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Abstract. We illustrate the use of the recent approach by P. Albrecht to the derivation of
order conditions for partitioned Runge-Kutta methods for ordinary differential equations.
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INTRODUCTION

Consider a partitioned system of ordinary differential equations (ODESs)

(1.1)

q = fit,p,q),

{p/ = fp(tap, q)a

t € [to,T], p € R, ¢ € R%, where the functions f? and f¢ are sufficiently smooth.
Such systems are encountered in many practical applications. Typical examples are
second order differential equations y” = f(t,y,y’) which by putting p = y and ¢ = ¢/

can be written in the form
P =q,
q = f(t,p,q);

Hamiltonian systems

, 0H
pffaqa
, OH
Q—+a—p,
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where di = dy = d is the number of the degrees of freedom, p are generalized
coordinates, ¢ are generalized momenta, and H is the Hamiltonian (total energy of
the system); and singular perturbation problems

{y/ = f(y,z),

/

£z = g(yv Z)a

where ¢ is a small parameter. The Volterra integral equation of the second kind

t
) = glt)+ [ (s, u(5))ds,
to
t € [to, T], can also be written as an infinite system of partitioned ODEs as demon-

strated by Brunner, Hairer and Ngrsett [4].
The system (1.1) will be solved by the partitioned Runge-Kutta (PRK) method

s
P)i = Pn + hzaijfp(tn-‘rcjaf)ijj)a
=1
Qi =qn+hY i [ (tnys;, Py, Q)
(1.2) =
Pn+1 = Pn + hzbifp(thrcia Pia Qz)a
i=1
s ~
Gn+1 = Gn + hzbifq(tn—i-éiapia Qz)>
=1

i=12,...,5,n=0,1,...,N =1, Nh =T — ty, where the coefficients c;, a;;, b;,
~ S
and &, @;j, bi, ¢; = Y a;j, & = » Gi; represent two different RK schemes. They
j=1 j=1
will be represented by two tables

Hairer [6] (see also [7]) developed a theory of P-series to study order conditions for
(1.2). As observed in [7] the derivation of order conditions simplifies considerably if
we assume that ¢ = ¢. The resulting order conditions in this case up to the order
r = 4 have been listed in Griepentrog [5]. However, in many practical applications
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it is important to consider methods with ¢ # ¢é. This is the case, for example, when
integrating separable Hamiltonian systems, i.e., systems for which the Hamiltonian
H has the special structure

H(t,p,q) =T(p) + V(t.q).

In applications to mechanics 7" and V' would represent the kinetic and the potential
energy of the system, respectively. It is known (see for example [11]) that such
systems can be efficiently integrated by symplectic PRK methods which are also
effectively explicit. These methods have the form

0/000...0 &1|b1 0 0...0
C2 610 0...0 62 {)1{)290
C3 b1b20. .0 63 b1b2b3...0
Cs |b1 ba b3 ... 0 Cs 515253...55

b1b2b3-~-bs 515253...55

¢ = Z;;ll bj, & = Z;zl l;j, i=1,2,...,s, hence, in general, ¢ # ¢.

It is the purpose of this paper to derive order conditions for PRK methods with
¢ # ¢ using the alternative approach to the order theory developed by Albrecht [2],
[3]. This approach was also used to derive order conditions for Rosenbrock methods
by Albrecht [2], for constant and variable two-step RK methods by Jackiewicz and
Tracogna [9], [10], and for a certain class of general linear methods by Jackiewicz
and Vermiglio [8].

As in the case of the approach based on the P-series [6], [7], Albrecht’s approach
also simplifies considerably for PRK methods with ¢ = ¢.

2. GENERAL ORDER CONDITION

Introducing the notation

P:[Pl,-“aPS}T, Q:[Qla"'aQs}T,

thye = [tn—&-cla cee 7tn+cs]T7 tn—i—ci =tp + Cih>

tn—i—é = [tn—&-éla o 7tn+és]T7 tn—i—éi = tn + Ez’ha
fp(tn-‘rCa Pa Q [fp(tn+C1,P1, Q1)7 sty fp(tn-i-csapsv QS)]T7

):
fq(thrEaPaQ) = [fq(tn+51,P1,Q1), o 'afq(thrEsaPSaQS)}Ta
e=[1,...,1]T e R®,
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the method (1.2) can be written in the matrix form

P =ppe+ hAfP(thie, P, Q),

Q = gne+ hAfU(tnye, P,Q),

Pnt1 = pn + hbT fP(tnic, P,Q),

Gnt1 = qn + 0T f9(tnie, P,Q),
n=01,..., N — 1. We define the local discretization errors hd;, , ., hdy ., hde_l,
hd} 41 of stage values P, @, and the last stages pn11, gni1 as residua obtained by

replacing in (2.1) the values P, @ by p(tnic), q(tn+e) and pati, gny1 by p(tn+1),
q(tnt1), where

T

{p(tn+6) = [p(tnter)s- - vp(tn-l-cs)}Tv
q(tnte) = [q(tnye ), q(tnye,)]

This leads to

P(tnte) = p(tn)e + hASP (tnie, D(tnte) q(tnss)) + hdh .,
2.2) q(tnsz) = q(tn)e + hAf(tnis, p(tne), q(tnsz)) + th?He,
Pltng1) = pltn) + b7 fP (tnye, (tnse), a(tnie)) + hd), 4,
q(tnt1) = q(tn) + hbeq( n+és P ( nte)s q(tn+ 5)) + hCZZ+1a

n=20,1,..., N — 1. Putting
fg—&-c = p(tn-‘rc) - P, éﬁJrl = p(tnt1) — Pnr1,

iz = d(tase) — Q, &1 = q(tns1) = Gni1,
e = P (tnres D(tnte), a(tnie)) — fP(tnye, P, Q),
0y s = U tnse Pltne)s @(tnte)) — f(tnre P, Q)
and subtracting (2.1) from (2.2) we obtain
Z-i-c = &he+ hAn,, .+ hdl .,
n+c = fne + hAnn+C + hd

n—i—l = gn + hann—i-c + hdn+1
=&+ hanZ 1o+ hdly + RO+

=h Z dl+1 + ho" Z nfﬂ’
1=0

i1l = €7 + hbTﬁnJrc + hd
=€+ hbTnl_ L.+ hdg +hbTn?, ,+ hdl

=h Z dl+1 +hb" Z 771q+5
1=0
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since €2 = p(to) — po = 0 and &1 = q(to) — go = 0. The above relations lead to the
following general order condition for PRK method (2.1).

Theorem 2.1. Assume that the external stages p,+1 and g,4+1 of the PRK
method (2.1) have order of consistency r > 3, ie., d2 = O(h") and d% = O(h"),
n=0,1,...,N. Then the PRK method (2.1) converges with orderr, i.e., &£ = O(h")
and €2 = O(h™), n =0,1,..., N, if and only if

b, = O(hT),
(2.3) {~T77;L+c ( r)
binpe = O(h"),
n=0,1,...,N — 1. Moreover, the global errors &, . and £  ; of the internal stages

P and @) are given by

P _ P D r
(24) { ;H—c - hd;z+c + h/~1772+c + O(h ),
nte = hdy o+ hAn, .+ O(h"),

n=0,1,...,N — 1, where hd}, , . and hd}

s are defined in (2.2).

Proof. It follows from the assumptions of the theorem and from (2.3) that
éﬁﬂ = O(h") and fAZH = O(h"), which means convergence of order r. Substituting

the above relations into the formulas for £, . and &, . we obtain (2.4). O

The order conditions (2.3) are not convenient to use since they depend on the
functions f? and f? appearing in (1.1) (through 7}, . and 7/ ;). In the rest of the
paper we will reformulate (2.3) in terms of the coefficients ¢, A, b, and ¢, A, b of
PRK method (2.1).

3. REFORMULATION OF ORDER CONDITIONS FOR PRK METHODS

The following technical lemma expresses 7, ,, and 7., in terms of £, and
& This lemma will be instrumental in expressing order conditions (2.3) in a more
convenient form.
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Lemma 3.1. Assume that the functions p and q are sufficiently smooth. Then

foe SX NS e

g (Z %q<f>(tn)(5 - D)fhﬂ) (A g (ST

(3.1) =t
q _ - ( ]‘)l G
The= 2.2 r - Z on(t
=1 v=1 =
L o) ~joPl—uqy
X Zﬁp (tn)<D - D) h (£n+c) ( n+é)
j=1
with
G, (1) :diag(glpw(t +c1h),... ,glpw(t + ¢sh))
52) =97,,()I +hD(gp,,) (t) + 5 thQ( L) @)+
G;Il/lt( ) :dlag(gfuﬂ(t + Clh) o 7gll/;¢(t + Céh))
=gp,, ()] +hD(gf, ) (t) + thQ( L) @)+
where
8l+“fp
P —
(3 3) gluy(t) T 3pl*”5q”+” (tap(t)>Q(t))a
’ . 3l+ufq
G (t) == W(t’p(t),cﬂt))
and

D = diag(cy, ..., cs), ﬁ:diag(él,...,és).

Proof. Expanding fP(tnte,, P, Qi) and f%(t,yz,, Pi, Qi) into Taylor series

around (tnc,, P(tnte,), d(tn+s,)) and (tniz,, P(tnte,); @(tnte,)), respectively, we ob-
tain

oo H’l 9] 1
= 230 ( V)zﬂ.gw tuse)
n=

I=1v=

I
( ( n—&—c7 - n+Cq ) ( n+cl n—i—cz)y’
o ! 1)+ 1
q
7]n+&i = Z ( ) 'gll/lt n"l‘Cz)
=1 v=0 v ’u
X (p tn+61 n+61 )H f -i-cZ n+c1)ua
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where glpw and glqw are defined by (3.3). Substituting

| =

A(tnte,) = qtnse,) = Z -|q(j)(tn)(5i — ) h
=17

<

and

o0
1 . i
Pltate) = Pltate) = D 5p (ta) (e = &)W
j=1""

into 7, , .. and n? 4z, We obtain formulas which are equivalent to (3.1) with GY, ., and
G}, defined by (3.2). O

Using the notation employed in the above lemma the local discretization errors

hdy ., hd} ., hdn+1 and hdn+1 appearing in (2.2) of the PRK method (2.1) can be

written in the form
r+1

hay .o = vahlp”’(t

00 1 ) } RN
thZ GOO# (Zﬁq(”(tn)(ccyh]>
j=17"
O(hr+2),
(3.4) o
hdy, s = Z’quhlq(l)(t
o9} 1 ) o "
thZ  Gop(tn (Z—'p(”(tn)(cé)]hj>
n= 1 j=1 J:
+O(hr+2),
~ r4+1
= A
e’} 1 . B RN
_hbTZ Gow <Z ﬁq(])(tn)(C—C)jh])
=
O(hr+2),
(3.5) o

bl = 3

—hbTZ —Gou(tn) (il' J c—c)]h])u

O(hr+2),
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where

=545 @ 1 ° _
RO TR T, R TR T ST,
1 Cl—l 1 - El_l
b - T~ Aq::__bTi
R TR ST R TR (T

1=1,2,...

Define functions u?, u?, vP and v? by

up - €n+c - - hAnZJrc + O(hr)a
ul = Z+c hdgz+c hAWZJr& + O(hr)
()5
N 9 31 =" (L SE YRR
1=1v=1 : n=1 H:
<1, ~ AN I
x (Z S ea)(D - D)W) (€, (€0,
=
oo 1 1+1 o
4 (-1) l 1
vl = Mpte — Z Z [Tl (l _ I/) ,U,'Glu‘u( )
=1 v=1 p=1
x (Z P 0D = DY) (€)' (€l )
=

These functions are analytical at &, ., =0, &, . =0,77,.=0,7n!,,=0and h =0,
moreover

P ouP ouP ouP -
o, . o0& . omh.. Onl.;
Oul oul out ou

det a€n+c a€n+c 5772% 5772%
ovP ovP ovP ovP

o, o0& . omh.. Onl.;
ovl ovl ov? ov?
LOg) . 5fn+c M4 877$L+&'|(52+cvfﬁ+a”72+c”77qt+6’h)z(o’o’o’o’o)
I 0 0

0 I 0
~Gly —Gip 1
Gl Gl O

= det =1.

~ O O O

Therefore, it follows from the implicit function theorem that the system of equations
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has a unique solution (£, .,&!, -, mh, .,ni ;) around h = 0. This solution can be
expanded into the Taylor series of the form

(36) D= sh(tn)h? + sh(tn)h® + ...+ s0_ (tn)h" "1+ O(h"),
' 4= 88(ta)h? + s3(t)R3 + .+ 8L (t) T+ O(RT),
and
(3 7) nfb-ﬁ-c = wg(tn)h2 + wg(tn)h?’ +... 7+ wf—l(tn)hT71 + O(hr)a
My = wh(tn)h? +wi(ta)h?® + ..+ wi_ i (tn)h" 1+ O(h")

The fact that the above expressions start with terms of order O(h?) follows from the
definitions of £/, ., &7, o, mh, . and 7 ..
Using the formulas for hd? ey hd? 41 (compare (3.5)) and the expressions (3.7) we

can reformulate Theorem 2.1 in a more convenient form as follows.

Theorem 3.2. The PRK method (2.1) has order r if and only if d2. = O(h"),
d? = O(h"), n=0,1,...,N, and

4. RECURSIVE GENERATION OF ORDER CONDITIONS

‘We will need the multinomial formula

il oS Tk m_ | 0o tn . o .
(4.1) E _k!t —m.Z—n! g (nya1,a2,...,a,) 0 x5 .. o,
n=m

k=1 a1+2az+...4+na,=n
aitaz+...+an=m

where
n!
(n;a17a27~"aan)/ = ] )
(1Naraq!(2N22a,! . .. (nl)enay,!

compare [1], page 823.

We have the following theorem.
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Theorem 4.1. The vectors ¥, r], w?, and w} appearing in (3.6) and (3.7) satisfy

the recursions

o0
7 1 6 (=~
(4.2) P =afp® 4 Aw? =N N D @)
pn=1 6+~vy+1=i
620, y=2p

(950, (@) 0 (g
x 2. (;)(!])alaﬂ@!)“?ag! () ay!

a1 +2az2+...+vay=vy
aitaz+t...ftay=p

o0
i I ~5 ~
@3 et e, =Y Y G-
p=1 §+y+1=i
620, yZ2p

3 (960,) " (@) (") .. ()™

1Nargq(2Nazayl ... (Ao a,! '
( Y v

X

ai1+2az+...+vay=vy
artaz+...tay=p

(14) M=iiL¥¥ﬂ)i >

I=1v=1 p=0 0<o+y<i—21
620, v2p

> 1
o142ty (INaraq!(2N)%2a0! . .. (V)% ay!
aitaz+...fay=p

1 ~
X S 5D‘%D — D)
a1t Aoy +Bi. B Hty=i
a1y =y P15, B 22

§
(glpuu)( )(q/)al S (q(’Y))Cﬂrgl - rgq—urgﬁ e T%y,

and

(4.5) wiZL¥%ﬂ)i >

1=1v=1 p=0 0<<o+y<<i—21
620, y=2p

1
<)
a1t2az+...+yay=y (1!)a1a1!(2!)a2a2! e (Vl)aﬂ{a’yl
aitaz+t...fa,=p

1~ -
> ED‘S(D — D)?
art..tai—y+ B+ B+ +y=i
Q1yees 00—y P15, 80 22

(gfw)(‘s) (pHe ... (p('Y))a”rgl .. 'ng,_ur,g’l .. .rg,y,

wl:=0,w!:=0,i=2,3,...,r—1.
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Proof. Substituting (3.4), (3.6) and (3.7) into (2.4) and using (4.1) we obtain
Ph2 D 3 Dpi
soh® 4+ s3h” + ...+ s h' +

7%#+%M +ﬁm o+ RAWERE + whh® 4wl AT L)

ST SIS ;.;,C

p=li=p+1 é+vy+1=i
620, y2p

< Z (%al’aQ’_._7%)/(96)0”)(6)((1/)@(q//)az _._(q('Y))a'yhi

a1+2az+...+vay=y
a1taz+..fay=p

and
s3h? + s3h3 + . 4+ SR+
—%#+ﬁm +¢m A RAWIRE Fwihd 4wl BT

Y Y Y ;.;,C

p=li=p+1 §+~+1=i
020, y2p

v Z (’y;a1,a2,...,ay)’(ggoﬂ)(‘s)(p’)“l(p”)az .“(p('y))cmhz’.

a1+2az+...+vyay=7y
aitaz+...fay=p

Comparing the terms corresponding to h* we obtain (4.2) and (4.3).
Substituting (3.6) and (3.7) into (3.1) we have also

whh? + whh® + ..+ wlh +
e} l )
( 1)l+1 l 1
- ZZ N I — v Zﬁ(glpquJth(glpyu)/ +5h*D%(gp,,)" +...)
I=1 v=0 : o 1

X ,u!z w Z (v;a1,az,...,ay) (¢)" ...(q(V))‘”

Y=p v a1+2az+...+ya,=y
aitazt...ftay=p

x (r5h? +rEh3 + . )V (3 4+ rih® L)Y
3 2 3

%) l ( 1)l+1 I %) )
- Z Z ll <l _ U) Z(gfuuj + h"D(gfyu)l + %h’ DZ(glp,,H)” —+ .. )

1=1 v=0 s
[e'e] (D _ D)’Yh'y
. Z 7! Z (v;a1,a2,...,a,) (¢)* ... (¢")*
Y= a1+2az+...+yay,=vy

a1taz+...fay=p

D p art...tap—y P P 7 B1+... 4B
x Z Tal Tal l,h Z rﬁl ...T'ﬁyh,
QL yeees Oy 22 B, Br 22
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and

wih? +w§h3 A wihi 4
i 1)i+1 l ii(q I—I—hﬁ(q )/+lh252(q )+ )
l — VvV M' gll’l‘ glll/t 2 gl,,# e
I=1v=0 n=0
> (D — D)'RY
<y % S e G (O
T=H v ai1+2az+...+vay=vy

aitaz+t...tay=p
X (B2 4 rBh3 4 )Y (R 4 rdhd 4 )

(D) & o
=22 <lu) > (g, ] +hD(gf,,) + 5h*D*(gf,,)" + )

=1 v=0 1=0
> (D — f))vm ) )

8 Z T Z (v;a1,a9,...,a,) (@) ... (p0)%
T=H a1+2a2+...+'ya,\{=fy

aitas+t...+ay=p
D D art...tap—y P P pB1+... 46y
X E rh..rh,_h E rﬁl...rﬁyh .

A yeey Xy 22 517---761/22

Comparing the terms corresponding to h* we obtain formulas (4.4) and (4.5). O

The relations (4.2), (4.3), (4.4), and (4.5) simplify considerably if ¢ = ¢ (compare
also the comment in [7] about the approach based on P-series). In this case these

relations assume the form

rf =W+ Awf_y,
rf =g + Awf_y,
oo oo 1—21
wl =
=1 v=0 6§=0
(_1)l+1 ! D° (6) ,-p p q
ait...+a -‘rzﬁ:-i- +8,+6=i I l—v/) o! (gll') Pay = Tay vrﬁl"'rﬁu’
1+...toi—p+61+.. .+ B +0=
Q1yeey =y, P15, B0 22
co oo 1—21
wl =
=1 v=0 §=0
(_1)l+1 I Do s .
Z T VI ——(g})Orp .. N R I

ar+...4a_,+B1+...+ B +0=i
A1y =y, P15, B0 22
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w:=0,w!:=0,i=2,3,...,r — 1, where
o' f?
a1, (t) == o
o' f1
g5, (t) := W(t,p(t%w))-

(t.p(1). q(t)),

5. COMPUTATION OF ORDER CONDITIONS FOR PRK METHOD OF ORDER FOUR

In this section we will illustrate the use of Theorem 4.1 to generate the conditions

up to the order four for PRK method (2.1).
Routine calculations lead to
rh = 5p" — A(¢ — 0)9301‘1/’
ry =3q" — A(C - 5)980117/’
wh =B ghoor” — A€ — ©)g10096014 + 1595100 — Alc — Ogh10980:7'
w§ =5 g%00p" — A = )glo0gb014’ +189%10¢" — Ale = gl 1098017,
= 75p®) — —A(c — &)’ 96014" — AD(E = ¢)(9601)'¢'
- §A(6 — ) 9002(d')* + AV 9T00p" — A(E — €) 970090014
+ Avggtioq" — AA(c — &)gl1090017s
14 =28 - SAle — Pghup” — AD(e — &) (ghor)

—

—A(C - C) 9002( /)2 + fwggfoop” - AA(E - 0)9(11009801‘1/

[\)

+ Av391104" /P(C — &)911096017

1. . -
® — gA(C - 0)29{)009801‘1// — AD(¢ = ¢)g100(9601)'d

Wy = V3 9700P
— SAE — 0 Glonbond' + 413 (0lo0)D" — A%(E— O)(0hoo)*ahond
+ A’Yggfoogqu// - AA(C )91009110900117 + D'YQ (9100)/ !
— DA(E = ¢)(9800) 98014’ + (D — D)V ghoud'p”
- (5 — D)A(¢— C)gfmq/ggmq/ + ’yggfmq(?’) - 51‘1(0 - E)ngmggmp”
— AD(e ~ )gho(obor)'¥ — 5 Ale — D 0r08oa ) + A 100000

+ Dy (gh10)'d" — DA(c — &)(g¥10) 9801P’ + (D — D)vighy1d'q"
— (D — D)A(c — &)g}11d' 9éor?

)
— AA(E - o)gy 11091009001‘1 + A7291109110q AQ(C - 5)9?109(1110980117/
)’
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1 .
wi =8 gfop® - 5’4(0 — )°910090014" — AD(E = ©)9100(9601)'d

1 -
- §A(C - 0)2911009302(‘1/)2 + A5 910091000 — AZ(C — ©)9%009%0096014
+ Av3glo0gti0d” — AA(c — &)glo0g109801P" + DV3(9100) D"
— DA(¢ - ¢)(9100) 96014 + (D — D)729101P/p”

— (D - D)A(E - 0)9110117/930161/ + 7??9(1110(1(3) - 5121(0 - 5)29%0980117//

- AB(C )9110(9001)P" — %A(C - E)2911109802 ®)*+ A’Yggglogtlloop”
AAE = ) g09%0098010 + AV3(9110)°d" — A%(c — &)(9710)9orP’

+ D (gt10)'q" — DA(c— &)(g110) 9borp’ + (D — D)1igtp'd"

- (D )A(C = &)g1110' 98011’

It follows from Theorem 3.2 that PRK method (2.1) has order four if and only if
d? = O(h"),d% = O(h™),n =0,1,...,N, bTw? = O(h*) and b"w?! = O(h%), i = 2,3.
This leads to the following equations expressed only in terms of the coefficients ¢, A,
b, and &, A, b of PRK method (2.1).

Order 1: ble =1, bTe = 1;

Order 2: blc= %, bTé = %,
bT'(E—c) =0, b (¢ — &) = 0;

Order 3: bTc? = %, bTé = %,
bl —c)? =0, VI'D(E—¢) =0,
b (c—¢)% =0, b D(c—¢) =0,
b798 =0, b5 =0,
bTA(E—c) =0, bTA(E—¢) =0,
b7 =0, bT5 =0,
bTA(c—¢) =0, bT A(c —¢) = 0;

Order 4: bTed = %, bTes = %,
bT(& - ¢)® =0, b7 (c—2)* =0,
bI'D(E—c)? =0, bTD(c—&)? =0,
bI'D%(E —c) =0, bTD2(c — &) =0,
b8 =0, 5798 =0,
bTA@E—c)? =0, bTA(E — ¢)? =0,
bI'AD(E —¢) =0, bTAD(¢ —¢) = 0,
bT A =0, bT A =0,
bTA%(é —¢) = 0, bT A2(¢ —¢) = 0,
b Avd =0, b Avd =0,
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bTAA(c— &) =0, bTAA(c—¢) =0,

b DA =0, bT D8 =0,

bTDA(E —¢) =0, bTDA(¢ —¢) =0,

bT(D — D)y% =0, b7(D — D)% =0,
bT(D — D)A(E — ¢) = 0, bT(D — D)A(E —¢) = 0,
bTag =0, b'yg =0,

bTA(c— )2 =0, bT A(c — &) =0,
bTAD(c—¢) =0, bTAD(c—¢) =0,

b AND =0, bT AyE =0,

bTAA(@E —¢) =0, bTAA(E —¢) =0,

bT Avd = 0, bT Ayd =0,

bTA%(c — &) =0, bT A%(c —¢) = 0,
bI'Dvi =0, bT Dy = 0,

b DA(c—¢) =0, bTDA(c—¢) =0,

bT(D — D)vd =0, bT(D — D)vd =0,
bT(D — D)A(c — &) = 0, bT(D — D)A(c — &) = 0.

In the case ¢ = ¢ these conditions reduce to the following much smaller set of
equations listed below.

Order 1: ble=1, Te=1;
1 - 1
Order 2: ple=Z ple— —-
rder c 21, c %,
Order 3: ble? == ble= 2,
rder c 3 b c=3
b4 = 0, 5745 =0,
98 =0 58 =0
Order 4: pled = = pTed = =
rder =1 b =1
bT7§ =0, IZT7§ =Y
b A =0, bT A =0,
b Ayg =0, b Ayg =0,
b Dy =0, b DY =0,
bT7§ =0, bT7q =0,
b AND =0, bT AyE =0,
b Ay =0, b Ayg =0,
b Dyd =0, b Dyd = 0.

These relations are equivalent to the order conditions listed in [5].
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