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ON LIMITS OF Lp-NORMS OF AN INTEGRAL OPERATOR 
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Summary. A recurrence relation for the computation of the Lp-norms of an Hermitian 
Fredholm integral operator is derived and an expression giving approximately the number 
of eigenvalues which in absolute value are equal to the spectral radius is determined. Using 
the Lp-norms for the approximation of the spectral radius of this operator an a priori and 
an a posteriori bound for the error are obtained. Some properties of the a posteriori bound 
are discussed. 
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1. INTRODUCTION 

In the paper [9] we have proved that under certain conditions the Lp-norms of 
a linear operator converge to its spectral norm and the speed of the convergence 
was also estimated. The results were derived in a general form made possible by 
the theory of non-commutative integration (the fundaments of this theory are e.g. in 
[7], [3] and [6]). In [8] these general results were applied to a finite-dimensional and 
non-commutative case which represents the matrix algebra. 

In this paper we will apply the results from [9] to a certain infinite dimensional 
non-commutative case. For the Fredholm integral operator and integral operators 
with weak singularities we thus get the well-known computational procedure for the 
determination of the spectral radius (see e.g. [5]), and the a priori error estimate for 
this method. Similarly as in [8] we obtain a recurrent algorithm for the calculation of 
the Lp-norm of an operator and an arithmetic expression converging to the number of 
eigenvalues equal to the absolute value of the spectral radius. We will then determine 
an a posteriori error estimate for the method mentioned and prove a number of its 
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properties by which its quality is proved. Most of the results we obtain for the 
given Hermitian linear integral operators will be analogous to the results reached in 
[8] for matrices. This is quite natural, because from the point of view of the non-
commutative integration theory, which was used for reaching general results in [9], 
matrices and the above mentioned integral operators differ very little. 

The paper is organized as follows. In Part 2 some notions used in the sequel and 
the necessary notation will be explained. In Part 3 we will explain some concepts 
from the non-commutative integration theory on our particular example to which 
the general results from [9] can be applied and reformulated. In Part 4 the recurrent 
formulae for calculating the Lp-norrns as well as an expression which converges to the 
number of eigenvalues which are equal to the absolute value of the spectral radius will 
be derived. In Part 5 we will investigate how quickly the Lp-norms of an integral 
operator converge, derive an a posteriori error estimate and show its properties. 
Part 6 contains a numerical illustration of the results just stated. 

2. TERMINOLOGY AND NOTATION 

Let (a,b) be a finite or infinite interval of the real axis. By the symbol L2(a,b) 
or L2, if there is no danger of misinterpretation, we will denote the complex Hilbert 
space of square integrable functions on (a, b). B(L2(a,b)) or briefly B(L2) will 
denote the space of all linear bounded operators defined on the whole L2(a,b). For 
A G B(L2) the range of A will be denoted as R(A), the point spectrum of A as 
Pa (A) and the spectral radius of the operator A as r(A). As usual, A* will denote 
the adjoint operator. If A = A* we will call A an Hermitian operator. The symbol 
\A\ will denote the operator (A*A)*. The concept of a projection will be used only 
for such an operator P G B(L2) for which P2 = P and P* = P hold. If A G B(L2) 
then ||-4||oo will denote sup | |AT| | . The symbol I will denote the identity operator. 

Il*||=i 
The integral operator K on L2(a,b) which is defined by the rule Kf = 

J K(s,t)f(t)dt shall be called the Fredholm integral operator if its kernel K(s,t) 
fulfils the condition K(s,t) G L2((a,b) x (a,b)). If (a,b) is a finite interval and 
K(s,t) = A(s,t)/\s — t\a, where A(s,t) is a bounded measurable function on 
(a, b) x (a, b), \ ^ a < 1, we will call K an integral operator with weak singularity. 
Kn(s,t) will then denote the iterated kernels of the operator K. 
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3 . T H E GAGE SPACE r = (L 2 ,B(L 2 ) , t r ) 

If P £ B(L2) is a projection, let us define tr(F) = dimension (R(P)). It is well-

known (see [6], Example 1.2) that T = (L2(a,b),B(L2(a,b)),tr J is a regular gage 

space. (The meaning of the terms from non-commutative integration theory used 

here can be found e.g. in [7], [3], [6], [9] or [1].) It can be proved easily that the 

system of measurable operators A(r) in this case coincides with B(L2) and that the 

convergence almost everywhere is equivalent to the convergence in the norm || ||oo-

Then elementary operators are all operators from B(L2) the range of which is of 

finite dimension. It is easy to show that T £ LP(V) if and only if T G B(L2), T 
oo 

is a compact operator and Y2 K < °°i where {Xi} (i = 1,2,...) is the sequence 
i=l 

of eigenvalues of the operator \T\. (We always suppose that all eigenvalues are 
considered the number of times equal to their multiplicity.) If A £ L\(T) and {A»} 

oo 

(r = 1,2,...) is the sequence of eigenvalues of the operator A, then Y2 jAt| < oo and 
i= i 

oo 

tr(A) = ]T X{. The spaces LP(V) therefore coincide with the well-known spaces cp 
i=l 

in [4]. If 1 ^ p ^ q ^ oo and T € LP(V) then LP(T) C L^T) and ||T||q ^ ||T||P 

hold. It is easy to show that if K is an Hermitian Fredholm integral operator then 
A' G L2(V) and also for n = 2 ,3 , . , . , Kn e Li(V) and tv(Kn) = J^Kn(x,x)dx. 
Similarly it can be shown that if K is an Hermitian integral operator with weak 
singularity and n > (3 — a ) / ( l — a), n integer, then K £ Ln(r), Kn € Li(T) and 
tr(A'n) = Ja Kn(x,x) dx. Now from [9, Corollary 3.2] the following theorem follows: 

Theo rem 3.1- Let K be a Fredholm integral operator or an integral operator 
with weak singularity, K = AT*. Then 

lim ( / Aľ2.« (x, ж) drc j = r(K). 

The possibility of approximately calculating r(K) of the Hermitian integral op­
erator K in the way Theorem 3.1 indicates is well-known from [5, page 246] where 
a similar method of calculation is called the trace method by the authors. From 
the point of view of the calculation procedure using Theorem 3.1 it is evident that 
the difference between a Fredholm integral operator and an integral operator with 
weak singularity is inessential. We will therefore limit all further considerations to 
Fredholm integral operators. 
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Theorem 3.2. Let K be a Fredholm integral operator, K = K* and K ^ O. 
Then for m = 1,2,... we have 

( j f K2,:(x,x)dx)2'" -r(K) ^ 2—{ii.fir îKii.F.riî /ii.i'i.rii.*)2-*" - in (n^THi/ii.ftriil)}, 

where 

rb rb 

and 

\m\l= í I \i<(s,t)f dsdt 
J a J a 

11*11.= \b\h\K2(s,ttfdsdt. 
J a J a 

P r o o f . First let us verify the last equality: 

\\Kf2 = tr(_Y2) = / / K(s,t)K(t,s)dtds= f f \K(s,t)\2dsdt. 
J a J a J a J a 

Analogously the relation for ||7^||_| can be verified. Then, according to [3, Corol-
lary 1.1] \\K\\\ = \\K* . K*h ^ \\K\\l • ||tf2||i = \\KWl. • ||.ff|g holds and so 
I/II-KIIL ^ l l^ l l i / l l^ l l t L e t { M (* = 1,2,...) be the sequence of eigenvalues of the 
operator K and let it be ordered so that |Ai| = |A21 = . • • = |A_| > |A_+i| ^ . . . ^ 0. 
Let us denote a. = | jf-1 (i = 1,2,...), then 

/ _°°_ \ 2 / °° 

ii*ii_/nI^= EAH / £ A ? 
^ i= i 7 / t=i 

= {? + 2t f_ __? + ( f_ «l)2}/(t+ £ <-*) >'• 

If we denote by 5 the projection onto the eigenspace corresponding to the eigenvalue 
IAiI = III-Hloo of the operator |I.T|, then tr(5) = t. From this result we obtain 
ll#II2/IIKII4 > t r ( 5 ) > x- L e t R = ll# Ill/II^IIL. t h e n f r o m t h e relations proved 
earlier we obtain R ^ II-KIÎ /H-KII-!- Now [9, Corollary 3.5], where we substitute 
q = 2, implies the desired inequality. D 
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4. COMPUTATION OF THE LP-NORM OF AN INTEGRAL OPERATOR 

Let A denote a FVedholm integral operator, A = A* and A ^ O. To calculate 
tr(A2 ) (fc = 1,2,...) it is necessary to determine a sequence of operators A2 (k = 
1,2,. . .). In the case that || A2 ||oo -•> oo for fc -> oo, calculating the kernel A2k(s, t) 
of the operators A2 (fc = 1,2,...) could become impracticable for quickly increasing 
coefficients. In order to avoid this phenomen, instead of the sequence of operators 
A2 (fc = 1,2,...) we shall determine a sequence of operators Bm (m = 1,2,.. .), 
every element of which is some multiple of a certain element in the sequence A2 

(fc = 1,2,.. .), and we will show that ||.Bm||oo (m = 1,2,...) is then a bounded 
sequence. Let us define the sequence of operators Bm (m = 1,2,...) by the relations 

(1) £1 = A, 

(2) B2k = B2k-i, 

(3) B2k+i = B2k/ck, 

where fc = 1,2, . . . and Ck = tr(B2k). 
By similar considerations as in [8] we could show that this choice of Ck is useful 

because the relations between tr(A2 ) and tr(B2k) become simpler. FYom the relation 
(1), (2) and (3) further relations follow: 

(4) # 2 = A2, 

(5) B2k=A2k/c?-1 -eg'2 ...c2
k_u fc = 2 , 3 , . . . , and 

(6) B2k+l=A2k/c2k-1-c2
2-

2...cl fc=l,2,.... 

Theorem 4.1. Let A denote a Fredholm integral operator, A = A* and A^O. 
Let Bm (m = 1,2,.. .) be the sequence of operators defined by the relations (1), (2) 
and (3), where 

(9) c*=tr(B2*). 

Then 
(1) Cfc?-0forfc = l , 2 , . . . . 
(2) II A||2A: for k = 1,2, . . . can be calculated according to the recurrent relation 

(10) dfc+i = (tr(.B2*))2 L -dfc, where 

dx = 1, dk+i = \\A\\2k (fc = l , 2 , . . . ) . 

(3) There exists a constant M for which 

| |-9m | |oo^M (m = l ,2 , , . . ) . 
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Proof . The fact that ck (k = 1,2,.,.) are non-zero and the sequence of the 
norms ||-Bm||00 is bounded can be proved completely analogously to the proof of 
Theorem 4.1 from [8]. The relations (10) and (11) can be easily derived from the 
relation's (5) and (9). • 

Theorem 4.2, Let A denote a Fredholm integral operator, A = A* and A ^ O. 
Let the number of eigenvalues of the operator A, the absolute value of winch is equal 
tor(A), bet. Then 

(1) t^l/tv(B2k) fork = 2,3,..., 
(2)\iml/tr(B2k) = t. 
(3) The sequence 1/ tr(.B2fc), k = 2,3,... is non-increasing. 

Proof . Can be done similarly to the proof of Theorem 4.2 from [8]. 
Let the assumptions of Theorem 4.1 hold and let -Bm(s, t) denote the kernels of a 

Hermitian Fredholm operator Bm* For the actual calculation of tr(B2k) (k = 1,2,...) 
it is suitable to use the following expression: 

pb rb rb 

tr(fi2fc)= / B2k{s,s)ds= / |B2fc_i(s,t)|2<i*cls = 
J a J a J a, 

= f (f \B2k-i(8,t)\2d8)dt + j (f \B2k_l(t,s)\2ds)dt = 

= *f (f \B2k-l(s,t)\2ds)dt. 

5. ESTIMATION OF THE RATE OF CONVERGENCE 

Theorem 5-1. Let A denote a Fredholm integral operator, A = A* and A ^ O. 
Then 

HAlb. - r(A)\ < 2-fe{||Af|2^ln(l/tr(B2fc))} 

holds for k = 2,3,.... 

Proof . Can be done by a method similar to that used lor Theorem 5.1 of [8]. 
We will also omit the proofs of the following two theorems because they are com­

pletely analogous to the proofs of Theorems 5.2 and 5.3 from [8]. • 

Theorem 5.2, Let A denote a Fredholm integral operator, A = A* and A ?- O. 
Let {Aj} (i = 1,2,...) be the eigenvalues of the operator A and let |Ai| ^ |A2| ^ 
|A3| ^ . . . 5*0. Then 
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wИ-Ł-^)|=o(èĚҐ)> 
(2) 2-fe{||Л||2Ł . ln(l/tr(ß 2 f e ))} = o ( ^ - - | ^ | 2 Ł ' ) . 

Theorem 5.3. Let A denote a Fredholm integral operator, A = A* and A ^ O. 
Let {\{} (i = 1,2,...) be the eigenvalues of the operator A and let \\\\ ^ [Â l ^ 
|A3| ^ . . . > 0. Let us denote 

£(ЛД) = l { | И | | 2 l . l n ( l / t r ( ß 2 f c ) ) } . 

TЬen 

(1) | |Л||2 Ь - ҚA) < E(A,k) < \\A\У-г - ҚA). 

(2)/ f |Ai(> |A 2 |>0tћen 

lùn _ J Ì Í _ _ _ = 1 
fc-+oo ЦЛЦaŁ-i - r(A) 

{3)If\Xi\ = \X2\ then 

I i m _ Ę _ _ ) _ = ł 
fc-*oo ||Л||2.: - r(A) 

6. NUMERICAL ILLUSTRATION 

In the following examples we will always first present the kernel A(s,t) inducing 
an Hermitian Fredholm integral operator, an interval (a, 6) which determines the 
range of the operator A and the two eigenvalues Ai, A2 of the operator A which 
have the largest absolute value. The calculations were done using a program written 
in REDUCE 2 programming language on an EC 1040 computer. In Example 6.1 a 
well-known elementary formula was used to find the primitive function to the power 
function. In Example 6.2 the Cambridge university analytic integration program (see 
[2]) was used to determine a primitive function. 

E x a m p l e 6.1. Let A be an Hermitian Fredholm integral operator induced by 
the kernel A(s,t) = min(s,£) and let (a, b) = (0,1). Then according to [5], Ai = 
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0.4052847346 and A2 = 0.0450316372. 

TaЫe 1 
k IИИз- l/tr(B2 f c) computing time in s 
1 
2 
3 

0.4082482905 
0.4053004566 
0.4052847357 

1.02941 
1.00031 

8.56 
10.90 
24.08 

Table 2 

k 
approximation error 

r(A) USІПg ||Л||2«: 
a posteriori estimate 

of the error 
1 
2 
3 

0.30 x 1 0 - 2 

0.16 x 1 0 - 4 

0.12 x 1 0 - 8 

0.29 x 1 0 - 2 

0.16 x 1 0 - 4 

E x a m p l e 6.2. Let A be an Hermitian FVedholm integral operator induced by 
the kernel A(s,t) where A(s,t) = —y/si- Int for s ^ t and A(s,t) = —y/si- Ins for 
s^t. Let (a,6) = (0,1). According to [5], Ai = 0.17291507 and A2 = 0.03281781. 

Table 3 
Jfc MIІ2- l/tr(ß2fc) computing time in s 
1 
2 
3 

0.17677670 
0.17297282 
0.17291511 

1.0909 
1.0027 

10.76 
21.52 
70.98 

Table 4 

k 
approximation error 

r(A) using ||Л||2Ł 

a posteriori estimate 
of the error 

1 
2 
3 

0.39 x 1 0 - 2 

0.58 x 1 0 - 4 

0.36 x 1 0 - 7 
0.38 x 1 0 - 2 

0.58 x 1 0 - 4 

A c k n o w l e d g e m e n t . The author wishes to thank Dr. K. Najzar for his help­
ful comments on the original version of this paper. 
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