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Abstract. An equilibrium problem for a solid with a crack is considered. We assume that
both the Coulomb friction law and a nonpenetration condition hold at the crack faces. The
problem is formulated as a quasi-variational inequality. Existence of a solution is proved,
and a complete system of boundary conditions fulfilled at the crack surface is obtained in
suitable spaces.
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INTRODUCTION

Crack problems deal first of all with peculiarities concerned with the presence of
tips or edges of the crack (see Cherepanov [3], Morozov [17], Telega and Lewinski
[20], Duduchava and Wendland [4]). Formulation of crack problems does not usually
imply any restrictions imposed a priori at the crack, for example, crack surfaces are
assumed to be stress-free. Statement of the nonpenetration condition at the crack
faces in Khludnev and Sokolowski [10] leads to the presence of unilateral constraints
like in contact problems for systems of body-body type. The same is valid for
friction conditions. Problems with friction in solid mechanics were considered by
Duvaut and Lions [5], Alekhin et al. [1], Kravchuk [14] and others. For contact
problems with friction, normal components of the stress vector on the contacting
boundary are normally given a priori. Taking into account the Coulomb friction
law leads to quasi-variational formulations of the problems. In this case, classical

* The research results were attained with the assistance of the Alexander von Humboldt
Foundation.
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variational methods are not acceptable. To prove the existence of a solution for
contact problems with Coulomb friction, fixed-point theorems are used in Necas et
al. [19], Jarusek [9], Hlavdcek et al. [8], while in Eck and Jarusek [6] the penalty
approximation was constructed. In both cases, additional regularity of a solution
is required. We adapt the fixed point argument to establish the existence result
provided the friction coefficient is small and has a compact support on the crack
surface.

On the other hand, problems with cracks have nonregular character of the bound-
aries caused by the presence of the crack. Therefore, one needs here to apply the
theory of boundary value problems in domains with nonsmooth boundaries (see
Maz’ya [16], Nazarov and Plamenevskii [18], Grisvard [7]). We use the spaces of
traces of functions at the boundary which are adapted to the crack problems. This
allows us to define the displacement and stress functions at the crack faces and to
interpret the relations describing the nonpenetration and friction conditions at the
crack from functional point of view.

Methods of solution for solids with cracks are proposed in Kovtunenko [11], [12],
[13].

1. DOMAINS WITH THIN INCLUSIONS

Let Q C R? be a bounded domain with a boundary I', Q@ = QUT. The boundary
I" belongs to the class C*! if there exist two real numbers b > 0, h > 0, p coordi-
nate systems

(1) Wvd), v =lu), J=1....p,
and p functions #7 such that in the squares

N ={y eR||y/| <b, i=1,2}
the functions 67 belong to C*1(A”), and for

={(/, ) e R® |y € AT,y = 07(y7)},
= (y],y%) ER |y € A, 07(y)) <yl < 07(y7) +h},
O = {7 y) eR® |y € AT, 09(y7) — h <yl < 09 (y7)}

the following conditions hold:
p . . . _
r=Jr, o,co @ cr\Q j=1..p
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Here C’kvl(Z]) is the space of functions having k Lipschitz continuous derivatives in
Ak >0 is an integer.

Consider a domain {2 containing an open oriented surface Y. without self-
intersections, and denote €2, = ) \ic, Y. = X, UOZ,, where 0%, is the boundary of
Y. We assume that there exists a closed extension ¥ of . dividing the domain 2
into two subdomains 21, Qs with boundaries 9, 95 such that X, C X. Introduce
the unit normal v to ¥ and define the opposite faces F of the surface . The
signs =+ fit the positive and negative directions of v, respectively. Let 0Q; = %7,
00y = T UX*. The surfaces ¥ are the corresponding parts of X%, and we denote
the boundary of Q. by 09, = T' U ij We say that the boundary 02, belongs to
the class C*1 if 99y, 0Q2 belong to C*1,

For a domain Q C R® with a boundary T', introduce the Sobolev space

HY Q) ={u|u,u; € L*(Q), i=1,2,3},  H°Q)=L*Q),

equipped with the norm

3

lullf o = lulg.o+ D lleild a
i=1

where || - [|o.o is the norm in L?(Q2). Denote by H}(Q2) a completion of C§°(Q) in the
H(Q)-norm.

Introduce also spaces at the boundary I' in the local coordinates (1) as follows.
Let T belong to the class C%!. For a given function s(x), x € I, the functions

sy =s(y,00(y), v =@wly)) e, j=1,...p,

can be considered in the squares A7. Then we define the space H'/ 2(T) equipped
with the norm (Lions and Magenes [15])

p
(2) Isll3 /2.0 = D 15713 /9,05
=1

b b 9
I =1 + [ 1= 310
—b—b i=1
- Sj(yj‘yg:-,—)||i2(_b7b) dt dT.

We formulate the general trace theorem (see Baiocchi and Capelo [2]).

Theorem 1. Let the boundary T' belong to the class C%', and let a func-
tion u belong to the space H'(Q). Then there exists a linear continuous operator
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v: HY(Q) — HY?(T), which uniquely defines the trace yu € H'/?(I") of u at T.
Conversely, there exists a linear continuous operator HY/?(T') — H' () such that
for any given ¢ € HY?(T), a function u € H'(Q) can be found such that yu = ¢
onl.

In what follows, we write u on I' meaning yu.

Consider the domain €2, with the boundary 92, = ' U if. Let a function u €
H'(Q.) be given. We assume that 9Q. belongs to the class C%!, i.e. Q can be
divided into two domains 1,22 by the closed surface ¥ such that ¥, C X, and
9Q1, 092 belong to the class C%1. For every Q, k = 1,2, we have u € H*(Q)
and, consequently, we can apply Theorem 1 and define the traces yiu at 9. The
boundaries 91, Qs consist of ¥~, I' U X, respectively. Let us denote yyu = u~ €
HY2(2), you = (ulp,u’), ulr € HY2(T), ut € HY?(X). The surfaces X are the
corresponding parts of ¥F, therefore, u* € H/2(X,) are also defined.

Let us denote the jump u* —u~ by [u]. Notice that, by u € H*(£).), the uniqueness
of the traces implies u™ = u~ on ¥\ X, or

(3) [ul=0 on X\X..

Condition (3) gives an additional property of the traces at X. which is used in
studying the space H(%Z(ZC) below.

Let ¥ belong to the class C*1, k > 0 being an integer. Introduce the Hilbert
space

Hyy*(8e) = {s € H*(8.) | 0725 € L*(2)}
equipped with the norm

—1/2

1113 /2,002, = 1% /2.5, +le™"2sll5 5.

where the function o possesses the properties o € C*1(X.), o > 0in ., 0 = 0 on
0., JEE,} o(z)/ dist(z, 0X.) = d # 0 for all zg € X.. Here dist(x, 0X.) denotes the
distance l(;etween the point x € ¥, and the boundary 0%..

We prove a statement characterizing the functions from Hé({ 2(EC).

Lemma 1. The following equivalence takes place:

s in X,

€ HY2(%).
0 inX\X.

s € HyJ*(S,) < 5= {

Proof. By utilising the local coordinate systems (1), the assertion of Lemma 1
reduces to the case

Y=R* XN.=A={zcR?||z<b i=1,2}.
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Denote I = (—b,b). By the norm definition (2), we can write

2
1518 525 = 15135 + / / =772 Y 5(aliims) = S(alaimr) 3
i=1
b b
o 8 = Dol + [ [ =172 3 tola) = stole )l it
b b i=1

Since 5(z) = 0 for |z;| = b, i = 1,2, we obtain

b b
//\H\ 2 s
0y =1
o0

+2/b<_]b+/)t72§;ns<

(T)z=t) — s(z :m—'r)HO pdedr

15113 /2,82 =

T Ii:T)”(Z),I dtdr,

which implies

2

b —b oo
58 = 15320+ 2 [ 3 IsCelas=rBa ([ + [ 1o o1 arar
=t S

b

The integral with respect to ¢t can be calculated for 7 € (—b, b),

—b [e%s) —b %)

_ -2 _ _ -2 _ —2 _ 1 1
</+/)|t - dt—/(T 0 dt+/(t Pt =
0 —o0 b

b

Thus, we have

b oo -1
B b-—7)b+71)
151 e = 512+ [ 3 (7) e
—b

=1

Ii:T)Hg,I dr.

Changing the variable 7 by z; for ¢ = 1,2 and denoting
g (o)’
i=1

we obtain the equality

15113 /2,2 = lIsll3 /2, +/Q_1($)|8($)\2d$ = lIsl13/2.00.
A

which proves the assertion of Lemma 1. O
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Let H3/2(Ec) be the completion in the H'/2(X.)-norm of finite functions from
C*1(%.) having compact supports in ¥.. We have to note that Héé ?(,) is imbedded
in HY/?(2,), Hy?(S.) coincides with H'/2(%,), and the extensions of functions from
/2 ¥.) to ¥ by zero do not belong to H'/2(X), in general (Lions and Magenes

0
[15]).

By Lemma 1 and property (3), Theorem 1 yields the next statement.

Theorem 2. Let the boundary 02, belong to the class C*!, and let a function u
belong to the space H'(Q.). Then there exists a linear continuous operator which
uniquely defines at 0}, the values

wlre HY2(T), wu* € HY3(Z,), [u] € Hy)?(Se).
Conversely, there exists a linear continuous operator such that for any given
beHVAD), ot e HVA(S), o] € Hop(Se),
a function u € H*(.) can be found such that

u=1tonl, ut=pT onx,.

Proof. Assume that X is the closed extension of . from the class C%! dividing
2 into two domains Q;, Q2 as before. The boundaries 91, 92 consist of X, TUXT,
respectively. For u € H'(.) we have v € H'(Q), k¥ = 1,2, and, by Theorem 1,
u [r€ HY?(T), u* € H'/2(X). In view of the property (3), one can write

W] =0o0n L\ ., [u]eHYE).

By Lemma 1, this means that [u] € Héé ?(2.), which proves the first assertion for-
mulated in Theorem 2.

Now we prove the converse assertion formulated in Theorem 2. Let ¢ € HY/ 2(I),
ot € HY2(3,) be given, [¢] € H&éz(zc). One can construct an arbitrary smooth
extension of ¢~ onto ¥~ such that

- on X
=17 ‘ € HY2(D).
£ on X\ X

Let us define on ¥ the function

ot on X7
ot =
£ on LT\ XF.
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Since [¢] € H&é2(26) and [¢] = 0 at ¥\ X, then, by Lemma 1, we obtain [§] €
H'/2(¥). In particular, this implies that ¢+ = [p] + ¢~ € HY?(X). Hence, by
Theorem 1, there exist functions u, € H*(), k = 1,2, such that u; and uy coincide
with @~ and ¥, T on ¥~ and I', ¥T, respectively. In ., define the function

Uy in 4
u =
u2 in QQ.
By the property
0=1[¢] =[u] onX\Z%,

we obtain u € H'(£2.). Theorem 2 is proved. O

Let us prove two auxiliary statements.

Lemma 2. For s € H&éQ(EC), ifr € C%1(3,), then rs € H&éQ(EC).

Proof. This assertion is a consequence of the norm definition (2). Indeed,
utilising the local coordinate system (1) for the surface ¥, as in Lemma 1, it is
sufficient to prove the case

Ye=A={zcR |z €I, i=1,2}, I=(-bb).

Then we can write

1 1

17513 2.00,8 = IrslEjo,a + lo™ " 2rsl5 o = [Irslga + llo™2rs]§ o

b
g
—b

The following equality takes place:

b 2
/ [t =772 7 (@lei=t)s(@le,=t) = 7(2]2,=r )5 (2|2, =7 )| ; dEdT.
i=1

—b

r(z

Iz‘:t) (5(1’

wi=t) = (2|2, =r)$(T]z;=7)

mi:T)) + 5(2|g;=r) (T('T|517i:t) —r(x

Ii:t)5($

lI?i:t) - 5(1’

=r(z

:IZ,;:T))'
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By the Lipschitz continuity of r in A, we can estimate the terms

1/2

75154 < sup |r(z)[? lo™?rs]1§,a < sup r(x)|*[le”
zEA €A

S||(2),A7

b b
[ [ 1= 72l stal=o) = s(ala,) I, e
b b

b b
< sup ()| / / £ — 72 |(2lermr) — $(xlwr) |2, dt dr,

TEA
b b
// S ;1;1_7— l'mi:t)*r(xl’i:T)) 2 dtdr
|t — 7 0,1
—b—b
2
o (HZTOY oy o
z,yez |$7y|

Hence, we obtain the estimate

HTSH1/2 00,A & CW’HCOI(A l|s H1/2 00,A5

which proves the lemma. O

Denote by Héé2(26)* the space dual of H&éQ(EC) with the duality pairing
(- )1/2,3.

Lemma 3. ForsEHl/Z( ¥.)*, if r € C%Y(Z,), then rseHl/Z(E )*.

Proof. Indeed, by Lemma 2, we define rs from the formula

(rs,@)1/2,5, = (5,7¢0)1/2,m, Vo€ H&({Q(Ec),

which proves Lemma 3. O
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2. GREEN’S FORMULAE

Let O C R?® be a bounded domain with a smooth boundary I', and let n =
(n1,n2,n3) be a unit outward normal vector to I'. Introduce the stress and strain
tensors of linear elasticity

1 L.
0ij(u) = asjmen(u), &i(u) = 3 (wij +ujq), 4,5=1,2,3,

ikl = ikt = arij € L°(Q),  1&5&5 < aijrénéiy < 28, c1,c2 >0,

where u = (u1, ug, u3) are the displacements defined in 2.

By the symmetry o;;(u) = 0;;(u) we can integrate by parts,

(1) [oswes) == [ouswun+ [ asm.
Q Q

r

Decompose the vectors (o1;(u)n;, o2;(u)n;, o3;(u)n;), v = (vi,v2,v3) into normal
and tangential components at the boundary as follows:

(5) oij(u)n; = op(w)n; +o-(u), =1,2,3, on(u) = 045 (w)ning;

Vi = UnNy +Vr, ©=1,2,3, Uy, = VM.
Since o,i(u)n; = 0i;(u)njn; —on(u) =0, v-n; = v;n; — v, =0, one has
oij(u)njv; = (O'n (u)n; + UTi(u)) (Unni + vri) = op(W)vy + 07 (W)Vr.

Thus, for smooth functions u, v, we obtain the following Green formula instead of (4):

(6) /aij(u)eij(v) =— /aim(u)vi + /(an(u)vn + ri(w)vri).

Q Q r

Introduce the space
H;(Q) = {u = (ul,ug,u;;) S Hl(Q) ‘ aim(u) € LZ(Q)7 1= 1,2,3}

equipped with the norm

3
lull} g0 = (luilliq + llows (@3 ) -
i=1
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We use the second Korn inequality. There exists a constant ¢ > 0 such that for all
ue [H(QP

3
(7) [estwei+ [umize lulta, u=(un,uzu).

Q Q i=1
Moreover, if u = 0 at a part of the boundary I', then the following estimate holds:

3
(®) stz =X lulf o = (uuz,u).

Q i=1

Denote by H~'/2(T") the space dual of H'/2(I") with a duality pairing (-, )1 .r.
The following result holds true.

Theorem 3. Let the boundary I' belong to the class C''', and let a function
u belong to the space H:(2). There exists a linear continuous operator H.(Q) —
[H~1/2(")]* which uniquely defines at the boundary I' the values

on(u),0mi(u) € HV2(T), i=1,2,3,  or(un; =0,

and for all v € [H*(Q)]? the generalized Green formula holds:

(9) / o1y (e (v) = — / 01 (W0 + (0 (1), 0n) 1 + (1), Vs 2.

Q Q

For smooth functions u defined in , formula (5) is valid. Conversely, there exists a
linear continuous operator [H~1/%(I")]> — HX(Q) such that for any given \,, \;; €
H~Y2(T),i=1,2,3, \;yn; = 0, a function u € H}(Q) can be found such that

on(u) = An, ori(u)=Ay, i=1,2,3, onl.

Proof. Let ¢ = (1,02, 93) € HY/?(') be any given function. By Theorem 1,
we can find v = (v1,vq,v3) € H(Q) such that

(10) v=¢ onl.

For u € H(Q) we define the linear functional

(11) Lu(p) = / (035 (w)ess (0) + 0535 (w)vs),

Q
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where the function v € [H*(Q)]® satisfies the condition (10). The functional L,
does not depend on v. Indeed, assume that v!,v? € [H1(Q)]® are two functions
satisfying (10). Then, for v = v — v2, we have v = 0 on I'. Hence v € [H}(Q)]® and
the following formula holds:

/Uz'j (w)eij(v) = */Uz‘j,j (u)v;
Q Q
implying that
/(Uij(u)fz‘j(vl) +oi,5(u)or) = /(Uz'j (w)eij (v*) + 45,5 (u)v7) = Lu(p)-
Q Q
By Theorem 1, using Holder’s inequality, one can obtain the estimate

3

o llillyr

i=1

1Lu(@)] < e (luillne + lloig (w)llo.e) v

1,0 < c2flu

which yields continuity of L, on [H/?(I')]?. Therefore, there exists a unique repre-
sentation

Lu(¢) = (Mis@i)ij2rs A= (A1,A2,A3) € H=Y2(T).
Substituting this identity into (11), by (10) one obtains

(12) /Uz'j(u)€ij(v) = */Uz‘j,j(u)vi + (i vi)1/2r
Q

Q

with an arbitrary v € [H1(Q)]3.

The smoothness of the boundary implies n € [C%}(T")]3. Therefore, similar to
Lemma 2, for v|p € [Hl/Q(F)]?’ we have v,, = v;n; € Hl/Z(F), Vp = V; — UpNy €
HY2(T),i=1,2,3.

Similar to Lemma 3, introduce elements \,, \r; € H-Y/?(T), i = 1,2,3, by the

formulae

(Ans@)1/2,0 = (Niseni)i/ar,
(Aris@)1/2,0 = (N, ©)172,0 — (A, oni)1/20, 0= 1,2,3,

where p € H'/?(T), which yields the decomposition
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In this notation (12) takes the form

(14) /Uij(u)fij(v) = - /Uz'j,j(u)vi + </\mvn>1/2,r + </\‘riav‘ri>1/2,l“-
Q Q

If the functions u, v are sufficiently smooth, then (14) coincides with (6) and o, (u) =
An,y 07i(0) = Argy © = 1,2,3. Keeping these relations in mind, we denote

Ap = 0n(u), \rg = 0ri(u) € HV2(T), i=1,2,3,

and obtain needful Green’s formula stated in Theorem 3.
Conversely, let \,, \r; € H™Y2(T"), i = 1,2,3, \ryn; = 0, be given. For a constant
w1 > 0, consider the auxiliary problem

(15) / (043 (w)eij (0) + puiv:) = s vom)1jor + Ooris vrid1jar Vo € [HYQ)P.
Q

In view of the representation (13) and Ar;n; = 0, the right-hand side of (15) is
equal to (A;,vi)1/2,0, hence, by Theorem 1, it defines a linear continuous func-

tional on [H'(Q)]?>. By the Korn inequality (7), the left-hand side of (15) is a

coercive continuous bilinear form on [H!(Q)]?>. Therefore, there exists a solution

u = (ur,us,u3) € H'(Q) to the problem (15). On the other hand, by the Green
formula (9), equation (15) is equivalent to the problem
7Jij’j(u) + Hu; = 0, 1= ]., 2, 3, in Q,
on(u) = An, ori(u) =Ar, ©1=1,2,3, on I.
This implies u € H}(2). Theorem 3 is proved. O

—
Consider now the domain Q. C R® with the boundary 992, =T UYX,_ , with ¥ the
closed extension of X, as before. Let v = (v1,12,13) correspond to a unit normal
vector at X. Introduce the space

HY(Q,.) = {u= (u1,us,u3) € H'(Q) |[u=0 onT}

equipped with the norm

3

3
lallf =" luillgo, + D luisllgo,-

i=1 i,j=1

Theorem 4. Let the boundary 9. belong to the class C''!, let a function u
belong to the space H:(Q.) and [0j(u)vj] =0, i =1,2,3, on X. Then there exists
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a linear continuous operator H:(Q.) — [H&f(EC)*]B which uniquely defines at the
crack ¥. the values

Uu(u)aUTi(u) € Héé2(zc)*, 1= 1,233, UTi(u)Vi = 0,

and for all v € H'°(Q,) the generalized Green formula holds:

1) [ o wene) = = [ o5 = (o) D)y, — (o) ol o,

Qe Qe
For smooth functions u defined in Q. = Q.U 0., the following formula holds:
(17)  oi(wv; = o (W + o74(u), 1=1,2,3, ou(u) = oi;(w)v;v;  on Xe.
Conversely, there exists a linear continuous operator [Hgé ()P - H 1(Q.) such
that for any given \,, Ar; € HééZ(EC)*, i=1,2,3, \r;v; =0, a function u € H(Q,)

can be found such that o, (u),0.;(u) € Hé({z(Ec)*, i =1,2,3, are defined, and

ov(u) =X, ori(u)=Ay, i=1,2,3, onZX..

Proof. In view of Theorem 2, for v € H"%(Q.) we have [v] = ([v1], [v2], [v3])
belongs to HSSZ(ZC). The smoothness of the boundary implies v € [C%*(X,)]?, and
consequently, by Lemma 2, we have [v,] = [v;]y; € H&({Q(EC), [vri] = [vi] = [V €

HY2(S,),i=1,2,3.

Let u € H(.) be a given function. By the assumption, the surface ¥ divides
Q into two domains 4, Qs with boundaries 0Q; = X7, 0Qs = I' UXT of the class
C11. In each Q, k = 1,2, we have u € H1(Q). Hence, we can apply Theorem 3
which provides existence of elements o (u), 0= (u) € H-Y2(%), i = 1,2,3, on the
boundary, and obtain the Green formula

(19) [ owen®) = = [ - @ @0t s — (Th0, 05, 5

c Qe

+ <0; (u)’v;>1/272 + <07Ti(u)’v‘r_i>1/2,2'

Here the signs & correspond to the faces % of the surface ¥; (-, -); /2, means the
duality pairing between H'/2(X) and H~/?(%).
The assumption [o;;(u)v;] = 0, ¢ = 1,2, 3, in view of the representation (5) implies

v ()] =0, [or(u)] =0 onZ,
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which is fulfilled in the sense

(19) (o7 (u) =0, (W), 1), 5 = (053(w) = 07;(u), ¥), s =0, i=123,
vy € HY?(%).

This leads to the following identity instead of (18):

20 [ oy =~ [ oo~ (o) )y 5~ (TE @ o)) 5 5

QC QC

Using (19) and Lemma 1, let us define functionals o, (u), o, (u) € H&éz(ZC)* by the

formulae

<UV(U)>T/’>1/2’EC = <in(“)’1;>1/2,2,
<Uri(u)a¢>1/2’zc = <U7:5(u),1z>1/2’2, i=1,2,3,

VwEH(}({2(Ec), '(7):'(/)111 Y, wZOIHE\Zw @EHl/Z(E)

Here (-,-)1/2,», means the duality pairing between Héé2(20) and H&({Q(EC)*. This
representation allows us to rewrite (20) in the form (16). For smooth functions u

defined in Q, identities (5) fulfilled at ¥ imply (17).
Conversely, let \,, \r; € HSéZ(ZC)*, 1=1,2,3, \jsv; = 0, be given. For a constant

p>0,ve HY(Q,), consider the auxiliary problem

(21) /(Uz'j (weij (v) + puivi) = =(Av, [oo]) )y 5 — (Aris V7)) 5 5 -
Q.

In view of Theorem 2, the right-hand side of (21) defines a linear continuous func-
tional on H10(Q.). By the Korn inequality (7), the left-hand side of (21) is a
coercive continuous bilinear form on [H!(£.)]®. Therefore, there exists a solution
u = (u1,us2,uz) € H(Q) to the problem (21).
Substituting v = ¢, ¢ € [C§°(Q)]3, in (21) as a test function, we obtain the

identity

[ (stw)ze) + mup) =0 o € (€@

Qe

This means that the equations

(22) 7O'Z'j’j(u) + Hu; = 0, = ]., 2, 3,

278



hold in the sense of distributions. Consequently, o;; j(u) € L2(), i.e. u € HX(Q),
and (22) is fulfilled almost everywhere in Q..
On the other hand, the extension ¥ divides 2 into two domains 2y, s with

boundaries £~, [ UX™" of the class C1'1. In each Qy, k = 1,2, we have u € H().

Hence, we can apply Theorem 3 which provides the existence of o= (u), 0% (u) €

H~Y2(%),i=1,2,3, and the Green formula (9) gives
/(%‘ (w)ei; (v) + o455 (wvi) = —[{ow (), v)1/2,5] = [(7i(u), vri)1/2,5]
Qe

for v € HY0(€,.). Utilizing (22), we deduce the formula

(23) / (05 ()i (v) + pusvi) = —[{00 (W), v0)1 /28] — [(@ri(u), Vi) /o).

For ¢ € [H}(Q)]? we have ¢ € HY(Q,) and ¢t € HY?(X), [¢] = 0 on ¥ (then
[pv] = [p+] = 0). Substituting v = ¢ as a test function, from (23) we obtain

[ (esen(e) + muie) = (o) 00, o5~ (o7l o
Q.

and (21) implies that

/(Uz‘j (w)eij(p) + puipi) = 0.

QC

Thus, one can conclude that

<[JV(U)]? QDV>1/272 + <[O—Ti(u)]? QDTZ'>1/27E = 0 v‘P € [H(}(Q)F’
This equality implies [0, (u)] = 0, [0-(u)] = 0 on ¥. Therefore, we can apply
the first assertion of Theorem 4 and define o, (u),o-;(u) € H&éQ(EC)*, i=1,2,3,
ori(u)v; = 0. Then the Green formula (16) together with (21), (22) guarantees the
fulfilment of conditions

op(u) =Ny, ori(u)=Ar, 1=1,2,3, onX..

Theorem 4 is proved. O
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3. SOLID WITH A CRACK UNDER GIVEN FRICTION

Let a solid occupy a domain 2. C R® with a crack 3. such that its boundary
0. =TU Ef belongs to the class C™!. We seek the displacements vector u =
(u1,u2,u3) in the space H%°(Q.) which corresponds to the solid clamped at the
boundary, i.e. u =0 on I

The nonpenetration condition of the crack surfaces has the form (Khludnev and
Sokolowski [10])

[uy] 20 on X..

Introduce the set of admissible displacements
K={ucH"YQ.)|[u,]>0 onX.}
which is convex and closed.
Let F € H&g 2(EC)* be a given friction force between the crack faces. Assume that
F > 0 in the sense

(F,o)1ja. 20 Vo e Hy (S), ¢ > 0.

For a given external force f = (fi, f2, f3) € L?*(f.), we introduce the potential
energy functional

Pu) = (u) + I(u),
I(w) = (F [[ur]]), )y 5, T(w) :%/Uz‘j(u)&j(u) */fiui,

on the space H'°(2.). By Theorem 2, for v € HY0(Q.) we have [u,] =
([wr1], [ura), [urs]) € HSSZ(ZC), hence, obviously, |[u,]| € Hé({z(Ec), and the func-
tional I is well-defined. Besides, I is positive since F' is positive, continuous by
Theorem 2, and convex.

Consider the functional II. It is convex and continuous, consequently, weakly lower
semicontinuous. Its differentiability is also obvious.

Extend Y. up to the boundary I' so that € is divided into two domains &, O,
with Lipschitz boundaries 007, 90,. Assume that meas(I'N90) > 0, k =1,2. In

each of these domains, for u € H1%(Q,), the Korn inequality (8),

3
st = 3wl o k=12 w=(un,uu0),
O =1
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is fulfilled since v = 0 at ' N 00y, k = 1,2. Consequently, we have an estimate in
QC’

(24) [ ez = el

Q.

This estimate ensures the coercivity of the functional II,

I(u) > cllull? — | f;

0.0 [uilloo. = +o0,  [lufly — oo

Thus, P is a coercive, strictly convex, weakly lower semicontinuous functional on
HY0(Q,), K is a closed convex set in H1(€2.). Therefore, the equilibrium problem

P(u) :Uiélif(P(v), P=11+1,

is equivalent to the variational inequality
ve K, I (v—u)+I(v)—1I(u)=>0 YveK,

which has the form

(25) / 013 (Wi (v = ) + (B [[or]] = 1)), o, > / filvi—uw) VoK.

By the properties of P, there exists a unique solution u € K to the problem (25).
Theorem 5. There exists a unique solution u € K to the problem (25) such that

—0i4,5 (u) = fz'7 1= 1, 2,3, in QC,
[uy] 20, [ou(uw)] =0, o,(u)<0, o,(u)fu,]J=0 onX,
[o-(w)] =0, |or(u)|<F, ori(u)fur]—F|[u]]=0 on ..

Proof. Substituting v =1u=+ ¢, ¢ € [C§°(Q)]® in (25) as a test function, one
obtains

(26) [outesto) = [ fe o elcE@aP
Qe

c

Thus we have the equations
(27) —0ij5,5 (U) = fi, ¢ = ]., 2,3, a.e. in QC,
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and 05 ;(u) € L*(Q.), i = 1,2,3. By (27) and the Green formula (9),

/O'Z] w)eii(v —u) = /U’ijJ(U)('Ui —u;) — [{ou(u), vy — uy)1/25]

QC

- RUri(U),”Un' - Un‘>1/2,2] ,
and from (25) one can deduce
(28) <Fa |[UTH - HUTH>1/2,EC - [<Uu(u),vu — Uy )1/2,5]
= [{ori(u), vri — uri), 1y 5] 20,

where v € K. For ¢ € [H}(Q)]® we have [p] = 0 on X and, therefore, we can
substitute v = u £ ¢ € K in (28) as a test function. This gives

(29) <[ ( )] 90”>1/22+<[U” ] @Tz>1/22—0 V@E [H(}(Q)]?’

Hence [0, (u)] = [o-(u)] = 0 on X, and we can use Theorem 4 which provides the
existence of o, (u),o-;(u) € Hl/z(Ec)*, i=1,2,3, 0;i(u)v; = 0. The Green formula
(16), applied to the problem (25), together with (27) yields the following inequality
instead of (28):

(30) (F |[o-]] = Hu"']|>1/2,2]c — (o (u), [v] - [“V}>1/2,2C

—(07i(u), [vri] — [uﬂ]>1/2’zc >0 YweK.

By the independence between normal and tangential components at the boundary,
we split (30) in two inequalities

(31) (00 (), [0]), g5, < (00 (@), [ ]1j2m, Vo €K,
(32) <Fa |[UTH>1/27EC - <Uri(u)a [U'ri]>1/27gc
> (F, H“TH>1/2,2C — (ori(u), [“Ti]>1/2,2c Vv € K.

Consider the first inequality (31). Substituting here v = 0, v = 2u, one obtains

(33) (00, 1), = 0.
Consequently, (o, (u), [vy]>1/2 5 <O0forallve H(Q.), [v,] > 0. This implies the
inequality

(34) (0(W) ), py <O VU € Hy (Ze), %20,
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Relations (33), (34) imply the first line of the boundary conditions formulated in
Theorem 5.

Consider now the inequality (32). We can replace v, by v, in (32), A > 0 being
a constant, which gives

A((F, |[”TH>1/2,EC F (ori(u), [U”']>1/2,zc) > (F, HUTH>1/2,EC — (ori(u), [“”’]>1/2,26'
By the arbitrariness of A, this inequality means that

(35) (F,
(»

[UTH>1/2,EC —(ori(u), [“”']>1/2,EC =0,
['U'r”>1/2,2C + <U'ri(u)a [’U‘Fi]>1/2’2c =20 VvekK.

The last relation implies

(36) |<UTi(u)awi>1/2’2c| < <F> ‘w‘>1/2’zc Vw € [H(}({z(ZC)P? '(/)iyi =0.

Equations and inequalities (26), (29), (33)—(36) give the exact meaning of the rela-
tions formulated in Theorem 5. The theorem is proved. O

4. THE CRACK UNDER COULOMB FRICTION

As before, we consider a solid occupying the domain €2, with the crack X.. Let .F €
C%1(3,), F > 0, be a given friction coefficient. In accordance with the Coulomb
friction law (Hlavacek et al. [8]), we assume that the friction force F' between the
crack surfaces ©F coincides with .%|o, (u)|, where |0, (u)| characterizes the contact
force of these surfaces. By the nonpositiveness of o, (u) obtained in Theorem 5 and
provided the nonpenetration condition holds, we arrive at the relation

(37) F=-%0,(u) onZX,.

Friction problem (25) together with condition (37) are equivalent to the problem
(38) / 01y (Wi (0 — 1) — (Fo (), o] = [[ur]]), 0. / filvi—uw) VoeK.

The second term on the left-hand side of (38) is well-defined thanks to Lemma 3.
Notice that problem (38) is a quasi-variational inequality, and the usual variational
methods are not applicable here.
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Define C'~ to be the dual cone of non-positive distributions in H&éQ(EC)*. Let
F~ € C~ be given, then in view of Lemma 3, #F~ € Hl/z(Ec)*. Consider the
auxiliary problem

(39) /Uij(u)eij(v —u) = (FF,|[v:]| - HUTH>1/2,EC > /fi(vi —u;) YveK.
Qc

QC

Problem (39) coincides with the variational inequality (25) for F' = —% F~. There-
fore, by Theorem 5, there exists a unique solution u € K to the inequality (39)
and, moreover, o,(u) € C~. Thus, we construct a mapping 7: C~ — C~ given by
oy(u) = T(F~). One can see that a solution u of the quasi-variational inequality
(38) is described as a fixed point of T, i.e. 0, (u) = T(0,(u)). Therefore, to prove
solvability of (38), we look for a fixed point of T

Take v = Au, where A > 0 is a constant, as a test function in the inequality (39),
then
/ 013 (Weis () = (FF )], o, = / Fus.

Q.

Qe
By the positiveness of the boundary term, applying the Korn and Holder inequalities,
we deduce an estimate

(40) |lull1 < const,

which is uniform in F~.
Let F', F2 € C~ be arbitrary functions. Denote by u* the solutions of the problem
(39) for F~ = F* k=1,2,

[ oshen(wh = o)~ (FF 08 - [0}y o5, > [ 56 =) W e k.

Summing up these inequalities for v* = u2, v = u!, one obtains

/Uz'j (u! —u?)eij(u' —u?) S(F(F' = F2), [[wz]] = |[wZl])y 5

Qe

Then, applying again the Korn and Holder inequalities, from the last relation we
deduce

(41) lu' —w?|[§ < e F(FE = F) e,

H |H1/2,00,Ec + HHU‘ZFHHl/Z,OO,ZC)’
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where the difference ’ [ut]|— ’ [u?]] in H&éQ(EC) was estimated by the sum of the norms.
The continuity of the operators described in Theorems 2, 4 implies the respective

estimates,
(42 el jmgns, < el v e HYO(@),

2 2 2 1/2 1
o @2y < e(I0+ D o s@Ea,) s v e HAQ),
i=1

or, by Theorem 5, since 0;; ;(u' —u?) = —f; + fi =0,i=1,2,3, for v = u' — u? we
have
(43) Jou(ut =) o, - < ella? = .

Using (40), (42), (43), from (41) we finally obtain the estimate

(44) low (! —u?)]3

ar 1 2
ey S AFE = F)

Iz

By Lemma 3, (44) implies the Holder continuity of the mapping T', however, it is
not enough for the existence of a fixed point. Using the technique of additional
smoothness for solutions of contact problems with Coulomb friction developed in
Necas et al. [19], Jarusek [9], Eck and Jarusek [6], we obtain the weak continuity
of T.

We need some additional assumptions on the data. First, let ¥, be of the class
C?! possessing the property of local straightening, i.e. ¥, is locally represented as
the graph y3 = 0(y), v = (y1,¥2), in local coordinates (y,ys) with y € B(0), B(0)
is a ball in R? centred at 0, such that § € C%'(B(0)), 6(0) = V#(0) = 0, and Q; is
locally the epigraph for this function. Perform the local coordinate transformation

U y—vy, y3ﬂy370(y)a

which transforms a neighbourhood &(xy) of any point zg € X. into a cylinder
C-(0) = B(0) x (—r,r) in R3 such that &(x) N X, is transformed onto B(0) x {0},
the normal v(z¢) into the third basic vector. We will denote by “hat” the result of
the inverse transformation ¥~1. Second, let the friction coefficient .7 € C1(X) have
the compact support in X,

(45) dist(supp .#, 0%.) = d§p > 0.

One can therefore choose an open compact set X & in X, such that supp .# C X,
Y% C .. As before, ¥ is a closed smooth extension of ¥ in .
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We take ¢ € K with the support in C’T(O) and substitute v = u + ¢ as a test
function in (39), then (39) takes the form

/ 0ij(weij(9) = (FF ™ |[u] + [or)] = |[url])y 5 50y = / fipi.

Q.NnC,.(0) Q.nC,.(0)

Applying here the local coordinate transformation ¥ with the matrix

1 0 0
0 1 0
0, —6, 1

we arrive at the following inequality on @ = B(0) x (—r,0) U (0,r):

[ﬁ 1/2 B(0) & /f‘ﬁi’
Q

-] + [907” -
Q

where
b fo = [ (~00(0)(@iad + 63a0:) — 303y ()aatl; + 30,
Q
+ T (30, + 0,30 1) (P30, 5 + @j,?ﬁ,i))-
The multiplier J = /1 +|V0]2 is a density of the surface measure, b(-,-)q is a

bilinear quadratic form corresponding to this transformation. The integration over
Q in (46) can be extended to the integration over S = R? x (—r,0)U(0,7) in a regular

”>1/2,R2>/fi¢i-
S

Let xc,.0) € C?1(R3) be a cut-off function, 0 < Xc,0) < 1, with the support

way, i.e.

[UT} + [‘pr” - [ﬁ’

(47) / 5y ()43 (B) + b0, )5 — (FE~,
S

in C,(0). Using (40), for the inequality (47) an a priori estimate was obtained in
Jarusek [9]:

48)  lIxc,0)0v (@) | g-1/2+0 w2
<l Z =50 - IXCo @ F Il gr-1/24amz) + const, 0<a<1/2,

where H~1/2t%(R?) is the space dual of H'/2=%(R?), 0 < a < 1/2, and the norm in
H'/2=%(R?) can be introduced, for example, by

1512 /5 = s \|0R2+//|t e S o

R =1

T|y,=t) — s(z :m—'r)HO g dtdT.

286



By the compactness of ¥ and the assumptions on the boundary regularity, let
{V} be a finite covering of ¥ such that every V is transformed into C,(0) by
the local coordinate transformation ¥, and let {xy } be a smooth partition of unity
subordinate to this covering, > xy = 1 on ¥ 4. Choosing V' small enough, in view
of (45), we assume that | J {V: V Nsupp % # (I} forms a covering of supp % and

closure(U{V} N 2) C 3, closure(U{V: V Nsupp # # 0} N E) CXz.
For V with V Nsupp .% # 0, it follows from (48) that
[Xv 6, (@) ]| r-1/24a @2y < ol Z || L= (B0)) - H)A(VﬁHJHH—l/Ha(R?) + const,
for V with V Nsupp .% = 0, (48) implies
XV 60 (@) || r-1/24a g2y < const,

because of .# = 0. On the space H~/2*%(X z) let us introduce the norm

8]l zr-1/240(25) = Z IRVET| -1/2+a(r2),
{v}

where “bar” denotes the zeroth extension of the function on ¥, well-defined thanks to
the property s € HY/?27%(Xz) < 5 € HY/? (%), 0 < a < 1/2 (Lions and Magenes
[15]). Then from the last two inequalities we finally obtain an a priori estimate

(49) HO—V(U)HH*UP&‘(E.g) < C”?Hch(E‘?) . HF7HH71/2+Q(Z.?) -+ const.

Let F~ € C~ N H '/?t%(2 %) be given. With help of the estimate (49), for
the solution u of the variational inequality (39) we then have that o,(u) € C~ N
H~1/?2%2(¥ z), i.e. we can consider the mapping T: C~ N H /2T z) — C— N
H~Y/2+%(% z). We have to show that 7 is weakly continuous. Indeed, let
(50) F" —F weakly in H'/?T*(S 7).

By (45), for a closed extension ¥ of ¥, considerations like in Lemma 2 yield that
FE € HY?=*(S ) if € € HY/?~*(%). Then (50) yields

(FE = F)e)y )y oy = (F" = . FE1a sy — 0
for any ¢ € HY/?~%(%), i.e.
(51) FF" — ZF weakly in H71/2+°‘(E).
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By the compact imbedding H~1/2+*(¥%) ¢ H='/2(%) for any 0 < a < 1/2, (51) im-
plies

(52) FF" — FF strongly in H Y/2(%).

In view of (45) and Lemma 1, FF", FF € Hééz(Ec)*, and the definition of this

space in Theorem 4 implies the estimate

1P E = Py < FE" = Pz
therefore (52) implies

(53) FF" — ZF strongly in HSéZ(ZC)*.

The estimate (44) modified by the notation o, (u) = T'(F) together with (53) gives
(54) T(F™) — T(F) strongly in Ho/*(3.)*.

On the other hand, by virtue of (49) and (50), T'(F™) are bounded in
H~'/2%2(%$ ), consequently, there exist F € H '/2t*(Xz) and a weakly con-
vergent subsequence such that

(55) T(F™) — F weakly in H Y/2t%(2 ).

Analogously as we have obtained (53) for the sequence {F"} from (50) by (51), (52),
for the subsequence {T'(F™*)} from (55) one obtains

(56) FT(F™) — ZF strongly in Héé2(26)*.
A comparison of (54), (56) gives F' = T(F), and from (55) we conclude
(57) T(F") — T(F) weakly in H-Y/2+%($z).
Thus, (50) and (57) together mean that
T: C-NH Y*Y3z) - C-nH V2 (Dy)

is weakly continuous.
Consider the closed sets

H,=C~ N{Fe H'*(Ez), ||Flg-12eais,) <1}
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For .7 small enough and such that c||.% || (x,) < 1 in (49), there exists 79 > 0 such
that T' maps H,, into itself. Then we have that T': H,, — H,, is weakly continuous,
H,, is weakly compact, therefore, the second Schauder fixed-point theorem (see
Zeidler [21]) asserts the existence of a fixed point F* of T', F* = T'(F*). We find the
solution u of the quasi-variational inequality (38) solving (39) with '~ = F*, then
op(u) =T(F*) = F* =T(o,(u)).

Moreover, as was mentioned before, the quasi-variational inequality (38) is equiva-
lent to (25), (37). Therefore, we can substitute (37) into the corresponding relations

stated in Theorem 5. Like in the proof of Theorem 5, they are fulfilled in the sense
that

/(—aij,j(u) —f)e=0, i=1,23, VpeI*Q),
Q.

(l00 (W), 9), 15 = (i), ), 5 =0, i=1,2,3, Vpe H*(E),
(o), [w])) 55, =00 (ou(w),P1am, <O Vo€ Hyl’(Se), 920,
(ov(u), yH“TH>1/2,2C + (ori(u), [“Ti]>1/2,zc =0,
< —(0u(w), Zl¢l) ps, Vo € Ho (Z)P, i =0.

|<Uri(u)> %‘)1/2,&

Thus, we have proved the following theorem.

Theorem 6. Let all the above assumptions be valid, then for the friction coef-
ficient % small enough with the compact support on the crack surface, there exists
a solution u € K to the problem with the Coulomb friction between the crack faces
(38) such that

—0i4,5 (u) = fz'> 1= 1, 2,3, in QC,
[uy] 20, [o,(u)]=0, o,(u)<0, o,(u)fu,]=0 onX,,
[or(u)] =0, lor(u)] <—=Fo,(u), ori(u)ur]+ fa,j(u)“uTH =0 onX,

in the sense mentioned above.
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