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CONVERGENCE OF ROTHE’S METHOD IN HOLDER SPACES*
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Abstract. The convergence of Rothe’s method in Hélder spaces is discussed. The obtained
results are based on uniform boundedness of Rothe’s approximate solutions in Holder spaces
recently achieved by the first author. The convergence and its rate are derived inside a
parabolic cylinder assuming an additional compatibility conditions.
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INTRODUCTION

Let us consider the linear parabolic equation
Ou+ Au= f(t) in I xQ,
where Q C R is a bounded domain, I = (0,7, T < oo, and
N
Au = — Z Oz, (aij(2)0z;u) + ag(x)u
i,j=1

with a;;,a0 € Loo(£2). Let the boundary 0 of Q be Lipschitz continuous and let
I, Iy C 09 be relatively open subsets. We assume It NI, = @) and mesy_1 I'1 +
mesy_1 5 = mesy_1 0€2.

Along with the parabolic equation we consider the mixed boundary conditions

u(t,z) =V(t,x) on I xTy, —0,,u=~y(x)u on I x Ty,

* This work was supported by Japan grant JSPS.
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and the initial condition
u(0,2) =up(x) on Q,
N
where ug € L2(Q2) and —0,,u = > a(x)0,,uv;, v being the outward normal
to A9. o
We consider the weak solution u(t) € W3 () of the introduced parabolic problem

which has to satisfy the identity

(1) (Gpu(t),v) + ((u(t),v)) = (f(t),v) for ae. t€l, YveV,
u(0) = wo,

where V = {v € W3(Q): v|r, =0} (W3 () being the Sobolev space), (u,v) denotes
the scalar product in L?(Q2) and ((u,v)) is defined by

N
((u,v)) == / (Z 0, U Oz, v + aouv) dz —|—/ ~yuv do
Q I;

ij=1

for u,v € V, where a;;, ag, 7y are measurable and bounded functions. Let uy(t) €
W4(), t € I, be such that ug(t) = ¥(t) on I, (in the sense of traces). Then,
additionally to (1), the weak solution u(t) has to satisfy u(t) — ug(t) € V.

Let | - | denote the L2(2) norm and || - || the norm in W3 (Q2). We assume that

N

(2)  aij()&& > Ce Y & VEERY, ap,v20, aij=a, i,j=1,...,N,
=1

where Cy > 0.

Remark 1. The nonhomogeneous boundary condition
-0y u="(x)(u—@1)+ s on I xIy

can be reduced by linear transformation to the homogeneous one (91 = w2 = 0)
provided there exists a smooth function © on 2 satisfying

f&,A@:'y(z)(@fgal)qchQ on IXFQ.

The very common numerical approximation of (1) is Rothe’s method, the method of
lines, which corresponds to Euler backward approximation of ODE. In this concept,
time discretization is used and (1) is reduced to a sequence of elliptic problems in
the following way.
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Let h = T'/n be a time step for any n € N. On the time level t = t; = ih

(i=1,2,...,n) we successively determine u; € W (Q), u; —uy(t;) € V, from elliptic
problems

3) (0ui,v) + ((ui; ) = (fi,v) VveV,

where du; = (u; —u;_1)/h, fi = L ft (s,z)ds and ug is from (1) and u;—q is
known from the previous time level By means of u; (i = 1,2,...,n) we construct

approximate solutions u"(t) and ©"(t) of (1) as follows:

(4) u"(t) = Uj—1 + (t — ti_l)éui,

() :=u; for t € (ti—1,t], i=1,2,...,n,
u™(0) = T"(0) := uo.

g

The function u™ and the corresponding step function u™ are called Rothe’s functions.

For both numerical and theoretical reasons, appropriate functional space, conver-
gence and its rate are of importance. The convergence of {u™} has been studied
in many papers, see [2]-[5], [9], [10]. The following functional spaces have been
considered: C(I, L2(2)), C(I x Q), L2(I,C%*(Q)), where C** is the Holder space,
see [11].

The main purpose of this section is to discuss the convergence of {u"} in the space
C%*(Q1oc), where Q = I x Q and Q,,. C Q.

Our convergence result is based on the following one in [6]:

Theorem K. Let {u™} be defined by (3), (4). If (2) is satisfied and if {u"} is
uniformly bounded in Lo (Qioc), then there exist C' > 0 and p > 0 such that

" (t,x) —u" ()l SO(t =" + |z — ) Y (t,2), (¢',y) € Quoc

holds uniformly for n.

We can formulate our result as follows:
If the conditions of Theorem K are fulfilled and (5), (6) (see below) are satisfied,
then (cf. Theorem 1)

lu® = ullcosn(@ < C(1/n+ Sup. 10ru(-+7) = Brul-) 0.0

+ sup [|Opuw (- + 7) = Oruw ()],
|7|<2h

+ sup 0 f(-+7) = 0 f(Now@)' °,
|7|<2h

where § € (0,1) and p is from Theorem K.
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Moreover, under some additional regularity of f and ug and smoothing effect of
parabolic problems we can localize the term O:;u in the time variable, i.e., to the
interval (7,7, 7 > 0. Then our final convergence result reads (cf. Theorem 3)

||’U,’ﬂ _ UHCO"S“(Qloc) < C(Q, T)n_(l—é)’

where Qe C (7,7) x Q. If, moreover, aij,a0,0:f € C*'(Q) and dfuy €
Lo(I,W2(Q)) N Loo(Q) then we can take arbitrary 0 < p < 1 and replace Qioc
by (7,T) x © (cf. Theorem 5).

In Section 1 we prove the Lo (Q) convergence. In Section 2 we prove the
Loo((1,T) x Q) convergence and in Section 3 the C**(Q)oc) convergence.

SECTION 1

In addition to (2) we assume
(5) J€Loo(Q), uo €V NL(Q),

and the following regularity concerning wug, f:
there exists zg € Loo(§2) such that

(6) (20, v) + ((uo,v)) = (f(0),v) VveV.

Remark 2. The assumption (6) requires stronger regularity for ug and a com-
patibility condition on the boundary 9 for ¢ = 0. Condition (6) is clearly satisfied
if ug satisfies the stationary problem corresponding to (1) at ¢t = 0.

Remark 3. The existence and uniqueness of u; € V (i = 1,2,...,n) satisfy-
ing (3) follows from the Lax-Milgram lemma.

We prove the uniform boundedness of {u;} in Lo (2). We set ||g||oo,p := [|9]|L_(D)-
Lemma 1. If (2), (5) and diuw € Loo(Q) are satisfied, then
||ui||00,52<0 (7’:1727371)

holds uniformly for n.

Proof. The unique weak solution u; of (3) can be represented in the form
u; = z; + uw,i, 2z €V (we denote ug,; = uw(t;)), where z; is the unique point of

minimum of the functional

Bi(0) = 57 [ (0= w0 da+ 5(0,0) = (o)
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over the set ug ; + V. For K > 0 let uX be the truncation of u; defined by ulf =
min{1, K/|u;|}u; (uX(z) = 0 if u;(z) = 0). We will prove that

K3
for
K = max{|[uw,il oo, [[wolloos [tti-1lloc + 7 filloo}-

Then from the uniqueness argument it follows that ||u;||cc < K and, consequently,
from this recurrent estimate (K is dependent of ||u;—1]/s) We obtain

[ill oo, < [[t0]loo,0 + [[uwlloo,@ + / [1f(#)loc 2 .
I

Here we can assume that ||uw||oo,0 = ||¥|loo,rx1y, since in the place of ug we could
take ué with L = ||\I}||oo,l><1“1-
We write
1
D, (u;) — P (ul) = o (w; — ul)(ui + uls — 2u;_y —27f;) dx
Q

+ ((uwi — “fihui - Uz}i1))

+ / (u; — ul) (u; +uf —2u; 1) do.
Iy

We find out easily that all three terms on R.H.S. are nonnegative due to our assump-
tions. O

Now, we shall prove the uniform boundedness of du; in Ly (£2).
Lemma 2. If(2), (5), (6) hold and O, f, Oyuy € Loo(Q), then
0uillooe < C (i=1,2,...,n), |Owllecq <C

uniformly for n.

Proof. We subtract (3) with indices ¢, ¢ — 1 and obtain
(0u; — dui—1,v) + h((dus,v)) = h(dfi,v) Yo e V.

If i = 1 then we use (6), where duy is replaced by zg. Then we proceed in the same
way as in the proof of Lemma 1 and conclude that

(M) Mouillco < Cll20lloc,0 + [10:flloc.@ + [Otwlloc,) S C (i =1,2,...,m)



hold uniformly for n. Hence, we get v — w in C(I, La) (see, e.g. [5]) and dyu™ — w
(weakly) in La(Q) for n — oo. Therefore, by letting n — oo in the identity

(u™(t),v) — (up,v) = /0 (O™, v)ds Yo e C5°(Q),
we find that .
(u(t) — ug,v) = /0 (w(s),v)ds Yove C§(Q),

which implies

/0 w( in Ly (),

and hence, d;u = w. Moreover, from (7) we deduce

//&uvdxdt: lim //&u"vdxdt
1JQ n—oe JrJa
<

C(llzolloc.0 + 10t flloc,@ + [0 ]| oo,2)

x‘/l‘/ﬂ|v|dxdt Vv e C°(Q)

to obtain
10ulloc,@ < Clll20l[0c,2 + 19¢f [0, + |0t [|00.Q)
and the proof is complete. (|
Now, we set u; = h~ 1f1 t)dt, w; = u(t;), and e; = u; —u; for i = 1,2,...,n,
and ey = 0.

Theorem 1. If the assumptions of Lemma 2 are fulfilled, then

1
0" =l < O( =+ sup 010l +7) = B
n |7|<2h

+ sup [|Orug (- +7) = Oruw ()| w.@
Ir|<2h

+ sup Hf(-+7')_f(')||oo,Q>v
Irl<2h

where u is the unique solution of (1) and {u"} is from (3) and (4).
Proof. We integrate (1) over I; = (¢;—1,t;), 1 <4 < n, and obtain
(675, v) + (@, v)) = (fisv) YoeV.
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Subtracting it from (3), we deduce

(8) (ei — €i—1,) + h((es,v)) = h(z,v) + h(fi — fi,v) (i=1,2,...,n),

where
= 0u; — o0u; = h™ /(()—u(s— ))ds —h /8tu
I.

=hnt /I (h—1 /S_h dpu(r)dr — 6tu(s)> ds.

We recall that u € Lo (Q) as a consequence of Lemma 1 and u™(t) — w(t) in L2(£2)
by the same argument as we have proved dyu € Lo (Q). Now we estimate

il < // 19cu(s) — Bu(r) oo, dr ds
s—h

S h_l/ |0cu(s + 7) — Opu(s)]| oo, ds
[T|<h i

< sup ||Owu(t 4+ 7) — Opu(t)| .0
Ir|<2h

and similarly
I~ filln < s 0t [ 567 < F@)lends

|rI<h

< sup ||f(t+7) = f(t)]oo,0
|7|<2h

for any t € I;. The error e; in (8) can be considered as the unique point of minimum
of the functional

1

27 | 0= e do 4 5{(w0) = (o)
Q

®i(v) =55

over the set wy ; +V, where wy ; = 0uy,; — 0%y ;—1. Proceeding as in the proof of
Lemma 1 and using the above estimates, we obtain

leilloc.o < C(Q)( sup (|Gpu(t +7) = Fpu(t) o0

I7I<2h
+ sup [[f(t+7)— f()],0
I7|<2h
+ sup [[Gruw(t +7) — Opuw(t)]l,0),
I7|<2h
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where the term wy ; has been estimated in the same way as the term z;. Now, for
t € I; we estimate

[u" = ulloo,0 < llu = Tilloo,0 + ([t = Uilloo, + Ui — tilloo,0 + 2h[|6Ui| 00,0
< C(hl|0rulloc,0 + RO |lso.0 + sup [[Osu(t +7) — Opu(t)] o0
|7|<2h
+ sup [[f(t+7) = f(O)llooa + sup [[Opuw(t +7) — Opuw ()| c,0)-
|7|<2h |T|<2h
Hence, our result follows from Lemma 2. O
SECTION 2

In this section we estimate O;u, 9?u in Q, = (7, T) x  using the smoothing effect
of linear parabolic problems. We follow the idea from [5], [14]. Denote by

gp—1 i—ép_l i—
0Pu; = v A izl for p > 2.

From (3) we obtain, by subsequent subtracting,

©)) (6%us,v) + ((Sug,v)) = (5fi,v) (i =3), YveV.

Lemma 3. Assume (2), (5), (6) and that 0:f € L2(Q),0ruy € Loo(I, L2(Q)),
Owuy € Lo(I,W3(Q)). Then the estimates

J J
R 16ul® + [lugll> < € and  [du,” + 2 [|owi]|* < C

i=1 i=1
hold uniformly for j and n.

Proof. Wetest (3) withv = u;—ug,; and sumitupfori=1,...,j. Then using
symmetry of ((w,w)) and Gronwall’s argument, we get the first estimate. To prove
the second inequality we subtract (3) with indices 4, ¢ — 1 and put v = du; — Juy ;.
Summing it up for i = 1,2,...,j and using (6) and Gronwall’s argument, we obtain
the required second inequality. ]

Now we prove the smoothing effect—see [5], [14].

Lemma 4. Assume (2), (5), (6), 07 f € Lao(I, L2(Q)), Ofuy € Loo(I, W3(12)),
and Ofuy € Lo(I,W2(Q)). Then the estimates
<
ioh

||5uiH2 = |52ui|2 < and |53ui|2 <

B
(é0h)?’

’ (ioh)*
hold uniformly for n, and i > 5ig, ig > 4 is fixed.
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Proof. We test (9) with v = du; — du;—1 — (duw ; — duw ;—1) and sum it up for
i=7r+1,...,s. Using the symmetry of ((w,w)), we obtain

s 1 s
hey o 107 + 5Cillous|* < Culldur|* + Coh > l16%u?
1=r+1 1=r+1

+Csh > 182 F7 4 Cah Y (10%uw )

i=r+1 i=r+1

Then, using the estimates from Lemma 3 and Gronwall’s argument, we obtain

(10) D 18%uilh 4 [|dus]* < C(1+ [|6u,]?),

1=r+1
where C' is independent of  and s. Here we consider s = 2ig and ip < 7 < 2ig. We
multiply (10) by h and sum it up for r =ig +1,...,2ip. We find that (omitting the
first term)

2o
ioh|duss, ||? < C(T +h Y ||5ur||2) <C,
r=t9+1
because of Lemma 3. Using s > 2ig, from (10) we deduce (r = 2iy)

(1) 0P < 2 and B Y Pl <

ioh
i=r+1

C
ioh’

Now, we successively subtract (9) with i, i — 1 and put v = §%u; — 6%uy ;. We sum

itup fori=r+1,...,s and come to
1 1 S S S
§|52us|2 - §|52ur|2+h > 10%ui]” < c<h > Sul +h > |52fi|2)
1=r+1 1=r+1 1=r+1
S S
+eh Y (107wl + Ch D (167w,
i=r+4+1 i=r+1

where ¢ > 0. We take into account the regularity of f and ug. From Gronwall’s
argument and for ¢ small we obtain

(12) |0%us[® + h Z 165,117 < C(1 + [6%u,[?).
1=r+1
Here, we proceed analogously as in (10). We consider s > 3ig and r = 2ig+1,. . ., 3ig.

Using (11) we conclude |6%ug;,|> < C/(igh)? and applying it to (12), we get

C
(ioh)?

for s > 3ig.

(13) (8 usl? +h Y 1167w <

i=r+1
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Now we proceed analogously in estimating d3u;. We use
(83ug,v) + ((6%us,v)) = (3 f;,v) YveV

and apply (13), (11). Then we deduce the required estimate. O

SECTION 3

Our main result will be obtained from Theorem 1 and Theorem K, interpolating
the spaces C°(Q) and C%*(Q). First we verify the following equality for any 0 <
f<a<l:

with v = af/(a — ) and x = (o — )/
The first convergence result can be formulated as follows.

Theorem 2. Let the assumptions of Theorem 1 be satisfied. Then

1
[ = wllcosn@uy < C(o + sup drul-+7) = Ol
nrL2h

+ sup [|Ouw (- +7) = druw(-)|,0
|7|<2h

1-06
+ sup [I£(+7) ~ FO)llec)

I7|<2h

holds, where p is from Theorem K.

For the proof we apply (14), where we put w = ™ — u, 3 := du, and choose « so
that v = p. Then §/a =1—¢§. We estimate the right-hand side in (14) by means of
Theorem 1 and Theorem K.

Since Theorem K is restricted only to Q1o we cannot obtain the convergence result
on Q. To estimate Oyu(t + 7) — Jyu(t) in the space Loo(Q) we need a higher order
regularity of 0;u which requires very restrictive higher order compatibility conditions
at t = 0. To avoid it we will focus only to the time interval (7,T), 0 < 7 < T, apply
Theorem 1 only to the domain Q, = (7,T) x £ and use our results from Section 2.
We shall also restrict only to the Dirichlet boundary value problem, i.e., we shall
assume Iy = (. However, the results can be extended also to our original mixed
boundary conditions. We prove the following lemma.
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Lemma 5. Let the assumptions of Lemma 4 be satisfied and let Iy = 0, d?uy €
Loo(Q) . Then there exists C = C(t,)) such that

10tlloe.@. + 107l 0.0, < C(7,)

holds in the case of N = 2, 3.

Proof. The function §%u; is the solution of the elliptic problem
((6%us,v)) = —(83us,v) + (62 f;,0) =: (gi,v) Yo eV, >3,

where g; is from L(f), because of Lemma 4. Thus, 6%u; € W3 () and Sobolev
imbedding theorem gives 6%u; € L,(Q) for p = 2N/(N—2) (for N = 2, p is arbitrarily
large). This implies g; € Ly(2) for ¢ > N/2 for N = 2,3. Then from regularity
results, see Theorem 13.1 in [12], and Lemma 4

(1021 | oo, 20,7y x 2 < Clto,€2)

uniformly for n, i > ig(n), hig(n) < to. Similarly, we obtain [6u;lloc,to,7)x0 <
C(to, ) for i > ig(n) with hig(n) > to. Then we construct u?l)(t),ﬂ?l)(t); Ufy) (1),
U,y (t) by means of du; §2u; as in (4). From the above estimates we have ufyy — O
in Ly((to, T') x ) and since dyufy) = Ufy), we similarly obtain dyuf) = uf,) — O2u
in Ly((to,T) x Q). By virtue of the L., estimates for du;, §%u; we deduce dyu, d?u €
Loo((to, T) x ) and the proof is complete. O

Our main result reads:

Theorem 3. Let the assumptions of Lemma 5 be satisfied and let 0y f € Loo(Q).
Then there exists C = C(to, ) such that

[u™ = ul|gosn (0, 1) x0) < Clto, Q)n~ 1=

holds for any § € (0,1), where p is from Theorem K, Q' C O, u is the variational
solution of (1) and u™ is defined by (3) and (4).
For the proof we apply Lemma 5 in Theorem 2, where Qoc = (to, 1) x €.
Remark 4. Our convergence result is valid only for a;;,ap € Loc(€2).

As a generalization of Lemmas 4 and 5 we have
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Theorem 4. Let the assumptions of Theorem 2 be fulfilled. If0Y f € La(IXxQioe),
O uy € Lo(I, W()) and 0° gy € Loo(I, W(Q)) for p=0,1,..., L, then

S
ST 18P 4 [[Pug)® < Cligh) =2+,
1=r+1

B> 67 ]|+ 87 s | < Clioh) 2
i=r+1

holds uniformly for n, s > 3Pigp, and p=1,2,..., L.

Remark 5. The results of Lemma 5 can be extended also for N = 4 using the
W3, . regularity for §?u;, see Theorems 1 and 2 in [7].

If we assume C'%!(Q) regularity of a;;, then we can prove the convergence of {u"}

in C%1(to, ). Then, in Theorem 3, we can take an arbitrary p < 1.

Theorem 5. Let the assumptions of Theorem 2 be satisfied. If, moreover,
N e C?, f,0f € COY((to, T)x Q) and ag, ai; € C¥1((to, T)xQ) (i,j =1,2,...,N),

then

™ = ullco.s (10,1 x2) < Cto, Q)n= =0

holds for any 6 € (0,1) and ¢’ < 6.

Proof. Because of the regularity assumptions we have—see [12], [1, Theo-
rem 8.12], that u; € W2(Q) for i = 1,2,...,n. We can verify that D?(u;) with
|3 = 1 satisfies elliptic problem

(15) ((Dﬁ(ui),v)) = —(Dﬁ(éui),v) + (Dﬁfi,v) + (aD'u;, D'v) Vv eV,

where D! are the first order partial derivatives and a represents a matrix from the
functions of the form D'a,s. Then we insert v = D”(u;) into (15) and using Young’s
inequality and (2), we obtain the estimate

1D%uillw; o) < CO)luill + |dus]| + 1 £ill) < C(Q)/(ioh)* Vi > ioh > to

by virtue of Theorem 4 (with L = 1). This information we use again in (15) and we
also apply Theorem 13.1 from [12]. Similarly as in the proof of Lemma 5 we deduce

Dﬁui € LOO(Q) and ||Dﬁul||Lw(Q) < C(to,Q)
for all ¢ > ig such that igh > to. Since (3 is arbitrary with |8] = 1, we conclude that
(16) u; € W;O(Q) and ||uZHW;O(Q) < C(fo,Q)
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From Lemma 2 we obtain

(17) 0uilloco <C, VYm, i=1,2,...,n,

which implies

(18) [l — ujlloo,0 < Clto, Q)i — )b Vn, i=1,2,...,n.

As a consequence of (16) and (18) we obtain

(19) u” (2,t) — u" (y,t')| < C(t = t'| + |y — z])

uniformly in (¢g,T) x Q, where C = C(to,2). Then from Theorem 1, Lemma 5,
(14), and (19) we obtain the assertion of Theorem 5 similarly as we have obtained
Theorem 3. (]
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