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Abstract. The starting point of the analysis in this paper is the following situation: “In
a bounded domain in R?, let a finite set of points be given. A triangulation of that domain
has to be found, whose vertices are the given points and which is ‘suitable’ for the linear
conforming Finite Element Method (FEM).” The result of this paper is that for the discrete
Poisson equation and under some weak additional assumptions, only the use of Delaunay
triangulations preserves the maximum principle.
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1. INTRODUCTION

Finite Element Methods (FEM) are often used in numerical solution algorithms
for partial differential equations.

In this paper we consider the Poisson equation and only such conforming methods
which use triangulations of the domain and where the degrees of freedom are function
values. For the major part of the article, the linear conforming FEM is discussed.

The starting point of the analysis in this paper is the following situation:

“In a bounded domain in R?, which is not necessarily convex, let a finite set of
points be given. A triangulation of that domain has to be found, whose vertices
are the given points and which is ‘suitable’ for the linear conforming Finite Element
Method (FEM).”
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Obviously, in general there exist different triangulations with the property that
the set of vertices is equal to that of the given points.

It is known (see Section 3) that a Delaunay triangulation implies advantageous
properties for the linear conforming FEM. If an additional condition denoted by (V2)
is satisfied near the boundary, then the off-diagonal elements of the coefficient matrix
of the FEM are not positive, which is sufficient for a discrete maximum principle.

In this paper it is proved conversely that, if the matrix has this property, then the
triangulation has to be a Delaunay one and the condition (V2) has to be satisfied.

Additionally, a new discrete maximum principle is presented which transfers the
property of the continuous problem to the discrete one in a natural way. Starting
from this, it is easy to prove that the above property of the matrix is also necessary
for this discrete maximum principle.

The last two results are true not only for the linear conforming FEM, but for the
FEM with the Mini element, too.

2. FINITE ELEMENT METHOD AND DELAUNAY TRIANGULATION

2.1. The boundary value problem.

Let us assume that  C R? is an open, simply connected and bounded polygonal
domain, not necessarily convex, with the boundary I' = 9Q. Further, let [y NIy = 0,
I'y Uy =T, I'; being closed and the measure of I'; being greater than zero.

Consider the boundary value problem

—divgradu = f in Q,
(BVP) u=0 onlhy,

nTgradu=0 onT,.

The vector n denotes the unit outer normal on I'.

2.2. Triangulation and notation.

Let a triangulation T' = {t} of Q be given with the usual properties (cf. [2], [5]).
Especially, the intersection of different triangles ¢1,t2 € T may only contain one
common edge or vertex. Boundaries like that in Fig. 1 are allowed, too. In that case,
the location of points and the triangulation represented in Fig. 1 are permitted,
because the points and triangles on both sides of the boundary are independent of
each other.
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Figure 1. Triangulation of a domain © with a crack (detail).

We introduce the following notation:

PeCy(T): Pely),
Q € Cy(T): P and Q are neighbours on I'} for P € Cy(T).

{
{
As in Fig. 1, two points in C(T") may have an equal geometric location (as e.g. Ry
and Rz).
2.3. FEM solution with linear conforming finite elements.

A weak formulation of the boundary value problem (BVP) reads:
Findu € V :={v e H'(Q): v’rl = 0} such that

a(u,v) := //(gradu)T gradvdQ = // fodQ =:d(f,v) YveV.
9 9)

Using linear conforming finite elements the corresponding FEM is determined as

follows:

Find u§ € V4(T) = {v € C°(Q): v|t€T € Pi(R?) and v(Q) = 0 for Q € CB(T)}
such that

(21) a(ugavh) = d(f, Uh) v'Uh S Vh(T)

with P (R?) := span{1,z,y}.
In the definition of V},(T') and in some later notation, the index h hints at a change
from a continuous to a discrete problem.
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Now, using a nodal basis in V,(T) with functions ®p for all P € CI(T) and
denoting the vector of the function values of the solution u$ of the FEM (2.1) at the
points P € CI(T) by uf'F a linear system of equations arises, which has the form

(2.2) LEEEE = pF'E

Here, the stiffness matrix LF¥, the vector uf® and the right-hand side bF'F are
defined by

(2.3) LEP =a(®p,®g), uf? =uf(P) and bfF =d(f,®p) k,i=1,...,m
with m = dimV,(T) = |CI(T)|, whereby we assume 0 < m < oco. Further, the
point P belongs to the index k and the point ) to the index I.

Remark 1. With the last sentence a duality in notation is introduced. So, in
the sequel we will use e.g. for the same matrix element the notation LflE as well as
LEE .

2.4. Delaunay triangulation and condition (V2).
Delaunay triangulations can be defined in different ways. Here we will use, as
in [7]:

Definition 1’. A triangulation T is called a Delaunay one iff for any triangle
t € T there exists no point P € C(T) in the interior of its circumcircle.

For nonconvex domains it is necessary to modify this definition (cf. [4]). Therefore,

for a triangle ¢ € T' we introduce the following notation (see Fig. 2):

K = interior of the circumcircle of the triangle ¢,
K:(Q)=K:NQ,
K;(Q,t) = the largest simply connected set in K;()

which includes the interior of t.

Definition 1. A triangulation T is called a Delaunay one iff for any triangle
t € T the set C(T') N K.(£2,t) is empty.

Remark 2. For convex domains Definitions 1 and 1’ are equivalent.

From [9], we recall the following condition for convex domains:
For any two points P;, P» € Cy(T') with P, € NE(P;) we have for P = %(Pl +P):

(V2) |P; = Plls < |Q — Pl for all Q € C(T) with Q # P;, i=1,2.
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(a) Ky(2) (dotted area) (b)  K(Q,t) (dotted area)

Figure 2. Triangle t = APQR and the corresponding sets K;(€2) and K;(Q,t) (detail).

For nonconvex domains it is necessary to modify this condition. Therefore, for
any two points P, Q € Cy(T') with Q € NE(P) we define the half-plane H(P, Q; ).
It is bounded by g(P,Q), which denotes the line through the points P and @, and
lies along the straight line PQ in the direction to the domain  (i.e. in Fig. 1:
H(Q1, Ry;9Q) below Q1R and H(Q2, R2;Q) above Q2R5).

The modified condition (V2’) reads:

For any two points Py, P» € Cy(T') with P, € NE(P;) we have for P= %(Pl +Py):

(V2) |P,=Plla < |Q— Pl for all Q € C(T)NH(Py, Py ) with Q # Py, i = 1,2.

Remark 3. For convex domains the conditions (V2) and (V2’) are equivalent.

3. SOME KNOWN RESULTS

3.1. About the FEM (2.1) and Delaunay triangulations.
For arbitrary triangulations T' of Q and the FEM (2.1) the following is true

(cf. [2], [8]):
Proposition 1. Let t = APRQ be an arbitrary triangle of T with P ¢ I'. Then

ng is a sum of two addends, where the one which originated from integration over
the triangle APRQ), is given by

llpg(R) := —% cot[Z(PRQ)].
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Conclusion 1. Let P ¢ I'; and let APR1Q and APR2@Q with Ry # Rs be two
triangles of the triangulation T which have the common edge PQ. Then we have

1 sin[/(PR1Q) + /(PRyQ)]

L6 = llpg(Ry) + llpo(Re) = T 28in[/(PR,Q)|sin[L(PR:Q)]

Proposition 2. We have

a) LEE >0 for all P € CI(T), and
b) LEE =— > LEE  if Q € CI(T) holds for all Q € C(T) with LEE # 0.
Q#P

For Delaunay triangulations and the FEM (2.1) the following is true (cf. [9]).

Proposition 3. If the triangulation is a Delaunay one and (V2) is satisfied, then
we have

a) Lf,g <0 for Q # P, and

— — ¥ LEE >0 ifQ € CI(T) holds for all Q € C(T) with LEE < 0,

b) LEE ©rr
>— Y Lp§ >0 otherwise.
Q#P

3.2. About maximum principles.

For the Poisson equation the following continuous maximum principle is true
(cf. e.g. [2]):

Proposition 4 [continuous maximum principle]. For an arbitrary function
u € C%2(Q)NCQ) let
—divgradu <0 in .

Then the maximum of u lies on the boundary of Q. Moreover, if u has a (local)
maximum in €, then u is constant on .

This continuous maximum principle is not only a mathematical property of the
solution for the Poisson equation with nonpositive right-hand side. It reflects also
a property of problems modeled by the Poisson equation. That’s why it is of interest
whether or not a numerical method preserves this maximum principle (cf. also [2],
(6], [8], [10)).

To get a discrete maximum principle and to deduce it only from properties of
matrices, we have to enlarge the m x m matrix LY defined by (2.3) in such a way
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that we include the influence of the whole boundary in the matrix. That’s why we
introduce the m x 7 matrix L = (LFELFF) with 1 = |C(T)| and

I LflE for k,1=1,2,....m
kl = ~

LEF fork=1,2,...,m and l=m+1,m+2,...,m,
PFE

where the elements of the m x (m — m) matrix are defined by

IA/,ZE:a(CI)p,éQ) fork=1,2,....mand l=m+1,m+2,...,m.

Here ®( is the nodal basis function in V;,(T) = {v;, € C°(Q): Uh’teT € P (R?)}
for the point Q.

Further, the m-dimensional vector uf'¥

is enlarged to an m-dimensional vector U.

Proposition 5 [a discrete maximum principle]. Let the function f in (BVP)
satisfy f < 0 and let u"® € R™ be the corresponding solution of (2.2). If the above
matrix L = (LFEf/FE) has the property Lpg < 0 for () # P, then

(MAX) uh? = Jnax Ug with P € CI(T) results in Ug = const for all Q € IIp.
ellp

Here IIp :={Q € C(T): Lpg # 0}.

Proof (cf. also Section 1.3 in [2]). At the beginning, let us point out the fact
that the statement is also true in the case of nonhomogeneous boundary conditions
on I'y, therefore we give the proof in that case.

The following systems of linear equations are equivalent:
L*PufP =B« LU =0b"",
where b7'F is defined by (2.3) and B by

Bp=bp" — Y LpgUq VP € CI(T).
QgCI(T)

First, because of Proposition 2 we have Lpp = LEE > 0.

Further, it can be shown that Lpp = — > Lpg.
Q#P
Now, let us assume that there exists a point P € CI(T') and a point R € IIp with

Urp < uB5E = max Up.
P ety @
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Therefore, because f < 0 results in b5Z < 0, we obtain

OZngZBP-l- Z ﬁggUQZ Z £5u5E+ Z L

QZCI(T) QeCI(T) QgCI(T)
Z LPQUQ>LPRUR+UI€E Z LPQ>UP Z Lpg =0,
Qellp Qellp,Q#R Qellp
which is a contradiction, so that the statement follows. O

By Proposition 3 we get

Conclusion 2. Let the function f in (BVP) satisfy f < 0. If the triangulation
is a Delaunay one and (V2) is satisfied, then for the corresponding solution u*'® of
(2.2) the discrete maximum principle (MAX) is true.

4. NECESSARY CONDITIONS FOR THE NONPOSITIVITY OF
THE OFF-DIAGONAL ENTRIES OF THE MATRIX L

Whereas Proposition 3 gives sufficient conditions for the property Lpg < 0 for
@ # P, we prove now that these conditions are also necessary under some weak
additional assumptions (to get an idea of these additional assumptions (A) and (B)
see also Fig. 4).

Theorem 1. Let a triangulationT of Q) be given such that for anyt = AP, P,P3 €
T we have
(A) B, eCI(T) fori=1,i=2ori=3 and
(B) P;,P; € CB(T) withi # j and i,j € {1,2,3} implies P, € NE(F;).
If the matrix L defined in Section 3.2 has the property Lpg < 0 for () # P, then the
triangulation is a Delaunay one.

Proof. First, for P, # P, and P; ¢ g(P1,P2) we define the half-plane
H(Py, Py; Ps). Tt is bounded by the line g(P;, P,) and contains the point Ps.

Suppose that the assumptions of the theorem are satisfied, but the triangulation
is not a Delaunay one, i.e. by Definition 1 there exist a triangle t = APQR € T and
a corresponding point S with S € C(T) N K¢(, t).

Further, let us assume, without loss of generality, that S & H (P,Q; R), which
yields in PQ ¢ T' (this is possible because of assumption (A)).

Because of assumption (B) we get P € CI(T) or Q € CI(T). Let us assume
P € CI(T), which implies, that Lpg exists, i.e. in the linear system of equations

20



there is one row which corresponds to the point P, and one column which corresponds
to the point Q).

Case 1: APQS e T.

By S € Ki(Q,t) with t = APQR it follows that

L(PRQ) + L(PSQ) > 7.

By Conclusion 1 this results in Lpg > 0, which is a contradiction.

o

(a) possible location of R € C(T) (dotted (b) concrete R, triangles APRQ and
area) APRQ and their circumcircles

Figure 3. Possible location of R € C(T') in the proof of Theorem 1 and one special location
(detail).

Case 2: APQS ¢ T.
Because of PQ) ¢ T there exists a point R € C(T') with APQR € T and with the
following properties for its location (see also Fig. 3a):

R¢ K,(Q,t) and Re H(P,Q;S)N[H(P,S;Q)UH(Q,S;P).

Namely, if Re K(Q,t), then Case 1 can be applied, whereas S has to be substituted
by R. And, if R ¢ H(P,S;Q) and R ¢ H(Q, S; P), then we get S € APQR, which
is a contradiction for a triangulation.

Obviously, K;(,t)NH(P,Q; S) C K#(9,1) holds for t = APQR and t = APQR,

which results in S € K;(Q,1).
Now, let us assume R € H(Q, S; P) (see also Fig. 3b). Then the same situation is

true for the triangle APQE, the edge QE and the point S as for the triangle APQR,
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the edge PQ and the point S, which means either the Case 1 or Case 2 is possible
again.

Because of the finite number of points in C(T), Case 1 must occur at some stage,
which, however, leads to a contradiction.

Thus, the theorem is proved. O

Theorem 2. Let the assumptions of Theorem 1 be satisfied. If the matrix L
defined in Section 3.2 has the property Lpg < 0 for Q # P, then the following is
true:

If for two points P, Q) € Cy(T') with @ € NE(P) the condition (V2) is not satisfied,
then this results in P ¢ CI(T) and Q ¢ CI(T).

Proof. Suppose that the assumptions of the theorem are satisfied and that the
condition (V2) is not satisfied for two points P,Q € Cy(T) with Q € NE(P), but
P € CI(T) holds.

First, because the condition (V2) is not satisfied for the two points P and @, there
exists a point S € C(T) N H(P,Q; Q) for which we get

IS~ S|la < |P—S|2=Q — S|l2 =7 with S = L(P+ Q).

Further, because of PQ C T, there exists a point R € C(T) N H(P,Q;) such that
the triangle t = APQR is the unique one in T with the edge PQ (R = S is possible).
Now, because of P € CI(T), it follows that Lpg exists (in the same sense as
above).
If R lies outside the circle around S with the radius r, then S lies inside the
circumcircle of A PQ R, which contradicts the fact that 7" is a Delaunay triangulation.
If R lies inside the circle around S with the radius r, then it follows that
/(PRQ) > % and, by Proposition 1, Lpg > 0, which is a contradiction, too.
Consequently, the theorem is proved. O

5. A NECESSARY AND SUFFICIENT CONDITION FOR A NEW DISCRETE
MAXIMUM PRINCIPLE

For the boundary value problem (BVP), in Proposition 5 the discrete maximum
principle (MAX) for the corresponding solution uf® of (2.2) is stated under the
assumption that the matrix L defined in Section 3.2 has the property Lpg < 0 for
Q+P.

In what follows, for another discrete maximum principle we prove that this condi-
tion is sufficient as well as necessary. This new discrete maximum principle transfers
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the continuous maximum principle of the Poisson equation, which uses only local
properties of the function f, to the discrete problem in a natural way.
Therefore, for P € C(T') we introduce the notation

TRp={teT: Pisavertex of ¢t}

with TRp C Q and define the “discrete maximum principle at P € CI(T)”.

Definition 2 (discrete maximum principle at P € CI(T)). For the boundary
value problem (BVP), let u*'® be the corresponding solution of 2.2. Then the discrete
maximum principle is satisfied at P € CI(T) iff f < 0 in TRp implies

ub? = max Ug results in Ug = const for all Q € IIp.
Qellp

Theorem 3. For the boundary value problem (BVP), let u!" be the correspond-
ing solution of 2.2. Then the discrete maximum principle is satisfied at P € CI(T)
iff the matrix L defined in Section 3.2 fulfils Lpg < 0 for all ) # P.

Proof. =-: Let us assume Lpr > 0 for some R € C(T) with R # P.

L
bEE =0 as well as in Ug = —
Lpr

and Ug = 0 for all Q € ITp with Q # R and Q # P (because f may be arbitrary
outside of TRp, such a choice is possible).

First we choose f = 0 in T Rp, which results in

Because of Lpp > 0 (see Proposition 2) we have Ur < 0. Together with uf? =1,

which follows from b5E = 0, the above choice of Uy for Q € IIp with Q # R and
the k-th equation of the linear system LU = bf'F | this contradicts the fact that the
discrete maximum principle is satisfied at P.

<: This direction may be proved analogously to Proposition 5. O

Remark 4. There are some discrete maximum principles for which it is known
that the condition ng < 0 for @ # P is not necessary (cf. [8]). For others (cf. [2],
[6], [10]) the author does not know any results concerning the fact whether or not
this condition is also necessary.
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6. DISCUSSION

6.1 About the assumed properties of the triangulation in Theorem 1.
It is possible to formulate Theorems 1 and 2 independently of the boundary con-
ditions.

Theorem 1'. If for all boundary value problems (BVP) with any possible choice
of I'y the matrices L defined in Section 3.2 have the property Lpg < 0 for Q # P,
then the triangulation is a Delaunay one and the condition (V2) is satisfied.

This is true, because I'y can be chosen in such a way that |CI(T)| = |C(T)| — 2
holds, so that the assumptions (A) and (B) in Theorem 1 are obviously satisfied.

r r r
Sip-—---B--—- S,

\\ Rl //
S p---- - —_S,

(a) APQS does not satisfy (A) (b) APQR; and APQR, do not satisfy (B)

Figure 4. Examples with I'y = I, where the matrix L has the property L;; < 0 for [ # k,
but the triangulation is not a Delaunay because of the dotted edges (detail).

Fig. 4 shows that, if the assumptions (A) and (B) are not satisfied, then the
triangulation is not necessarily a Delaunay one.

6.2. About discrete maximum principles.
In [2], [6], [8] and [10], different formulations of a discrete maximum principle can
be found. For instance, using Proposition 5 we can show

Conclusion 3. Let the function f in (BVP) satisfy f < 0 and let u*'¥ € R™
be the corresponding solution of (2.2). If the matrix [ = (L¥FLFF) defined in
Section 3.2 has the property Lpg < 0 for ) # P, then the maximum of U lies on
Fl, ie.

max ugE < max Up.
QeCI(T) QeCB(T)

Remark 5. If the assumptions (A) and (B) in Theorem 1 are satisfied for the

given triangulation, then it is even possible to deduce

ubt = Jnax Ug for all P € CI(T) results in Ug = const for all @ € C(T).
cllp
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If these assumptions are not satisfied, then this is true only in a subset of €2, namely
in one which is associated with the point P in a certain sense. E.g. in Fig. 4a, the
value Ug may be arbitrary.

Remark 6. Generalizing Definition 1.11 in [10] about the associated directed
graph G(C) of an n x n matrix C' to the case of non-quadratic matrices, we find that
the assumptions (A) and (B) in Theorem 1 are satisfied iff the associated directed
graph G(C) of the m x i matrix L is strongly connected.

By virtue of Proposition 1.12 in [10] it can also be deduced that the assumption
(B) in Theorem 1 is satisfied iff the m x 77 matrix L is irreducible.

6.3. Extension of the discrete maximum principle to a greater class of
methods and an application.

In a natural way, the extension of the maximum principle given in Definition 2 is
possible to the class of all methods using only the function values to determine the
degrees of freedom.

Therefore, we introduce the notation

TRp={tcT: ®p £0in t}

with ﬁp C Q, where ®p is the nodal basis function for the point P.

Definition 3 (discrete maximum principle at P € CI (T")). For the boundary
value problem (BVP), let an FEM be given which uses only the function values to
determine the degrees of freedom. Let u”FM be the corresponding solution of the

linear system of equations
[FEM FEM _ yFEM

obtained by a nodal basis. Then the discrete maximum principle is satisfied at
P e CI(T) iff f <0in TRp implies

ubFM = max ﬁQ results in ﬁQ — const for all Q € ITp.

Qellp

Here CI(T) := C(T) N [QUTy), C(T) is the set of all points where the degrees
of freedom are given, IIp := {Q € C(T): Lpg # 0}, while L and U denote the
extensions of the matrix L¥¥M and the vector ufFM

sense as L and U in Section 3.2 for the FEM (2.1)).

, respectively (in the same

Remark 7. Because of C(T) = C(T), CI(T) = CI(T) and TRp = TRp for
all P € CI(T) = CI(T), for the FEM from Section 2.3 Definitions 2 and 3 are
equivalent.
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In the sequel, necessary and sufficient conditions are given such that the above
discrete maximum principle is satisfied for the FEM with the Mini element at all
points P € CI (T'). Thereby, the Mini element is a finite element which is commonly
used for flow problems as the Stokes equation (cf. [3]). Here, it is applied to the
Poisson equation.

For the Stokes equation, the Mini element is used as one possibility to overcome
stability problems with other finite elements like the P;-P;-element (cf. [3]).

For the Poisson equation, because of (6.2) it is not much more than an academic
example.

If C'S(T) denotes the set of all centers of gravity belonging to the triangles, then
the method can be characterized by the space

Vi(T) = {v e CO(Q):

): v],ep € Pi(t) and v(Q) =0 for Q € CB(T)}

with
Py (t) = P, (R?) Uspan{®pBo®r} for t = APQR,
where the function ®p®o®r is named the triangle-bubble function, too.

The degree of freedom, which is in comparison with the FEM defined in Section 2.3
still vacant in each triangle, is determined by the function value at the centre of
gravity of this triangle.

Obviously, we have

C(T)=C(T)uCS(T) and CI(T)=CI(T)UCS(T),
so that the generalization in Definition 3 is necessary.

Theorem 4. Let the function f in (BVP) satisfy f < 0 and let a triangulation
T of  be given. Then, for a FEM solution with the Mini element, the discrete
maximum principle is satisfied at all P € CI (T') for any possible choice of T’y iff the
triangulation is a Delaunay one and the condition (V2) is satisfied.

Proof. 1If for a triangle ¢t € T the functions ®;, i = 1,2, 3, denote the nodal
basis functions in V4 (T') (for the FEM (2.1)), then, obviously, those in V3 (T) (for
the FEM with the Mini element) are given by

54 = 27@1@2‘1)3 and (AI;Z = @Z - %54, 1= 1,2,3.

Here <T>4 denotes the nodal basis function, which corresponds to the centre of gravity.
Now, by virtue of the identity

//(grad 3,)7 grad ®; dQ = %‘54(grad ;) 'n(t)dr — // ®, div(grad @;) dQ
¢ ot t
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with the outer normal direction n(t) of the triangle ¢, which is true because of Green’s
formula, it is easy to verify for ¢ € {1,2, 3} that

(<I>4, // gradCI>4) grad ®; dQ2 = 0.

This yields for Q € C(T) with Q # P:
e in the case of P € CS(T)

een [ —RLERM forQetr,
Fe 0 for Q ¢ tp,

where the triangle tp € T is uniquely defined by tp = ﬁp,
e in the case of P € CI(T), using TRp = ﬁp,

1L55M for @ € CS(T)NTRp,
LFEM LFE + 9 > LEEM  for Q e CI(T)NTRp,
R€ﬁPQ
0 for @ ¢ TRp,

where ﬁp@ is defined for P,Q € CI(T) and P # Q by
ITpg:={Rec CS(I): RcTRpand R € TRy}
For P € CI(T) we also obtain

1
pEEM _ pFE 5 Z ngM.

QECS(T)NTRp

In these formulas, ng and bEF denote the elements of the matrix LF and
the vector b7 ¥ respectively, for the FEM (2.1).

This results in the equations:

e in the case of P € CS(T)

(6.1) LFEM FEM 3LFEM Z [7@ _ ngJV[’
QEeCI(T)ntp
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e in the case of P € CI(T)

Lg}EDMugEM _ é Z ngJVIUSEJV[
QeCS(T)NTRp
FEM
sy (B Tk
QEe[CH(T)NTRp\{P} ReIIpQ
1
FE FEM
=bp" —3 > M
QeCS(T)NTRp

In the case of P € CI(T), substituting all unknowns USEM by Q € CS(T), easy
calculation yields

(6.2 LERuEFY 137 LEE U = b
Q#P

From equation (6.2) it follows that for the Poisson equation at all points P € CI(T')
the solution for the FEM with the Mini element is the same as for the FEM (2.1).
Taking into account (6.1), the statement follows from Theorem 1. O
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