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ON THE GEOMETRY OF SOME PARA-HYPERCOMPLEX
LIE GROUPS

H. R. SALIMI MOGHADDAM

ABSTRACT. In this paper, firstly we study some left invariant Riemannian
metrics on para-hypercomplex 4-dimensional Lie groups. In each Lie group,
the Levi-Civita connection and sectional curvature have been given explicitly.
‘We also show these spaces have constant negative scalar curvatures. Then
by using left invariant Riemannian metrics introduced in the first part, we
construct some left invariant Randers metrics of Berwald type. The explicit
formulas for computing flag curvature have been obtained in all cases. Some
of these Finsler Lie groups are of non-positive flag curvature.

1. INTRODUCTION

Hypercomplex and para-hypercomplex structures are important in differential
geometry which have many interesting and effective applications in theoretical
physics. For example the background objects of HKT-geometry are hypercomplex
manifolds. These spaces appear in N = 4 supersymmetric model (see [I8] [12]).
Also para-hypercomplex structures appear as target manifolds of hypermultiplets
in Euclidean theories with rigid N = 2 supersymmetry (see [7]).

Like M. L. Barberis who has classified invariant hypercomplex structures on a
simply-connected 4-dimensional real Lie group ([4, B]), N. Blazi¢ and S. Vukmirovié
have classified 4-dimensional real Lie algebras which admit a para-hypercomplex
structure [6]. In the first part (Section 3) of this paper we consider the connected Lie
groups corresponding to some of these Lie algebras and assume some left invariant
Riemannian metrics on these 4-dimensional Lie groups. Then for the Riemannian
manifolds we compute the Levi-Civita connection, sectional curvature and scalar
curvature. This shows that all the spaces have constant negative scalar curvature,
also some of them have non-positive sectional curvature.

In the second part (Section 4) of the paper we try to construct some invariant
Finsler metrics on the Lie groups illustrated in the first part. Finsler manifolds
have many applications in physics and biology (see [Il [2]), therefore it can be
important to find some Finsler metrics on these manifolds. On the other hand the
manifolds assumed in this paper are Lie groups so it is interesting to investigate
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left invariant Finsler metrics. The study of invariant Finsler metrics on Lie groups
and homogeneous spaces is one of the attractive fields in Finsler geometry which
has been considered in the recent years (see [8) [0, [10] [1T], 14} 13} [I7]). Invariant
structures can extricate us from the complicated local coordinates computations
appearing in Finsler geometry. In the previous works we have studied invariant
metrics on 4-dimensional hypercomplex Lie groups [I5] [I6]. In this article we
continue our studies on 4-dimensional para-hypercomplex Lie groups and by using
Riemannian metrics introduced in the first part, we construct some left invariant
Randers metric of Berwald type. One of the fundamental quantities, which is the
generalization of sectional curvature in Riemannian geometry, is flag curvature.
Computing flag curvature of Finsler manifolds in general state is vary complicated.
We obtain the explicit formula for computing the flag curvature of each Finsler
manifold constructed in Section 4 and show that some of the spaces admit left
invariant Randers metric of non-positive flag curvature.

2. PRELIMINARIES

Let M be a smooth manifold and {J;}i=1,23 be a family of fiberwise endomor-
phisms of T'M such that

(2.1) Ji = —Idru,

(2.2) J2 =Tdru, Jo # +1d7py
(2.3) JiJo = —JoJy = Js,

and

(2.4) N;=0, i=1,2,3,

where N; is the Nijenhuis tensor corresponding to J; defined as follows:

(25)  Ni(X,Y) = [/1X, 1Y] = Ji([X, LhY]+ [ X, Y]) = [X, Y],

and

(2.6) N;(X,)Y) =[] X, Y] - J;((X, Y]+ [ X, Y])+ [X,Y], i=2,3,

for all vector fields X,Y on M. Then the family {J;};=1,2.3 is called a para-hyper-
complex structure on M.

In other word a para-hypercomplex structure on a manifold M is a family
{Ji}i=1,2,3 such that J; is a complex structure and J;,¢ = 2, 3, are two non-trivial
integrable product structures on M satisfying in the relation [2.3]

Suppose that M = G is a Lie group. Then we additionally assume that the
para-hypercomplex structure is left invariant, that is:

Definition 2.1. A para-hypercomplex structure {J;}i=1,23 on a Lie group G is
said to be left invariant if for any a € G

(2.7) Ji = Tla o Ji OTla—l s 1= 1,2,3,

where T, is the differential function of the left translation [,.
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Also we can consider left invariant metrics on Lie groups.
A Riemannian metric g on a Lie group G is called left invariant if

(2.8) 9(a) (Y, Z) = g(€)(Tolq—1Y, Toly—1 2), YVaeG,VY, ZeT,G,

where e is the unit element of G.
Let g be the Lie algebra of G, then the Levi-Civita connection of the left invariant
Riemannian metric ¢ is defined by the following formula:

(2.9) 2(VuV, W) = ([U,VI,W) = ([V,W],U) + (W, U], V),

for any U, V,W € g, where (, ) is the inner product induced by g on g.
A Finsler metric on a manifold M is a non-negative function F: TM — R
with the following properties:

(1) F is smooth on the slit tangent bundle TM° := T'M \ {0},
(2) F(z,\Y)=AF(z,Y) forany x € M, Y € T, M and A > 0,

[1 8% F?

(3) the n x n Hessian matrix [g;;] = [55.75,7] s positive definite at every point

(z,Y) e TM°.

A special type of Finsler metrics are Randers metrics which have been introduced
by G. Randers in 1941 [I9]. Randers metrics are constructed on Riemannian metrics
and vector fields (1-forms).

Let ¢ and X be a Riemannian metric and a vector field on a manifold M
respectively such that | X|| = {/g(X,X) < 1. Then a Randers metric F' can be
defined by g and X as follows:

(2.10) F(z,Y)=+g@)Y,Y)+g(z)(X(2),Y), YVzeM,YeT, M.

Similar to the Riemannian case, a Finsler metric F' on a Lie group G is called left
invariant if

(2.11) F(a,Y) = F(e,Tyly—Y) YaeG,Y eT,G.

We can use left invariant Riemannian metrics and left invariant vector fields for
constructing left invariant Randers metrics on Lie groups.

Suppose that G is Lie group, g is a left invariant Riemannian metric and X is
a left invariant vector field on G such that /g(X,X) < 1. Then we can define a
left invariant Riemannian metric on G by using formula . A special family of
Randers metrics (or in general case Finsler metrics) is the family of Berwaldian
Randers metrics. A Randers metric of the form is of Berwald type if and
only if the vector field X is parallel with respect to the Levi-Civita connection of g.
In these metrics the Chern connection of the Randers metric F' coincide with the
Levi-Civita connection of the Riemannian metric g.

One of the important quantities which associates with a Riemannian manifold
is sectional curvature which is defined by the following formula:

RU,Y)Y,U
(2.12) <mayﬁﬂﬁm:gwy$;aUwaKW’
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where P is the 2-plan spanned by U and Y in the tangent space. Sectional curvature
defines another curvature named scalar curvature as follows:

(2.13) S)= > Klejex),
Jik=1,j#k
where {e1, - ,e,} is an orthonormal basis for T,, M with respect to the Riemannian

metric.
The concept of sectional curvature is developed to Finsler manifolds as follows:

gy (R(U,Y)Y,U)
gy (Y, Y).gy (U, U) — g3 (Y,U)’

(2.14) K(PY) =

where gy (U, V) = %B‘Z;t (F2(Y + sU +tV))|s=t=0, P = span{U,Y}, R(U,Y)Y =
VuVyY = VyVyY =V yY and V is the Chern connection induced by F' (see
[B] and [20]). This generalization of sectional curvature to Finsler manifolds is

named flag curvature.

3. LEFT INVARIANT RIAMNNIAN METRICS ON 4-DIMENSIONAL
PARA-HYPERCOMLEX LIE GROUPS

N. Blazi¢ and S. Vukmirovi¢ have studied 4-dimensional Lie algebras with
para-hypercomplex structures. They classified these spaces in [6]. In this section by
using some of these Lie algebras, we construct some Riemannian Lie groups with
some curvature properties. In the next section by using these Riemannian metrics,
we give some Randers spaces of non-positive flag curvature.

In each case let G; be the connected 4-dimensional Lie group corresponding
to the considered Lie algebra g; and <, > is an inner product on g; such that
{X,Y,Z, W} is an orthonormal basis for g;. Also we use g for the left invariant
Riemannian metric on any G; induced by (, ).

In any case we suppose that U = a X +bY +cZ+dW and V = aX+bY +EZ+dW
are any two independent vectors in g;.

Case 1. Let g; be the Lie algebra spanned by the basis {X,Y, Z, W} with the
following Lie algebra structure:

(3.1) X,Y]=Y, [X.W]=W.

(In any case when we do not write a commutator between the elements of the basis,
the commutator is zero.)

Now consider the Riemannian manifold (G1, g). By using formula for the
Levi-Civita connection of g we have:

VX =0, VxY =0, VxZ=0, VxW=0,
\s VyX =-Y, VyY =X, VyZ=0, VyW=0,
(3.2) VX =0, VsY =0, VzZ=0, VzW=0,

VwX =-W, VyY =0, VwZ=0, VyW=X.
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A direct computation for the curvature tensor shows that:
R(X, Y)Y = R(X, W)W = -X,
(3.3) R(X, V)X =-RY,W)W =Y,
R(X, W)X =Ry, W)Y =W,
and in other cases R = 0. Therefore for U and V we have:
R(V,U)U = — {(ab — ba)(aY — bX) + (ad — da)(aW — dX)
(3.4) + (bd — db) (bW — dY)}.
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The last equation shows that the sectional curvature is obtained with the formula:

(3.5) K(U,V) = —{(ab— ba)® + (ad — da)* + (bd — db)*} < 0.
Also for the scalar curvature S; we have:

(3.6) Si(a)=—6 YaeG.

Case 2. The Lie algebra of case 2 is of the following form:

(3.7) [X,Y]=Z.
Therefore for the Levi-Civita connection of the Riemannian manifold (Gz, g) we
have:
1 1
VxX =0, VXY:§Z, VXZ:—§Y, VxW =0,
1 1
VyX =—--7 VyY =0 VyZ=-X VyW =0
(3.8) Y 9% Y ) Y o Y 5
1 1
VZX:—§Y7 VZY:§X7 VzZ =0, VzW =0,
ViwX =0, VwY =0, VwZ =0, VwW =0.

Hence for the curvature tensor of this Levi-Civita connection we have:

—%R(X, Y)Y =4R(X,2)Z = X,

(3.9) gR(X, Y)X = 4R(Y,2)Z =Y,
—4R(X,Z)X = -4R(Y,2)Y = 7,
and so:
R(V,U)U = Z(ai) —ba)(bX —aY) + i(aé —ci)(aZ — cX)
(3.10) + %(bé — B2 — ).
This equation shows that the sectional curvature can be obtained with the formula:
(3.11) K(U,V) = i((aé _ ca)? + (be — cb)?) — %(aa ~ ba)?.
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Also using formula for computing scalar curvature shows that:
(3.12) Sg(a):—% VaeG,.

Case 3. The Lie algebra structure of gs is of the following form:
(3.13) (X, Y]=X.

Therefore for (Gs,g) we have:
VxX =-Y, VxY =X, VxZ=0, VxW =0,

314 VyX =0, VyY =0, VvZ =0, VyW =0,

(3.14) VzX =0, VzY =0, VzZ =0, VW =0,
VwX =0, VwY =0, VwZ =0, VwW =0,

and

(3.15) RX, V)X =Y, RX, Y)Y =-X.

Hence for U and V' we have:
(3.16) R(V,U)U = (ab — ba)(bX —aY).

So, like to case (1) we have another Riemannian Lie group of non-positive sectional
curvature with formula:

(3.17) K(U,V)=—(ab—ba)> <0.
The scalar curvature S3 of this manifold is of the form:

Case 4. In the Lie algebra structure of case (4) there are two real parameters «
and . This Lie algebra has the following structure:

(319) [X.Z]=X, [X.W]=Y, [V,Z]=Y, [\\W]=aX +8Y, a,f€R.

Existence of these parameters makes the computing a little complicated. In this
case we have:

(3.20)
VxX = -Z, VxY = _(12“LO‘)W, VxZ=X, VxW= HTO‘Y,

—(1 1
Vy X = (;a)w, VyY = —(Z+BW), VyZ=Y, VyW = #xmy,
VzX =0, VY =0, V2Z=0, ViW=0,
vwx=2"1y  vpy=1"%x  vyz=0 vww=o,

2 2
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and
2 2
R()QY)XZ#Y, RQQY)Y:WX’
R(X,Y)Z =0, R(X,Y)W =0,
R(X,2)X = Z, R(X,Z)Y:I;QW,
R(X,2)7 = —-X, R(X,Z)W:—l—gaY,
2
R(X,W)X:(l_éla 1;Q)W, R(X,W)Y:l—gaZ—f—BW,
3.21 _
(3:21) R(X,W)Z:—l—;aY7 R(X,W)W:WX—BY,
R(Y,Z)X:lzaw, R(Y,2)Y = Z + BW,
R(Y,2)Z =Y, R(Y,Z)W:fl—;aXfﬁY,
2 2 .
RY, W)X = 1% 1 s, R(Y, W)Y = Wf*hlwwz,
R(Y,W)Z:—l—;aX—ﬂY, RY, W)W = =% 4?1 2atly gx.
Therefore for U and V' we have
B - (1+a)? -4 4— (14 a)?
R(V,U)U = — {(ab— ba)(b X ta—— Y)
1 1 .
+(a5—ca)(az+b$W—cX—d J;O‘Y)+(ad—da)
—a? +2a+3 1 1
x(a%W—i—b%Z—i—bﬂW—c oy
]_ —
+dwx_dﬁy)
4
(3.22) 1+ 1+«
+(b6—cb)(a W bZ 4+ bW — Y — d— X—dBY)
-1
+ (bd ~ db)(a T L apw
24432 +2a—1 1
87 4 b2 ﬁ4+ a W—c$x
302 +48% +2a — 1
—eBY — a2t ﬁ4+ “—y - apx)}.

The last equation shows that the sectional curvature can be obtained with the
following formula:

1 + ba 1
1J2raica7d51+a)}

K(U,V) = - {(ab— ba) (a4 4 g A=)y

+ (aé — ca) (aé +bd
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~ 2 3 1 ~
+ (ad — da) (ad - o +4 OTI | e ;0‘ +bd3
_(1+a)(a=3) -
+ di . )
(b6 — cb) (ad=% 4 be + bdB — cb — da fdi)ﬁ)
(3.23)
+ (bd — db) (a&
~ 482 + 20— 1 1 ~
+bd3a+ﬂ4+a _alte s
2302 4+43%2 4+ 20— 1 B
—db . _ daﬂ)} .
Also for the scalar curvature S; we have:
1 2
(324) S4(a):—%—262—6<0 VacGy.
Case 5. The Lie algebra structure of g5 is:
(3.25) X7 =X, [¥,W]=
The Levi-Civita connection of (G5, g) is as follows:
VxX=-7, VxY =0, VxZ =X, VxW =0,
396 VyX =0, VyY =-W, VyZ =0, VyW =Y,
(3.26) VzX =0, VzY¥ =0, VzZ =0, VW =0,
VwX =0, VwY =0, VwZ =0, VuwW =0.

A simple computation for the curvature tensor shows that:
307 RX,Z2)X =7Z, R(X,Z)Z =-X,
(3:27) RY, W)Y =W, RY, W)W =-Y

and
(3.28) R(V,U)U = —{(aé¢ — ca)(—cX + aZ) + (bd — db)(—dY +bW)}.

The above equation shows that the formula for computing sectional curvature is of
the form:

(3.29) KU, V)= —{(aé — ca)® + (bd — db)*} < 0.

Therefore (G5, g) is of non-positive sectional curvature and constant negative scalar
curvature Ss:

(330) S5(Cl) =—4 VaeGs.
Case 6. The last Lie algebra is gg with the following Lie algebra structure:
(3.31) (X, Y|=W, [X,W]=-Y, [\\W]=-
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By using formula [2.9] for the Levi-Civita connection of g we have:

VxX =0, VXY:gW, VxZ =0, VXW:—SY,
1 1

VyX =-W, VyY =0, VyZ=0, VyW=--X,
(332) Y7 T2 Y Y Y 2
VzX =0, V.Y =0, VzZ=0, V;W=0,

1 1
VwX=-3Y. VwY=3X, VwZ=0, VwW=0.

A computation for the curvature tensor shows that:
4R(X,)Y)Y =4R(X, W)W = X |
4
7
4
—4R(X, W)X = ?R(Y, WYy =w.

(3.33) —AR(X,Y)X = —=R(Y,W)W =Y,

So we have

R(V,U)U = — i{(ai) —ba)(bX —aY) + (ad — da)(dX — aW)

(3.34) +7(bd — db)(—dY +bW)},
and
(3.35) KU, V)= i{(ai) —ba)? + (ad — da)* — 7(bd — db)?} .

The scalar curvature of (Gg, g) is

(3.36) Se(a) = —g VaeGs.

4. LEFT INVARIANT RANDERS METRICS ON 4-DIMENSIONAL
PARA-HYPERCOMPLEX LIE GROUPS

In this section we try to use the cases (1) to (6) to construct invariant Randers
metrics of Berwald type. Also in possible cases we give the explicit formula for
computing flag curvature of these metrics.

Case 1. A direct computation shows that a left invariant vector field @ is parallel
with respect to the Levi-Civita connection if and only if Q = ¢Z. Now let 0 <
QI < 1 because we would like to construct invariant Randers metric. This shows
that 0 < |g| < 1. So the Randers metric defined by g and @ on G is of Berwald
type. For gy (U, V) we have (see [10])

g{/(U, V) =g(U,V)+g(X,U) - g(X,V)
B g(Xv Y) g(?aY) ) g(YvU)

1
(41) g(Y,Y)% /g(}}’f/)




168 H. R. SALIMI MOGHADDAM

Equation (4.1)) shows that
(42)  gu(R(V,U)U,V) = —(1 + qc){(ab — ba)* + (ad — da)* + (bd — db)*}

(4.3) gu(U,U) = (1 + qo)*
(4.4) gu(V,V) =1+ (¢8)* + qc
(4.5) gu(U,V) = qé(1 +qc).

Now let P = span{U, V}, therefore for the flag curvature we have
—{(ab — ba)* + (ad — da)? + (bd — db)?}
(14 qc)?

Therefore in the case 1, (G, F) is of non-positive flag curvature.

(4.6) K(P,U) = <0.

Case 2. Let VQ = 0 for a left invariant vector field ). A simple computation
shows that @ = ¢W. Also the assumption 0 < ||Q]] < 1 forces us to let 0 < |q] <
1. Therefore we have a left invariant Randers metric of Berwald type which is
constructed by g and @ like formula . Also we have:

@47) g (RV, ), ) {i((aé )’ + (bé— cb)?) Z(al; ~0a)° } (1 + qd)
(4.8) gu(U,U) = (1 + qd)?

(4.9) gu (V. V)—1+(qd) +qd

(4.10) gu(U,V) = qd(1+ qd).

Therefore the flag curvature formula of this Randers metric is of the form:
(aé — ca)? + (bé — cb)? — 3(ab — ba)?
4(1 4 qd)?

(4.11) K(P,U) =

Case 3. A computation for finding left invariant parallel vector fields with respect
to the Levi-Civita connection shows that the only vector fields which are of the
form Q = q1Z + goW are parallel. We consider the vector fields Q = 1 Z 4+ ¢oW
such that 0 < ¢? + ¢3 < 1, because we need the condition 0 < ||Q|| < 1. In this
case we have:

(4.12) 9u (R(V,U)U,V) = —(ab — ba)*(1 + cq1 + dgs)
(4.13) gu(U,U) = (1 + cq + dgo)?

(4.14) gu(V,V) = 1+ (81 + dg2)* + (cq1 + dgz)
(4.15) gu (U, V) = (éq1 + dga)(1 + cq1 + dga) -
Now for P = span{U,V}, the flag curvature is as follows:

(4.16) K(P,U) = —(ab—ba)*

(14+cqy +dg2)? —

So in this case (G3, F) is of non-positive flag curvature.

Case 4. A simple computation shows that (G4, ¢g) admits a parallel left invariant
vector field @ if and only if « = —1 and § = 0. In this situation @ = qW is
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the only family of left invariant vector fields which are parallel with respect to
the Levi-Civita connection of (G4, g). Let 0 < |g| < 1 because of the condition
0 < ||Q]| < 1. So we have:

(417)  gu(R(V,U)U,V) = —(1 +dg){(ab — ba)* + (aé — ca)? + (bé — cb)?}
(4.18) gu(U,U) = (1 +dg)?

(4.19) gu(V,V) =1+ dq + (dg)*

(4.20) gu(U, V) = dq(1 + dq) .

Hence for the flag curvature we have:
—{(ab— ba)? + (aé — ca)? + (bé — cb)?}

(4.21) K(P,U) = (T

<0,

This case is exactly the case 2 of [16].

Case 5. In this case a simple computation shows that the Levi-Civita connection
does not admit a left invariant vector parallel field. Therefore we can not construct
Randers metrics as above cases.

Case 6. The Riemannian Lie group (Gg,g) admits parallel left invariant vector
fields of the form Q = ¢Z. Let 0 < |g| < 1 because we need 0 < ||@Q| < 1. Therefore
we have:

422)  gu(RV.UUV) =1 L9 b~ ba)? + (ad — da)? — T(bd — d)?)
(4.23) gu(U,U) = (1 + qe)?

(4.24) gu(V,V) =1+ (q&)* + qc

(4.25) gu(U, V) = qé(1 +qc),

and so

(1.26) K(PU) = (ab—b@)® + (ad — da)® —7(bd — db)*

4(1 4+ qc)?

The last equation shows that the flag curvature of (Gg, F) has not constant sign.
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