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Abstract. In this paper we present a unified approach to obtain integral representation
formulas for describing the propagation of bending waves in infinite plates. The general
anisotropic case is included and both new and well-known formulas are obtained in special
cases (e.g. the classical Boussinesq formula). The formulas we have derived have been
compared with experimental data and the coincidence is very good in all cases.
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1. INTRODUCTION

This paper is a result of a cooperation between the departments of Experimental
Mechanics and Mathematics at Lulea University of Technology. The starting point
was the recent Ph.D. Theses [3] and [10] where, in particular, the classical Boussinesq
formula (see our Example 4.4) was important. In order to be able achieve better
understanding of the existing experimental data in more general cases we have here
in particular derived suitable integral representation formulas which cover also these
cases.

More precisely we have given in this paper a unified approach to obtain integral
representations for describing the propagation of bending waves in infinite plates.
We start by handling the most general case with an anisotropic plate with very
modest restrictions on the outer force. After that we consider various special cases
and get both new and well-known formulas. For example in the simplest case with
an isotropic plate when the outer force is a unit impulse in both the plane and the
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time variable we obtain the classical Boussinesq solution. Our starting point is to
use Fourier analysis and some exact formulas for the Fourier transform which are
very important for our investigation.

The formulas we have derived have been compared with experimental data and
the coincidence is very good in all cases, see Section 5 of this paper and also the
recent paper [4], which may be seen as a complement of this paper.

This paper is organized in the following way: In Section 2 a preliminary discussion
on the plate equation can be found. In Section 3 we have derived an integral rep-
resentation formula for a general anisotropic plate. However, this formula contains
a Fourier transform as a factor in the integrand. Fortunately, in some cases this
formula can be simplified in a very useful way (see our Remark 3.5 and Statement
3.6). In Section 4 we discuss the special case with an isotropic plate. Here we can
give a representation formula which does not contain any Fourier transform as a
factor in the integrand. In particular, this gives us a much better understanding of
the Boussinesq formula. Section 5 is reserved for the announced comparison of our
results with experimental data and for some concluding remarks. Finally, in order
not to disturb some of our discussions (in Sections 4 and 5) we have collected the
proofs of some crucial formulas in a separate Appendix (together with some necessary
theory concerning distributions and Fourier analysis).

2. A PRELIMINARY DISCUSSION OF THE PLATE EQUATION

The general form of the standard (Kirchoff’s) plate equation for an anisotropic

plate is
0*w 0*w 0w 0w 0w
Dii— +4D1g=—— +2(D 2Dgg) =——— + 4D —
" nggt 165230y +2 (D12 + 2Dgs) 9220, +4D2 RN + D2 g
2
+ Qh—w = q(x,y,t),
ot?

where w = w(z,y,t), (z,y) € R? is the deflection of the plate and ¢ represents the
time. Dj;; are the principal stiffnesses, h the thickness of the plate, o the volume
density of the plate and g(z,y,t) the perpendicular load per unit area. D;j;, o and h
are supposed to be constants. For an anisotropic plate there is no elastic symmetry.
In this model the resistance of the surrounding medium and the internal friction are
disregarded. A more detailed description of the model can be found in [3], [6].

For later purposes it is convenient to simplify equation (1)by making the scaling

transformations x = % and y = % where % = % = D (D is a given fixed
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constant). Then the equation (1) can be written

otw 0*w 0w Hw  0tw 1 0%°w  q(x,y,t)
— +A A A =Py
(2) ot L0230y * 2 0a20y? * * Dwdy? * dy* T2 e D

(z,y) € R?, t >0,

D

where a = o and
A = 4Dy
(D11)3/4(Daa) /4
Ay — 2(D45 + 2Dgg)
(D11 Dyy)t/?
A= 4Dyq .
(D11)'/4(Dyy)3/4

Note that here we have dropped the bars on x and y. A formal solution of equation
(2) and, thus, of (1) is derived in our statement 3.1.

We also consider the special case where D1g = Dsg = 0, that is when we have a
plate with orthogonal anisotropy or simply an orthotropic plate. This special case
is of great interest in physics. See e.g. the recent Theses [3] and [10]. In this case
Ay = Az =0 and (2) can be written as

tw 1 0%w  q(x,y,t)

(3) AZU}_FE@TW—F?W = T, (.’E,y) S RZ, t>0,
where e=Ay—2 2(D12+2D66 1>
— Ay —9 =9 22T 266
VD11Dag
_ D
a= o

2 ot 9t o4 . .. .
and, as usual, A* = o +2W + 557 denotes the biharmonic differential operator.

3. ON AN INTEGRAL REPRESENTATION OF THE SOLUTION OF (2)

Here we consider the special case when ¢(z,y,t) can be separated as

q(z,y,t) = f(t)p(z,y).

Moreover, p denotes the Fourier transform of p, i.e.

Be,m) = / / p(z,y)e E+m) da dy, (6,) € R2.
R2
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3.1. A formal solution of (2). The solution of the Cauchy-problem
0*w 0*w o*w ow w1 0%w

A A A dw, 1ow
927 Mooy T oo T Bowa T oyt T @2 o
t
(4) :7]0( )]gl’,y)’ (.Z,y)GRZ, t>0

w|t=0 =0, (z,y) € R?

wt|t=0 = Oa (fﬂ,y) € R?

can formally be written as the integral representation

sma sina(t — 1) R
Wz, t) = o ZD/f dT// (€ (S dedy,

where a? = a? [54 + A183n + A0 + Asén® + 1 ]

Proof. The Fourier transformation of (4) yields

a®f(t)p(&,n)

'&)\tt + 042&)\ = D
(5) Sl

w’t:O =0

Wi |¢=0 =0

where
W& n,t) // w(z,y, t)e =) dz dy.

It is well-known and easy to see that (5) has the unit impulse (5(t)) response 2t

Therefore, by solving (5) by Green’s method, we find that w can be represented as
a convolution:

t
(6) @(E, 1) / foinet=m
0

By using the inverse Fourier transform and (6) we find that

wlz, y, 1) ( )/ B(E,m, )6+ de dy

42D/f dT// (€ 22T o) g ay,
TC

and the proof is complete. O
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3.2. Remark. From the above proof we see that the formal solution is even
pointwise correct at each point where the Fourier inversion formula holds (see

e.g. [15)).

3.3. Remark. In applications it is sometimes convenient to introduce the polar

{w:rcose {fzacosgo
and

coordinates

y=rsind n = osiny

and rewrite the solution of (4) as

(7)
a OCA sin [aCTZ(t B T) ) g(@)] ior cos(p—0)
w(r,0,t) = ——= [ f(r)dr [ [ Blo,¢) e 77" dody,

a-9(e)
9(p) = [1+ Arcos’(¢) sin(p) + (42 — 2) cos” () sin® (i) + A cos(p) sin’ ()]
3.4. Example. Let p(z,y) = 6(z,y) and f(t) = I4(t), where ¢ as usual denotes

the Dirac delta function. This means that the outer force ¢(x,y,t) is a momentary
load at ¢ = 0 which is concentrated at (0,0). Then (4) has the solution

Ia? sinat ey
(8) w(z,y,t) = =D // —Q ¢ (&x ) 4¢ dn.
2

Proof. We note that the Fourier transform of d(x,y) is 5= 5A(§, 1) = 1. Thus,
by the statement 3.1,

t
Ia? sin a(t
w(@,y,t) = D) o(t / / el Er ) 4¢ dn

= >

sinat
- 2 i€z ) qe dn.
4n2D // o © &dn
R2
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3.5. Remark. The solution w in (8) can be written in polar coordinates:

21 oo

2
t- .
(9) (’I“ Qt 4 2D//Sln ao g )] elorcOS(W—Q) do do,
TC

with

g(p) = [1 + Aq cos3(<p) sin(¢) + (A2 — 2) cosz(cp) sinz(go) + Az cos(yp) sing(cp)] 1/2 .

In Remark A5 in Appendix we formally show that (9) can be rewritten in the form

a 1 27\]" 27\]7) 1
a q q
10 0. =—> [ [=-|s( /2] —|c(/Z —_dp,
(10) w(r,6,) 8nD 2 ( T )] ( n)] g(¥) 7
0
xT
where ¢ = %g(&;e)’ fsm ® du and C(z) {cos % du  (the Fresnel

integrals). This form (10) is much more suitable for numerical calculations, see [4].

3.6. The orthotropic case. A formal solution of the Cauchy-problem
0w 1 0%w  f(t)p(z,y)
A2 = =B R%, t>0
R TED R T D (@y) €, 1>
11
(1) w|,_, =0, (z,y) € R?

we|,_, =0, (z,y) € R?

(5:A272:2<D1#%371) and a = Q%) is

sma sina(t —7) ieoin
w(e,y, 1) = 42D/f dT// (€ i) dg dy,

where
o = g2 [(52 +772)2 _'_552772} _
Proof. Apply the statement 3.1 with A; = A3 = 0. O
3.7. Remark. The solution w for the orthotropic case can be written in polar
coordinates:
(12)

2n 2
_la 1 2q
w(r,8,) = 8D 2 [S ( T >]
0

r2 cos®(p—0)
4at~\/1+g(i‘r‘22¢ )2 ’

with ¢ =
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4. THE ISOTROPIC CASE (¢ = 0)

In this important special case (see e.g. Theses [3] and [10]) it is even possible to
obtain an integral representation of the solution of (11) which only contains p(u,v)
(instead of its Fourier transform). One key argument in our investigation is to
use some exact formulas for the Fourier transform. These formulas are most easily
understood and derived in the context of distributions, but in order not to disturb
our discussion here we present the details and proofs in a separate Appendix. We
are now ready to formulate our main result in this section.

4.1. A formal solution of the isotropic case. The solution of the Cauchy-

problem
1 %w _ f(t)p(z,y)
A2w+a—2w:T (x,y)elRQ,t>0
13) w’t:o =0, (z,y) € R
wil,_y =0, (z,9) € R?

can formally be written as

t

(14) w(z,y,t)

)2 RV
// u,v) sm W+ (y —v) dudw,
da(t —7)
0
where F(t ff

Proof. Integratlon by parts gives

t t

tf
/sma 7) /cosat—T F(r)dr.

0 0

Therefore, by using statement 3.6 with € = 0, we find that

t
(15)  wlet) = g [FOar [[pemcosat - e m gy
TC
0

R2
where o = a(&2 + n?). Our key observation now is that

2, 2
// sin k(u? + v?)e 7 EWFM) dy dy = % cos ¢ é;;n

R2
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for every k > 0 and all (§,7) € R’ , see Lemma A2 in Appendix By using this formula
with k = ﬁ we find that if g(u,v) =

1
da(t—7)n sin 4a( T) then

1 2 2 .
N // sin = TV emiteuwtm) gy dy = cos aft — 7).
da(t —T)n da(t—T)
[R2

Moreover, according to the convolution theorem,

é / / P&, m) cosa(t — 7)e!E ) de d = F 71 {p(€, ) cos ot — 7)}
RZ
x — u)? —v)?
= F BT = gy [ pluo)sin T dua,
[R2

(Z~1 denotes the Fourier inverse transform). We insert this expression into (15)
and obtain (14). The proof is complete. O

42. Example. If a point load is applied to an isotropic (infinite) plate at (0, 0)
i.e. if p(u,v) = §(u, v), then, according to the statement 4.1, the deflection w is equal

to
. w24 y?
16 Y, d
(16) w(@,y,1) 4D/t—7' 4at—7‘) 4
We can also prove the following useful result:
4.3. A generalized Boussinesq formula. The solution of the Cauchy-problem
1 Pw _ f(t)d(z,y) >
Aw+a26t2—T (z,y) e R%, t>0
17
(A7) w’t:o =0, (x,y) € R?

wt’t:o =0, (:E,y) € R?

vt = 25 [ (55 () o).

where Si(s) = [ 2% dy and r = /22 + 2.

0

is
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Proof. From Example 4.2 we know that

t
a F(r) . 2>+
1 t) = d
(18) wi@,y.t) 4rD / F_ron da(t — 1) 4
0
Now we put s = % in (18) and find that
( t)_— ooF(_aj2—|—y2)sinSd_[2_ 2+ 2]
Y = das s -rmrTy
22442
4at
i 2
a r? \ sin s )
=D ( - m) ds = [Integration by parts]
a x [ r2 N r? 2
= o5 (FO5 — [ f(t= 1) Sils)ds ) = |[r =t
4nD < ( )2 / / das/ 4as? () S) {T 4as]
t t )
a = r
N T pee-—
4D Z/f(T) T /f(T)Sl da(t—1)) "
0 0
: 2
a T r
- - —Si d
47D /(2 Sl(4a(t—7')))f(7) T
0
The proof is complete. O

44. Example. Let f(7) = I§(7) in the statement 4.3. Then we obtain the
classical Boussinesq solution

(19) w(z,y,t) = ﬁt—; (g ~Si (4%)) .

We remark that this formula has been rediscovered and/or applied in many connec-
tions, see e.g. [1], [3], [8], [10] and [13].
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5. NUMERICAL CALCULATIONS, EXPERIMENTAL RESULTS AND FURTHER REMARKS

First we present some examples. The numerical experiments agree very well with
experimental results (see Example 5.3).

5.1. Example. (The isotropic case.)
In Figure 1 the deflection w(r,0,t) is illustrated for a = 765ms~2, t = 40 us. We
have used both our formula (12, normalized)

1 B0 63 ) s

2
Ia 1
da 14
8ED\!\/1+6(sin22W)2 ¥

(20)  w(r,0,t) =

r2 cos?(p—0)
4at\/1+a(%)2 ’
formula (19, normalized)

with e =0, ¢ = 6 = 0 (f can be any number) and the Boussinesq

and, as expected, the results are identical.

5.2. Example. (An orthotropic case.)

In Figure 2 the deflection w(r, 0, t) in formula (20) is illustrated for a = 765 ms™2,
t =40us, e = —0.8, § = 0 resp. ¢ = 7. In this case we of course get different curves
for different values of 6.

5.3. Example. (An anisotropic case.)

Figure 3 shows a comparison between the theoretical formula (10) and experimen-
tal results. The plate in this case is a composite anisotropic plate with a thickness
of 4.1mm. The size is 0.298 x 0.192m. Figures 3a and 3b show respectively a 3-D
map and a contour map 78 us after the impact start. Figure 3c shows the inter-
ferogram of the same plate after 78 us after the impact start. The bending waves
are created with a laserpulse as short as 25ns. The focused spot is about 0.4 mm
in diameter. That is, we can approximate the “impact” with a Dirac delta function
in time and space. The stiffnesses for the plate are D;; = 171 Nm, Doy = 76 Nm,
D15 4+ 2Dgg = 127Nm, D1g = —16.9Nm and Dsg = —5.0Nm. Furthermore, the
scaling factors are b =1 and ¢ = (g—?f)lM and the density ¢ = 1957 kg/m?.

A comparison between Figure 3b and 3c shows that the agreement is very good.
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5.4. Remark. The Boussinesq formula (19) obviously has the following proper-

ties:

(a) lim w(r,t)=0

(b) gl_r)r(l) w(r,t) =0

al
li .
(c) Jim w(r,t) = =
al
@ w0 = 2
al sin(I—;)
(€) wilr, 1) = “r,

224

T‘2

=224+ 92 t>0.



Figure 3c

The results (a)—(c) are expected for physical reasons. In (d) we ought to get w(0,t) =
0 but, on the other hand, in our derivation of the Boussinesq formula we have e.g. used
the inversion formula so we cannot expect to get agreement at each point.

Another formulation of the Cauchy problem of the isotropic case is

1 0%w
2 _ 2
Aw+a—2w—0 (Z‘,y)ER,t>0
(21) w‘tzo =0 (z,y) € R?
a’l
wt‘t:o = 35($7y> (xvy) € R?

where a = 4/ Q%. This is consistent with the law of impulse. In fact we have (mass x

change of velocity):

2
//gh(wt|t=0—O)dxdy://gh%(S(:c,y)dxdy:I//é(:r,y)dxdyz[.
R? R? R?

On the other hand, if an impulse is given to the plate by the force F(¢) and the time
of impact is 7 we have

/ Plt)dt = / ( / / Ié(t)é(:c,y)d:cdy) dt — / I5(t)dt = 1.

Moreover, it is easy (with Maple or Mathematica) to verify that

al (= o
vy ) =15 (5 -8 (m))
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satisfies

1 0%w
2 _
A ’U)-i-a—ZW—O, 0<t, O0<m
thO:Oand
aIsin(I—;)
wy = ————=at°
4nDt

In fact we have now proved that (18) is a solution of (21) and (17) with f(¢) = §(¢).

In addition, according to Lemma A4 in Appendix, we have that

al sin( - I
and we have just proved that the Boussinesq solution (19) is a solution of (21) and,
thus, of (17) with f(¢) = I(t). Therefore also the formula (e) is reasonable and the
mathematical modelling seems to be very consistent.

5.5. Remark. In this paper we have considered an infinite plate. For some
new results concerning the case with finite plates (more exactly, concerning the
biharmonic equation A?u = 0) we refer to the recent papers [11] and [2] and the
references given there. The results presented in this paper cannot be derived by
using the methods developed in [11] and [2].

A. APPENDIX

Here we let S denote the space of testfunctions in R2, i.e. the space of all infinite
differentiable functions ¢ in R? such that

8514-52@
su Myt —
($,y)£R2 y 851$852y

for all ay, ag, 81, P2 € 7. Moreover, the collection S’ of all continuous linear func-
tionals on S is called the space of temperated distributions.

Al. Example. Let f € LP(R?),1 < p < o0, i.e. let

1/p
1l = ( [[ 1w dxdy) < .
R2

226



Then L = Ly, defined by

L(p) = L¢(p) = // f(z,y)p(z,y) dz dy,

is a corresponding (“unique”) temperated distribution. Sometimes L(yp) is written
as L(¢) = (L, ) (this way of writing is equipped with the natural duality between
the spaces S and §’).

A2. Lemma. Let g(z,y) = sink(z? + y?), k > 0. Then

2 .2
g(&,n) = %cosg ;ﬂn in S’.

We have not found a proof of this formula in literature so for the reader’s conve-

nience we include such a proof.

Proof of Lemma A2. First of all we will prove that if f(x,y) = ei("”2+y2), then

~

e2.,2
(22) F&,n) =ite 5" in S,
In order to prove this fact we first note that

4f = 2ixf, d4s =2iyf and f, xf, yf €8S.
dx dy

For the Fourier transform ]?of f we have

S

Hence —2‘;—’; = i¢f, which has the solution ]?(5777) = C (n)e_i%. In the same way

we find that f(g,n) = C’g(ﬁ)e’ié and therefore Cl(n)e’i§ = 02(5)«34% Thus
2

e . g2 ~ Le21,2

Ci(n)etT = C’g(f)el% = Cand it follows that f(£,n) = Ce~ =T~ To determine
22 2

the constant C take as a testfunction ¢(z,y) = ﬁe_ T which has the Fourier

transform p(&,n) = e (€4, Since, by definition, <f, <p> = (f, ¢) we must have

42 // efi§2-2n2 6*521"2 d¢ dn = // i@ +9?) g~ (& +7) dudy,
" R2 R2
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Both integrals are absolute convergent. The integral on the left hand side is equal to

‘/‘/efi#eigl;ﬂ de dy — ‘/‘/eigz lfe*f 1t de dny
R2 R2
oo
2
- AN
([ea) =5

(see [16, p. 147]) and similarly the integral on the right hand side is equal to

// e )y = - T 3

R2

Thus %f—L = 1% so that C' = in which means that (22) is proved. Now by using

(22) and the following property of the Fourier transform:

7t =51 )

with a = b = vk and f(z,y) = el@*+v") we find that if h(z,y) = e*@* ") then

Therefore, by comparing the imaginary parts in this relation, we obtain that

&+’
4k

in §'

g9(&n) = 3?/};(5777) = %cos

and the proof is complete. O

A3. Remark. As areward from the above proof we obtain also that if g(x,y) =
cosk (x2 + y2), k > 0, then

2 2

4k

T .

g(&,n) = 7 sin 3 in§’.

In our discussion we have also used the following fact of independent interest:
A4. Lemma. Consider fi,(z,y) = sink(z? + y?), k > 0. Then

fr(z,y) — 6(z,y) inS" as k — occ.
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Proof. The key is to use the property that if
(23) fio— fin'S’, then f, — fin S’ as k — oo,
and the fact that, for all (z,y) € R?,

.’132 +y2

T —1in S as k — oo.

(24) cos
The proof of (24) follows at once by using the dominated convergence theorem and
the obvious fact that

2?2 + 2
4k

cos — 1 when k£ — oo pointwise.

Therefore, according to Lemma A2,

k 2 2
Qg\{—silll’ﬂ(uTZerz)}(3085;2;77 —1inS" as k — occ.
T

Moreover, since
1= (21)*5(¢, m)

we conclude, by using the inverse Fourier transform, and (24)
ok 2, .2 2 <
(2n) =sink(&” +n°) — (2n)°0(¢,n) in S" as k — oo,
T

and the proof follows. O

A5. A derivation of formula (10) in Remark 3.6. Partial integration yields
that

7 sin Aa2 17 in Az?
I Z:/wdx:——/sinwx (2)\cos/\w2—sm T ) dz, A > 0,w > 0.
w
0 0

x 72

Moreover, according to [5, p. 395] we have

Iy=— i—A 7Sinwx cos Az dz
0
25 () (3n1D) () ()
- ;@\/g [Sin(Q)O (@) —cos(q)S ( %)]
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where ¢ = %, S(z) = fsin%du and C(x) = fcos#du.
0 0

Let

o0
1 in \z?
(25) Is = — /sinwxsm 233 dz.
w x

0

I3 is dominated convergent and therefore we have

o0
d]3 o 1 . 2 —
oo /smwx cos \z” dz = {see e.g. [5]}
0

) () () ()]

w

Next we put ¢ = g and note that

dly _ iy A
dg  dX dg

E ) e (208) = (5) s (202)] ()

Thus
I5(q) = /q251T/2\/§ [sin(s)C( %) —cos(s)S (\/%) ds + Gy
o))
+ % g lsin(q)C (\/%) —cos(q)S (@) + Co.

To determine the constant Cy we let ¢ — oo (<& A — 04). According to (26) and

(25) we have
(z) <)

0= ——

T
Co <= Cy=-.
3 + Co 0 1
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Now I = Iy + I3, which yields

n|l 2 2q 2 2q
o eiel®)e ()

This formula also holds for w < 0, since [;(—w) = I;(w) and lirrbfl =7 =

(o)
i # dz. In order to prove (10) we only have to consider the real part of the

0
integral on the right hand side of (9), that is

2n

7 2
t-
// sin [ao g SD)] cos(or cos(p — 6))dody
00

- 0/;—@)@,

where

T sin [)\02] .
= / ————= cos(wo) do, with
o
0
A=at-g(p) and w = rcos(p — 0).

According to (27) we have

2n
o f [ 20) e [
= e () () -

and the proof is complete.
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