [6]. The method developed in this paper for the
construction of almost periodic solutions of almost periodic systems of differential
equations can be used also for finding an approximative solution of this problem.
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