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Abstract. We consider electromagnetic waves propagating in a periodic medium charac-
terized by two small scales. We perform the corresponding homogenization process, relying
on the modelling by Maxwell partial differential equations.
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1. Introduction

Homogenization results for Maxwell equations, by the classical method of asymp-
totic expansions or more recently by two-scale convergence, are well known, see for
instance (1], (3], [4], [5], [6], [19]. Let us first recall Maxwell equations framework,
see [7], [8], [9]- Let @ C R3 be a physical domain. Then the electromagnetic prop-
agation of waves in (2 is described by four (R3) vector valued functions D, E, B,
H of (z,t) € @ x R. Here D is the electric induction, E the electric field, B the
magnetic induction and H the magnetic field. Introducing furthermore the charge
density p = g(t,z) and the current density J = J(t,z) of charges inside 2, one has
Maxwell equations in the form

(1.1) @ - % +rotH=J Ampere law,
(ii) %—? +rotE=0 Faraday law,
(iii) divD =p Gauss electrical law,
(iv) divB=0 Gauss magnetic law.
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Note that the current and charge densities satisfy the continuity relation or charge
conservation

9o
1.2 — ivl =0
(1.2) ot +divJ ,
as in fact follows also from (1.1).
Herein, we assume linear behavior laws, that is proportionality of fields and in-
ductions,

(1.3) D=aE, B=uH.

Here 1 and a are the magnetic permeability and electric permittivity respectively
and these are assumed constant to simplify our exposition. Recall that in general,
this linear behavior is not true for usual electromagnetic media and we hope to get
back to this non linear aspect (in this direction see however [9]).

Moreover, we simplify Maxwell equations by considering the very special harmonic
case (note that J should satisfy some kind of Ohmic law). However, let us mention
that most if not all of our results below could be extended easily to cover the time
dependent case.

Let us recall quickly these facts, referring for much more details to standard books
such as [7], [8], [9]-

Since we are interested in time-periodic solutions only, we look for solutions in the

form
(1.4) D(z,t) = R(exp(iwt)D(z)), H(z,t) = R(exp(iwt)H(z)),
(1.5) J(z,t) = R(exp(iwt) I (z))

and

(1.6) B(z,t) = R(exp(iwt)B(z)), E(z,t) = R(exp(iwt) E(x)).

We denote the new complex-valued functions of a variable z with the same capital
letters as the original real-valued functions of variables z, t. Then equation (1.1(ii)),
divided by exp(iwt), becomes (with i = —1)

(1.7) —iwD(z) + rot, H(z) = J(z)
and equation (1.1(ii)) becomes
(1.8) iwB(z) + rot; E(z) =0,
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which by applying the rot operator leads to

(1.9) iwrot; B(z) + rot,(rot, E(z)) = 0.

From (1.3), one has rot, B(z) = prot, H(z), and thus it follows that
(1.10) iwprot, H(x) +.rot= (rot; E(z)) = 0.

Using (1.7), one gets

(1.11) iwp(J(z) + iwD(z)) + rotz(roty E(z)) = 0.
Using (1.3), one has

(1.12) iwp(J(z) + iwaE(z)) + rot(rot, E(z)) = 0.

Hence
rot. (rot; E(x)) + iw?paE(z) = —iwpJ(z).

Usually J = oF + J' (where o is the conductivity), so that
rotz(rot; E(z)) + (I*w?pa + ipwe) E(z) = —iwpJ'(z).

Let

(1.13) F(z) = —iwpJ'(z), 7= pmw(—wa+io).

To avoid any mathematical problems, we will always assume that () > 0. In this
direction, we refer to known standard difficulties associated with Maxwell equations
in [9].

Then, we are finally led to the standard harmonic Maxwell equation

(P) rot(rot E(z)) + vE(z) = F(x).

Let Q be a bounded regular open set in R3. Let € > 0 be a small parameter and Q¢
a bounded open set Q¢ C 2 C R3, to be specified below.

We consider for v € C, R(v) > 0, the homogenization of problem (P) in Q¢ with
different boundary conditions on 90¢. That is, electromagnetic waves are propagat-
ing in 2° and we prescribe the interactions with boundary 80¢°.
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More precisely, we consider the following two problems (P¢) and (Qf), with
Fe(z) € L2(Q¢)3:

P9) rot(rot E*(z)) + vE*(z) = F¢(z), =z € QF,
7€ (z) A E¢(z) =0, z € 00°

and

@) rot(rot E¢(z)) + vE¢(z) = F¢(z), z € QF,
it (z) Arot E¢(z) = 0, T € ON°.

The boundary condition in problem (P¢) describes the physical fact that the com-
plementary set to 2° behaves as a perfect conductor, while the boundary condition
in problem (Q¢) could be interpreted as the absence of magnetic charges within the
complementary set to 2° .

A natural question arises in this electromagnetic setting as to investigate closely
related problems such as

(R?) rot(rot E¢(z)) — grad(div E*(z)) + vE*(z) = F°(z), z € Q°,

it(z) A E¢(z) =0, T € 9N°
or
(s%) rot(rot E¢(z)) — grad(div E¢(z)) + vE*(z) = F¢(z), z € 0,

i (z) - E¢(z) =0, z € 9N
Similarly, the last boundary condition reflects the absence of electric charges within
the complementary set to €.

Such problems will not be studied herein in order to limit the length of the paper,

and most importantly because test functions to be used are rather different. These
important problems will be discussed in a forthcoming paper.

Let € > 0 and r. > 0 be two small parameters such that r. < %e and consider the
covering of R3 by cells

F = e[—%,+%]3 + €k,
where k € Z3. In each cell Pf we remove the ball
Tg = r.By + €k,
where B; denotes the unit ball in R3. We let
F=0-T°
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N(e)
where T¢ = |J Ty denotes the union of balls strictly included within 2. As a matter

k=1
of fact, note that these balls do not intersect the boundary Q.
We will study the above problems under one of the scaling assumptions

(HYP), lim = =0
or
(HYP), Te =CE

where 0 < ¢ < 1/4 is a strictly positive fixed constant.
Finally, we will always assume (at least) that

(HYP)3 F¢ =~ F weakly in L?(02)

as € =+ 0. Above and throughout the paper the tilde over a symbol denotes the
extension by zero in the holes.

We will be concerned with the asymptotic behavior as € — 0 of problems (P¢) and
Q).

Before stating the corresponding mathematical results, let us explain our moti-
vation. The periodic perforated medium Q¢ may be considered as one having two
distinct di-electric constants or even holes that may be considered as charged parti-
cles.

However, let us remark that problems (P¢) or (Q°) studied herein do not really fit
with a clear (or true) physical modeling of propagation of electromagnetic waves in
such non homogeneous media.

There are at least two points from the physical theory of Maxwell equations which
are not really accounted for.

On the one hand, there is definitively a scaling problem between frequency and
spatial scales which is not considered here. From mathematical viewpoint, this ques-
tion leads to very deep technics, in progress actually. To be short, we are assuming
that spatial variations are small compared to wavelenghts.

On the other hand, and this is surely one main point, if one views to the holes as
charged particles, the modeling by problems (P¢) or (Q®) is of course not true. One
should for instance get back to Maxwell equations, say in harmonic form, and take
care of the correct scaling and boundary conditions, involving scattering operators,
see for instance [9].

Last but not least, in view of all these facts, one should note that actually the
right-hand member data given are surely first order distributions, and so some if not
all of our constructions in this paper would have to be modified.
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Having such ideas in mind, the above problems must therefore be considered a
first step in order to tackle real physical problems, maybe as a background to test
mathematical tools available at present.

Even in these simple and academic problems, some constructions displayed in this
paper have to be adapted to more complex situations, and this is why we have started
studying them.

Some of the defects mentioned above are actually worked out.

Our results show in particular that the homogenized problems display a different
output frequency with respect to w. More precisely, they are the following, see the
notation below.

In section 2 we refer the following as regards to the homogenization of prob-
lem (P¢).

Theorem 1. Homogenization of problem (P¢).
(a) With assumptions (HYP), and (HYP), for (P¢), one has (up to a subsequence)

E: ~ E weakly in Ho(rot, (),

where E is the variational solution of problem (P), with the condition iAE = 0
on oN.
(b) Under assumptions (HYP), and (HYP), for (P¢), one has (up to a subsequence)

Ec ~E weakly in Hoy(rot, (),
where E is the (variational) solution in Hy(rot, ) of
/ﬂnrot, E(z) - rot, ¥(z)dz + v¢ /ﬂ E(z) -¢(z)dz = /‘; F(z)y(z)dz
for all 1 € Hy(rot, ), where n > 0, { are two constants (given in Section 2).
Section 3 is devoted to problem (Q¢). We prove

Theorem 2. Homogenization of problem (QF).
(a) Under assumptions (HYP), and (HYP), for (Q°) one has (up to a subsequence)

Ef = E weakly in L*(Q)3,

where E is the variational solution of problem (P) with the condition iiArot E =
0 on 992.
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(b) With assumptions (HYP), and (HYP), for (Q) one has
Ef ~ E weakly in L*(Q)3,

where E is the variational solution, for all 1 € H(rot, ), of

/ m rot; E(z) - rot, ¥(z) dz + 'y/ E(z) -¢(z)dz = / F(z)y(z)dz,
Q Q Q

where 71 > 0 is a constant (given in Section 3) .

Proofs of these results are done in Sections 2 and 3 for (P¢) and (Q¢) respectively.
One can also find therein some remarks about the behavior of global electromagnetic
energy. It is an interesting question to ask about the corresponding behavior of the
local energy, which seems much more crucial for physical problems.

Also, the same type of results holds if we assume r¢ /e — ¢ > 0 instead of assuming
exactly that r® = ce. However, we skip the proofs of this fact.

We end this introductory section by recalling standard materials on mathematics
related to problem (P).

We introduce the following standard notation, see for instance [7], [9], [13]:

HE = L2(Qs)3,
H(rot, Q) = {E € L*()3; rot E € L?(02)3},
with the usual norm || E|| g rot,0c) = |EllL2(q¢)s + [Irot E||L2(q<)s-
H(rot,¢) is a well known Hilbert space. In order to tackle the first boundary

condition, that is problem (P¢) with a perfect conductor type boundary condition,
we also introduce

V§ = Ho(rot,Q°) = {E € H(rot,N°), n°(z) A E(z) =0 on 90°}.

Of course, V{ is a closed space in H(rot,2¢). The corresponding variational formu-
lation for problem (P¢) is then naturally given for all ¢ € Hy(rot, Q¢) by

(1.14) a®(E¢,P) E/n rot E - rot gdz + v A Ef .- @dz = . F* . @dz.

We recall that the sesquilinear form a(u,v) is coercive on V§: there exists g > 0
such that Ra(u,u) > Bllullvs, Vu € Vg.
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By virtue of the above facts and the Green formula, the corresponding operator A*
is characterized by

A°E =rot(rot E) + vE
and

D(A®) = {E € V*; rot(rot E) € H®}.

Since (Vg)' is a space of distributions and since the sesquilinear form a given above
is coercive on V' with the constant 8 = inf(1, ), there is a unique solution E* in V§
of (P¢) thanks to the Lax-Milgram Lemma.

For problem (Qf) we put V¢ = H(rot,€), and this defines the same operator A*
but with

D(A®) = {E € V*; rot(rot E) € H*, n®(z) Arot E(z) =0 on 9Q°}.

2. PROOF OF THEOREM 1

2.1. Proof of Theorem 1(a)
We divide the proof in several steps.

First step: Variational formulation and uniform estimates
The corresponding variational formulation, according to the previous section, is
given for all g° € Ho(rot, ) by

(2.1) / rot E¢ -rotg*dz +v | E°-gdz = Fe . g° dz.
€ Qe Qe

One gets easily uniform estimates for E° and rot E€ from (2.1) by taking & := E*,
hence one obtains

(2:2) NE|lve < e,

where c is a constant independent of €.
We recall that if E¢ € Hy(rot,2¢) and

Ho(rot, ) = {U € (L*(2))?, rot, U € (L*()), A AU(z) =0 on 90}
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then E* satisfies E¢ € Hy (rot, ) and rot E¢ = rot E=. Hence we deduce that E¢ be-
longs to a bounded subset of Hg(rot, (). All in all, one has (up to a subsequence)

(2.3) E¢ ~E weakly in L2(f2)3,
(2.4) ot E¢ ~rot E weakly in L2(2)?

and, for all @° € Hy(rot, 2¢), one has
(2.5) / rot E<(z) - rot &° (z) dz +7/ E¢(z) - & (z)dz = / Fe(z) - () dz.
Q Q Q

Following the classical method introduced by L. Tartar, see [17], we are going to take
a test function of the form

(2.6) 7 (z) = W (2)[¥(2)],

where T — 9(z) € (C=(2))® and £ — We(z) is a 3 x 3 matrix valued function
given by
We(z) = (Wi (), W; (z), W5 (),

that is, W;" (z) is the ith column of the matrix We(z).
To simplify the exposition, we introduce some matrix operations. We set []; for
the set of matrix of order 3.

Second step: Definitions and formulas
a) Let z +— U(z) and z +— V(z) be two [],-valued functions

U(z) = (U1 (2), Ua(2), Us(z))
and
V(z) = (Vi (z), Va(z), Va(2)).

Then we define an (R3) vector-valued function z — (U A V)(z) by

3
(2.7) UAV)(2) = ) Tilz) AVi(@).

i=1

b) With the same notation, if z — U(z) is a [];-valued function, one defines a
[15-valued function £ — rot U(z) by

(2.8) rot U(z) = (rot Uy (z), rot Us(z), rot Us(z)).
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c) Note that, for z — U(z) and z +— V(z) two [];-valued functions, we get

3
(2.9) (rot U) AV(z) = ) _(rot Ti(z)) A Vi(z).

i=1
d) Let z — 7i(z) be an (R?) vector-valued function. Then we define a [],-valued
function z — (U A 7@)(z) by
(2.10) (UAR)(z) = (Uy(2) Afi(z), Uz (z) A ii(z), Us(z) Afi(z))
and similarly for 7 A U.

Next, we state some lemmas which will be useful for the proof of Theorem 1.

Lemma 1. Let U and V be as in a) and smooth. Then

(2.11) div(U A V)(z) = V(=) - rot U(z) — U(z) - rot V(z),

“»

where “” means the scalar product of (R3) vectors.

Proof. We use definition a), and compute

3 3
div(U A V)(z) = div (E Ui(z) A ﬂ(x)) = }: div(Ui(z) A Vi(z))

i=1

3 3
= Y Vi@) -rotUi(z) - 3 Ui(x) - rot Vi(z)

= \1/=(:c) -rot U(z) — U(z) - rot V(z).

-

O

Lemma 2 (Green Formula). Let U and V be as in a) and smooth, 2 C R3 a
regular bounded open set in R®. Then

(2.12) /m(UAV)(x)-fi(z)dI‘= /n V(z) - rot U(z) dz — /,, U(z) - rot V(z) de

where “” denotes the scalar product of 3 x 3 matrices on the right-hand side.

Proof. Using integration by parts in (2.11), one has
/ div(UAV)(z)dz = / V(z) - rot U(z) dz — / U(z).rot V(z) dz
Q Q Q

and thus (2.12) follows. O
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Lemma 3. Let U be as in a) and 1/-;(:1:) = (Y1(x),¥2(z),¥s(x)) a vector-valued
function ¥ € (C(£2))3. Then

(213)  rot(U(z) - [i(a)]) = (rot U(z))[$(2)] + U(z) A V(¥ (2), $2(2), ¥3(2))-

Proof. Using definition b), one computes

rot(U(z) - [$(=)))

rot (é U',-(:z:)tb.-(z))

3 3
> (ot Ti(@)i(e) + D Ui(=) A Vii(x)
=1 i=1

= (rot Uy (z), rot Uz (z), rot Us(z))[1(z))]
+ (U1(z), Ua(z), Us(z)) A (Vipr(2), Vpa(z), Vipa(z))
= rot(U(z))[$(z)] + U A Vi(z)

with V{(z) = (Vi (z), Veha(z), Vips (). o

Third step: Oscillating function

We are going to construct a [],-valued function z — W¢(z), appearing in (2.6),
as follows.

For each cell P{ included in €2, we construct W* in one typical cell and repeat the
process by ¢ periodicity. In the cells not strictly included in 2, we simply set W¢ as
equal to Id (Identity matrix of order 3).

Let P{ be a cell strictly included in Q. Recall that 8Tf denotes the boundary
of the hole and has radius r.. We consider the hole centered at ek and radius 2r,,
denoted by B;.

y jAn— ‘ L - B¢

Cell Pt
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Therefore, we have divided the cell P; in three subregions: the ball 7§ centered
at ek and radius r¢, the circular annulus C§ of small radius r. and large radius 2r,
and the exterior region P — (Tf U Cf). In Tf, we set W* = 0 (null matrix). In
P; — (Tf U Cf) we set We =1d.

It remains to specify W* in C} and we look (for reasons to be explained below)
for W* such that

rot; W =0, z € Cj,
(2.14) n® AW =0, z € OT%,
nf AWe =n® Ald, z € dBj.

Since Cj, has exactly a scale of 7 units, it is enough to look for W = W(y) (matrix-
valued) defined for y € C = {y € R3, 1 < |y| < 2}, and satisfying

roty, W =0, y€C,
(2.15) nAW=0, lyl =1,
nAW=nAld, ly|=2,

and then in each C{ define W¢ by W¢(z) = W(z —ek/r.), which clearly satis-
fies (2.14) if W satisfies (2.15). In fact, we shall display explicitly W. First, note
that rotId = 0.

On the other hand, let y = (¥1,%2,y3) € R® and |y|?> = y? + y2 + y2. Then

o ly> o 0 0 -2y3 2
rot(Jy?Id)= (& |A| O |y? O | =1 2ys 0 -2y
03 0 0 [yP —2y2 2y 0

and as (7(y) ® 7i(y)) A 7i(y) = 0, where 7i(y) = y/|y|, we find adjusting coefficients
that

(216) W() = 3(sl? — 1) 1d+37iy) © ()

does the job.
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Fourth step: Properties of W*
First, let us show that W — Id strongly in L2(2) as ¢ — 0. Indeed, C* being
the union of the C;’s and T the union of the T, one has

IWe —1d || L2(q) = |W —1d || L2(<) + W = Id || z2(ce)
= ” Id "L’(T‘) + "W‘ - Id "L?(Ct)
< 1 mes(T*) + / W (z) — 1d | do
CE

gc,(re)sﬁgﬂ)i+/ |We (z) — 1|2 dz
€ Ce
<o(Z)'+3 [ (Z) -1 ax

Setting z/r. = y, thus dz = (r.)3 dy, one has
IWE — 1d || 2 < (1"—)3 + (’—)3 IW(y) — 1d [ dy < ("—f)3
L2() X C2 s C3 A C Yy ysC )

As e — 0, we get liII(l) |We —1d|jz2¢) = 0.
£
Next, we wish to show that rot, W¢ is bounded uniformly in L2(2). In fact, we
shall show that rot, We(z) = 0. Note that there are no discontinuities for rot, We¢ (z)
across the various boundaries.
Clearly

rot; We(z) =0, ze€Tg
and
rot, We(z) =0, ze€ P{ - (T UCy),

and we recall that in Cj,

We (z) = w(” “5").

Te

Then rot, W*(z) = 0 follows from rot,, W(y) = 0 which is the case as

l 2 — —
rot, W(y) = rot, §(|yl2 - 1)d+37i(y) @(y) =0

since ’
1 2 2 . 2
roty (3(y* 1)) = ~31d and  rot, (fiy) ® iy)) = F1d.

Thus rot, W€ being null is of course bounded uniformly in L?(2).
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Fifth step: Passing to the limit
We return to the variational formulation (2.5) and replace @& by

7 (z) = We (2)[i(z)]

for all but fixed 9 € (C=>(£2))3. After extending E° by zero in the holes, and using
the matrix formulas and convergence properties given above, one obtains

2.17) / rot B - rot We (z)[¢(z)] dz
Q
+ /Q rot B (z) - We (2) A (91 (2), 92 (), 893(2))
+ /Q B (z) - We(@)[$(2) dz = /Q Fé(z) - W (2)[$()) d.

As e = 0, we get

- /ﬂ rot E(z) - Id A(0v1 (z), 02 (z), Bs(z)) dz + ’y/n E(z) - z;(z) dz
- [ F@)d@ as,

thus
/ rot E(z) - rot ¢(z) dz + 7/ E(z) - ¥(z)dz = / F(z) - ¢(z) dz
Q Q Q

for all ¢ € (C(£2))3, and this is exactly the conclusion of Theorem 1(a).

2.2. Proof of Theorem 1(b)
First step: Uniform estimates

As in the proof of Theorem 1(a) above, one has [|E¢||ve < c.

Second step: Two-Scale convergence

We use standard notation and set Y = [-1, +%]3 (identified with the periodic
cell), and Y* = Y — T where T = cB;. Since (E*) and (ﬁ) are bounded
in L2(£2)3, see [1], [12], [14], up to a subsequence, they two-scale converge respectively
to E°(z,y) and V(z,y) belonging to (L%( x Y))3. That is, for any (z,y) €
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D(;C(Y))? we have

(2.18) Ec ~E weakly in (L?(2))3,
(2.19) rot B¢ = rot E  weakly in (L2(9))3,
. = T\ . o
(2.20) ggﬂﬁw@;yujéﬁﬂ@w¢@www,

/mew=mn
Y

(2.21) lim [ rotE: -zﬁ(a:, g) dz = /n/}“ V(z,y) - ¥(z,y) dz dy,

€0 Jo
with
(2.22) / V(z,y)dy =rot E.
y.
We note that E¢ and 1;t\E/J€ are equal to zero in 2 — Q°.
Therefore, their two-scale limits E°(z,y) and V(z,y) are equal to zero if y €
Y-Y*.

Next, let z[-; = z/?(x,y) be a smooth function with support in Y* with respect to
the variable y. It follows that

/; rot E¢ -1/-1'(:5, g) dz = / E* . [rot, 'J;(z, g) + %roty J(z, g)] dz,
thus

E/, rot E° -J(z, g) dz = /e E*. [erot.,zl-).(z, E) +roty1,1:v'(a:, g)] dz,

and extending by zero in the holes we obtain

e/élgt\E/‘-J(z,?)dz:/ﬂﬁg.[erotza/}.(x,g) +rot,1/-;(a:,§)] dz.

Sending e — 0 and using two-scale convergence, one has

0= / / E°(z,y) rot, J(z, y)dz dy.
alty.
Hence
roty, E%(z,y) =0 in D'(Q xY™)

and one finally gets
{rot,,Eo(a:,y) =0, yeY*,

fi(y) AE°(z,y) =0, y€dY™.
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From the results of [2], [3], [4], [5], [9], [13] one deduces that (xy- being the charac-
teristic function of Y*)

(2.23) E%(z,y) = xv+ (y)U()[E(2)],
where U is the [];-valued function defined for y € Y* by
(2.24) U@y) = (01 (y), U2 (v), Us())
and

(2.25) Ui(y) = (V&:)(),

each ®; being a solution in H!(Y'*) of

$; =y; —0;, O, Y-periodic,
(2.26) A®; =0 in Y*,
®;|ar = 0.

Note that rot, U =0 and 7i(y) AU = 0.
We make the first passage to the limit in the variational formulation still given
by (2.5)

/ rot, E¢(z) - rot, @ (z) dz +7/ E¢(z) - ¢ (z)dz = / Fe(z).¢" (z)dz
Q Q Q
for all g° € Hp(rot,2¢), by making the precise choice
(2.27) 7= U(;)[J(z)],
where U is defined by (2.24) for any 9 € (C=(2))? and we obtain
(2.28) / rot, B*(z) - rot. {UF (2)[#(z)]} dz + 7 / B (2) - U (2)[d()] d=

Q Q

= [ F@) v@pe)s.

For the first term on the left hand side and the term on the right-hand side of (2.28)
we use two-scale convergence, noticing that

rot, {U* (2)[$(2)]} = (ot U (z))[%(z)] + U*(z) A V(=)
= %(roty U)E[4)] + US AV = US A VY

and that the two-scale limit associated with rot, E€ is V(z,y).
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Let us deal with the second term on the left hand side of (2.28). For this purpose
we use simply the div-rot lemma of L. Tartar, F. Murat, see for instance [18], since
rot, E€ as well as div(U*(z)[$)(z)]) are (uniformly) bounded in (L2(£2))3 since

div(U (z)[¢(z)]) = div (E ﬁ%,-) = Z div(T)y; + Z Ut - V()

1

=0+) U Vii(z).
Therefore one obtains, for all ¢ € (C*(12))3,
[ [ v@uve) avie ddy+7 [ Be)as [ el
QJY* Q Y=
- [P [ v@idla.
Q ye
Setting [,,. U(y) dy = ¢Id, where ¢ € R is a fixed constant, one obtains
(2.29) /n/w V(z,y) - Uly) A VY(z)dz dy + C'yL E(z) -¢dz = C/(;F(z') -y dz.

It remains to analyze the first term on the left hand side of expression (2.29).
By definition, for all smooth 9(z,y) we have

/QrotE"(x) -1/-;(3:, g) dz — /O/y. V(z,y) -1[-;(:1:,y) dz dy.

Choose any 1/.; such that rot, 1[_; = 0 and supp,, tlr. C Y*. Then the left-hand side can
also be written as

/QE\E - (rot, 1/_;)(:1:, g) dz = /ﬂE"f - rot, [J(z, E)] dz.

We can again use the div-rot lemma. As rot E* is bounded and since obviously

div{rot;p [z/_;(z, g)]} =0 and rot, [1/_;(:1:, g)] = (rot, 1/_;) (z, g)

are bounded uniformly in (L?(f2))3,

/‘;E'E - (rot, 1/7)(:1:, :g) dz — /QE(.T) da:/y‘ rot, J(x,y) dy.
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Alltogether we have obtained that for all ¥(z,y), supp, Y, rot, J(z,y) =0,
one has

[ [ ven -deniwy= [ B@d [ ot ienaw
= /Q de /Y rot; E(z) - (=, y) dy,

thus
/ / V(z,9) - rot, E(z)] - §(z,y) dz dy = 0.
QJY*

From [2], [3], [4], [9], [5], [13] we deduce that there exists V; = V;(z,y) such that
(2.30) V(z,y) = rot, E(z) + rot, Vi (z,y).

Therefore (2.29) becomes, for all ¢ € (C=(£2))3,

@3) [ [ {rote B@) + rot, Va(a,9)} - Uiw) A Va(e) dey

+ ¢y /n E(@)-$dz=¢ /n F(z) - (,y) dz.

In the second step, we precise further the term rot, Vi (z,y). For this purpose, we
get back again to the variational formulation (2.5), take ¢* = t/::(a;,x/e), multiply
by € and send it to zero. In this way we obtain

/ V(z,y) - rot, $=0
oJy-

for all 9 such that suppyJ; C Y* with i A¢|or = 0. On the other hand, one has
also easily divy V(z,y) = 0 in D'(Q x Y*). We obtain in particular from the facts
already mentioned, that V is given by

(2.32) V(z,y) = U(y)[rot; E(z)).

Therefore (2.31) becomes
e [ [ vt B@)- V) A V@) + 01 [ EE)-d)
=¢ [ F@)-#(e)dz.
Q
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Next, one has

U(y)[rot E(z)] - (U(y) A V.9(z))
= E U(y)[rot, E(z)] - Us A V.otbi(z)

= - Z(’j A U(y)frot; E(z)]) - Vathi(z)
= = 2_ > _(Uiy) A Uj()(xot E(2));) - Vati(2)-

Define n € R such that

/(IZALE)anes, /(@Atfa)dy=ne1, /(rfsAtfl)dy=ne;.
Y* Y* Y*

Then, one obtains that

| U)ot B@) - V) A V() dy

= n{(rot; E)2 - 93¢, — (rot; E)133%2}
+ n{(rot; E)3 - 0192 — (rot; E)20193}
+ n{(rot; E); - G233 — (rot; E)35291}

= n(rot; E)1(82%3 — G32) + n(rot; E)2(33¢1 — 01¢3)
+ n(rotz E)3(0192 — G241)

= nrot; E - rot; 9.

Consequently, for all ¢ € (C(€2))3 we obtain

r)/f; rot; E(z) - rot, (z) dz + 'y(/n E(z) - ¥(z)dz = (/ﬂ F(z) - ¥(z) dz,
where 7, ¢ are constants, which is the claim of Theorem 1(b).
Remark 1. If we replace the boundary condition
() AES(z) =0
by the non homogeneous condition
() A E*(z) = ° A §(2),

written also as

i A (B* - §(z)) =0,
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where § is a given (smooth) vector field, we have the same type of result by setting
E¢ - §(z) = V().

Remark 2. Under the assumption (HYP), and if we suppose furthermore the
strong convergence of the sequence F* in L?(2), it is not difficult to check that the
global electromagnetic “energy”

/ Irot ¥ |2 + 7/ Vs
Q Q
converges towards the corresponding homogenized one (involving E).
Under the case of assumption (HYP),, corrector results can eventually give a clue.

3. PROOF OF THEOREMS 2

3.1. Proof of Theorem 2(a)
First step: Variational formulation and uniform estimates
Problem (Q¢) has the variational formulation

(3.1) / rot E - rot @(z) dz + / E* - (z)dz = / F* - 3(z) dz
Qe Qe Qe

for all g € H(rot, Qelv
Let us note that rot E¢ # rot E€ in general. Extending by zero, we now get

(3.2) / g)t\lff(z) -rot g(z)dz + / E¢(z) - @(z)dz = / Fe(z) - P(z) dz.
Q Q Q
Letting ¢ := E¢, one has
|rot E€|? dz +/ |Ef|2dz < l/ |Fé|? dx + 1/ |E°|? dz,
Qe Qe 2 Qe 2 Qe
thus
”E"lﬁ,(mt,nc) < / |rot E*|? dz+/ |E*|? dz
Qe Qe
< |rot E€|? dz + ! / |Ef|?dz < C
Qe 2 Qe

and consequently
"EEHH(rot,Q‘) < C.
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Second step: Passing to the limit
Up to a subsequence we can assume

(3.3) E<(z) ~E(z) weaklyin (L%())3,
(3.4) rot B= =V (z) weakly in (L3(R2))%.

Then from (3.2) one has, for all ¢ € (C*=(?))3,
/ V(z) - rot g(z) dz + / E(z) - §(z)dz = / F(z) - §(z) dz.

Q Q Q

It remains to identify V. Let ¢ € (C=({2))3. Then of course
/ Tt B* (z) - ¥(z) dz —> / V(2) - ¥(z) dz.
Q Q

On the other hand,

| 1otB @) Ga)da = [ 1ot B (@) [fla) - W) da

+ [ 1ot (@) - Wl (2) d,
Q

where We is the test (matrix-valued) function given in Section 2.
Since 3 — We () — 0 strongly in (L2(£2))3, one has

/ V(z) - ¥(z) dz = lim / rot B (z) - We[)(z) da.
Q e—0 Q
Further,
/ rot B* () - We[d](z) dz = / rot E*(z) - W[ (<) dz
Q Qe
- /9 E(2) o {Wef(2)} dz,

since 71 A We = 0 on 990¢.
As

/ﬂ E(2) - ot{ W )(a)} do
= / E*(z) - (rot We)[¢](z) dz + / E°(z) - W A Vij(z)dz
Qe Qe
=o+/ Ee(z)-wmv./?(x)dz—»/E(z)-ron/?(x)dz,
Qe Q
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we have finally obtained that

/ V(z) - ¥(z)dz = / E(z) - rot ¢(z) dz,
Q Q
and thus
V =rotE.
This concludes the proof of Theorem 2(a).
3.2. Proof of Theorem 2(b)
First step: Uniform estimates in H(rot,)

Repeating the same lines of calculus, we get again similar uniform estimates, and
thus we can assume that weak convergences (3.3) and (3.4) hold true.

Second step: Two-scale convergence

Since (E¢) as well as (rot/\l_iff) are bounded in (L%(02))3, there exist two two-
scale limits, E® € (L2(2 x Y))3, V € (L2( x Y))? such that for any 9(z,y) €
(D(R,C3°(Y)))? one has

(3.5) lim E‘-J(z,g)dz=/Q/Y.Eo(x,y)-zl_;(z,y)dzdy

e—0 0

and
(3.6) eh_x)r(l)/nlgt\f_?e -J(:c, g)dz = /Q/Y. V(z,y) - ¥(z, y)dzdy.

By integration by parts, we obtain for all 9(z,y) € (D(S, Cg°(Y*)))® with compact
support (in y) in Y*

s/nlgt\if-ﬂ)’(z, g) dz = /{;EE . [erot: 1/-;(1:, ;) +rot,,1/-;(a:, ;)] dz.

Passing to the limit in both terms with the help of two-scale convergence leads to

(37) [ [ B @yroty iz, ) dzay =o,
that is
(3.8) rot, E°(z,y) =0 in (D'(2 x Y*))>.

Now, to the assumption on ¥(z,y) we add the condition rot, ¥(z,y) = 0 with com-
pact support in z as well as in y in Y*. Since

‘/‘;m(x)-d;'(x,g) dz:/{)ﬁ‘(z)rotrf(x,-z) dz,
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using the two-scale convergence we are led to

[ [ ven-deniy= [ [ B oy,

and thus integrating by parts in {2 we get

/Q/Y E°(z,y)-rot:¢(z,y)dxdy=/n/y_ rot; E°(z,y) - ¥(z,y) dz dy.

Hence
(39) [ [ Vi) = rote B(e, 1)) - ¥z, v) dady =0,

We will use all these facts to identify E° and V.
According to [2], [3], [4], [9] there exist unique ¢ € H!(Y*) and h; € H;(Y*) with

Hy(Y*) = {u € L}3(Y*)3, rot,u =0, divyu =0, 7i(y)-u(y) =0}
such that
(3.10) E%z,y) = Vyo(z,y) + h(z,y),

and finally, one can write

(3.11) E°(z,y) = xv-(v)G(v)[E(z)]
and
(3.12) V(z,y) = xv- (¥)G(y) x G(y)[rot E(z)],

where G is the [];-valued function defined for y € Y* by

(3.13) G(y) = (G1(v), G2 (), G3(v))
and

Gi(y) = (V8:)(v),
each ®; being solution in H'(Y*) of

®; =y —Yi, T Y-periodic,

(3.14) A6| =0 in Y‘,
o0®;
Bn lor — 0.
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Note that rot, G = 0 and 7i(y) - G(y) = 0.
From the variational formulation (3.2), one gets vy € (C°(R))3

| [ v i@ dzay+ [ B@) @)= [ F@)-do)d

which by virtue of (3.12) yields

/ Xy (4)G(y) xG(y)[rot; E(z)] rot, 4(x) dz+ / E(z)-¢(z)dz = / F(z)-¥(z) dz.
Q Q o
Since we can set [,.. G(y) x G(y) dy = m, I, this concludes the proof of Theorem 2(b).
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Abstract. We consider electromagnetic waves propagating in a periodic medium charac-
terized by two small scales. We perform the corresponding homogenization process, relying
on the modelling by Maxwell partial differential equations.
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functions
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1. Introduction

Homogenization results for Maxwell equations, by the classical method of asymp-
totic expansions or more recently by two-scale convergence, are well known, see for
instance [1], [3], [4], [5], [6], [19]. Let us first recall Maxwell equations framework,
see [7], [8], [9]. Let Q@ C R® be a physical domain. Then the electromagnetic prop-
agation of waves in Q is described by four (R?) vector valued functions D, E, B,
H of (z,t) € Q x R. Here D is the electric induction, E the electric field, B the
magnetic induction and H the magnetic field. Introducing furthermore the charge
density o = o(t,z) and the current density J = J(t,x) of charges inside 2, one has
Maxwell equations in the form

D
(1.1) i - 88_75 +rotH =J Ampere law,
B
(ii) 88_75 +rotE=0 Faraday law,
(iii) divD =p Gauss electrical law,
(iv) divB=0 Gauss magnetic law.
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Note that the current and charge densities satisfy the continuity relation or charge

conservation

0
(1.2) a—f +divJ =0,
as in fact follows also from (1.1).
Herein, we assume linear behavior laws, that is proportionality of fields and in-
ductions,

(1.3) D=aE, B=uH.

Here 1 and o are the magnetic permeability and electric permittivity respectively
and these are assumed constant to simplify our exposition. Recall that in general,
this linear behavior is not true for usual electromagnetic media and we hope to get
back to this non linear aspect (in this direction see however [9]).

Moreover, we simplify Maxwell equations by considering the very special harmonic
case (note that J should satisfy some kind of Ohmic law). However, let us mention
that most if not all of our results below could be extended easily to cover the time
dependent case.

Let us recall quickly these facts, referring for much more details to standard books
such as [7], [8], [9].

Since we are interested in time-periodic solutions only, we look for solutions in the

form

(1.4) D(x,t) = R(exp(iwt)D(z)), H(x,t) = R(exp(iwt)H (z)),
(1.5) J(z,t) = R(exp(iwt)J (x))

and

(1.6) B(z,t) = R(exp(iwt)B(z)), E(x,t) = R(exp(iwt)E(z)).

We denote the new complex-valued functions of a variable x with the same capital
letters as the original real-valued functions of variables x, t. Then equation (1.1(ii)),
divided by exp(iwt), becomes (with i = —1)

(1.7) —iwD(x) + roty H(x) = J(x)
and equation (1.1(ii)) becomes
(1.8) iwB(z) 4+ rot, E(z) =0,
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which by applying the rot operator leads to

(1.9) iwroty, B(z) 4 roty(rot, E(x)) = 0.

From (1.3), one has rot, B(xz) = proty H(x), and thus it follows that
(1.10) iwprot, H(x) + rot,(rot, E(x)) = 0.

Using (1.7), one gets

(1.11) iwp(J(x) +iwD(x)) + rot, (rot, E(x)) = 0.
Using (1.3), one has

(1.12) iwu(J(x) + iwaE(x)) + roty(rot, E(z)) = 0.

Hence
rot, (rot, E(x)) + i2w?naFB(z) = —iwpJ (z).

Usually J = oFE + J' (where o is the conductivity), so that

rot, (rot, E(x)) + (i*w?pa + ipwo)E(z) = —iwpJ’ (z).
Let
(1.13) F(x) = —iwpJ'(x), 7= pw(—wa +io).

To avoid any mathematical problems, we will always assume that R(v) > 0. In this
direction, we refer to known standard difficulties associated with Maxwell equations
in [9].

Then, we are finally led to the standard harmonic Maxwell equation
(P) rot(rot E(z)) + vE(z) = F(x).

Let Q be a bounded regular open set in R3. Let ¢ > 0 be a small parameter and Q°
a bounded open set ¢ C Q C R3, to be specified below.

We consider for v € C, R(y) > 0, the homogenization of problem (P) in Q¢ with
different boundary conditions on 9€2¢. That is, electromagnetic waves are propagat-
ing in Q¢ and we prescribe the interactions with boundary 9°.
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More precisely, we consider the following two problems (P¢) and (QF), with
Fé(z) € L3(Q°)3:

P9) rot(rot B¢ (x)) + vE°(x) = F¢(x), z= € Q°,
nc(z) A E*(z) =0, x € 00°

and

Q) rot(rot E°(x)) + vE*(z) = F*(z), z € Q°,
nif(x) Arot E¢(x) = 0, x € 080°.

The boundary condition in problem (P¢) describes the physical fact that the com-
plementary set to (2° behaves as a perfect conductor, while the boundary condition
in problem (Q°f) could be interpreted as the absence of magnetic charges within the
complementary set to ¢ .

A natural question arises in this electromagnetic setting as to investigate closely
related problems such as

(%) rot(rot E°(x)) — grad(div E*(x)) + vE*(z) = F¢(z), z € ),
nif(x) A E¢(x) =0, x € 082

or

(s°) rot(rot E¢(x)) — grad(div E¢(x)) + vE°(z) = F¢(x), x= € Q°,
nic(x) - E¢(x) =0, x € 00°.

Similarly, the last boundary condition reflects the absence of electric charges within
the complementary set to °.

Such problems will not be studied herein in order to limit the length of the paper,
and most importantly because test functions to be used are rather different. These
important problems will be discussed in a forthcoming paper.

Let € > 0 and r. > 0 be two small parameters such that r. < %5 and consider the

covering of R? by cells
1

P =[5 4g] +ek
k — € 27 9 ER,
where k € Z3. In each cell P; we remove the ball
T =r.By + ¢k,
where B; denotes the unit ball in R3. We let
Q=0Q-T°
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N(e)
where T = |J T denotes the union of balls strictly included within 2. As a matter

k=1
of fact, note that these balls do not intersect the boundary 2.
We will study the above problems under one of the scaling assumptions

(HYP)1 lim — =0
e—0 ¢

or

(HYP), Te = CE

where 0 < ¢ < 1/4 is a strictly positive fixed constant.
Finally, we will always assume (at least) that

(HYP); Fe =~ F weakly in L*(Q)?

as ¢ — 0. Above and throughout the paper the tilde over a symbol denotes the
extension by zero in the holes.

We will be concerned with the asymptotic behavior as e — 0 of problems (P¢) and
(Q9).

Before stating the corresponding mathematical results, let us explain our moti-
vation. The periodic perforated medium 2 may be considered as one having two
distinct di-electric constants or even holes that may be considered as charged parti-
cles.

However, let us remark that problems (P¢) or (Q°) studied herein do not really fit
with a clear (or true) physical modeling of propagation of electromagnetic waves in
such non homogeneous media.

There are at least two points from the physical theory of Maxwell equations which
are not really accounted for.

On the one hand, there is definitively a scaling problem between frequency and
spatial scales which is not considered here. From mathematical viewpoint, this ques-
tion leads to very deep technics, in progress actually. To be short, we are assuming
that spatial variations are small compared to wavelenghts.

On the other hand, and this is surely one main point, if one views to the holes as
charged particles, the modeling by problems (P¢) or (QF) is of course not true. One
should for instance get back to Maxwell equations, say in harmonic form, and take
care of the correct scaling and boundary conditions, involving scattering operators,
see for instance [9].

Last but not least, in view of all these facts, one should note that actually the
right-hand member data given are surely first order distributions, and so some if not
all of our constructions in this paper would have to be modified.
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Having such ideas in mind, the above problems must therefore be considered a
first step in order to tackle real physical problems, maybe as a background to test
mathematical tools available at present.

Even in these simple and academic problems, some constructions displayed in this
paper have to be adapted to more complex situations, and this is why we have started
studying them.

Some of the defects mentioned above are actually worked out.

Our results show in particular that the homogenized problems display a different
output frequency with respect to w. More precisely, they are the following, see the
notation below.

In section 2 we refer the following as regards to the homogenization of prob-
lem (P¢).

Theorem 1. Homogenization of problem (P¢).
(a) With assumptions (HYP), and (HYP), for (P¢), one has (up to a subsequence)

Ee ~E weakly in Ho(rot, ),
where F is the variational solution of problem (P), with the condition iAE = 0
on 0f).
(b) Under assumptions (HYP), and (HYP), for (P¢), one has (up to a subsequence)

Ee ~E weakly in Hy(rot, ),

where E is the (variational) solution in Hy(rot, ) of

/Qnroth(:c)~rotx1/)(:17)d:17+'y§/QE(z)~1/)(x)dx:§/QF(:r)1/)(z)dx

for all ¢ € Hy(rot,Q), where nn > 0,  are two constants (given in Section 2).

Section 3 is devoted to problem (QF). We prove

Theorem 2. Homogenization of problem (QF).
(a) Under assumptions (HYP), and (HYP), for (Q°) one has (up to a subsequence)

E: ~E  weakly in L*(Q)%,

where E is the variational solution of problem (P) with the condition fiArot E =
0 on 0N2.
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(b) With assumptions (HYP), and (HYP), for (Q°) one has
Ec ~ E  weakly in L*(Q)?,

where E is the variational solution, for all ¢ € H(rot, ), of

/Q m roty, E(x) - rot, ¢(z) de + 7/9 E(z) - ¢(x)de = /Q F(x)y(z)de,

where 11 > 0 is a constant (given in Section 3) .

Proofs of these results are done in Sections 2 and 3 for (P¢) and (QF) respectively.
One can also find therein some remarks about the behavior of global electromagnetic
energy. It is an interesting question to ask about the corresponding behavior of the
local energy, which seems much more crucial for physical problems.

Also, the same type of results holds if we assume ¢ /e — ¢ > 0 instead of assuming
exactly that r® = ce. However, we skip the proofs of this fact.

We end this introductory section by recalling standard materials on mathematics
related to problem (P).

We introduce the following standard notation, see for instance [7], [9], [13]:

HE = LQ(Qg)S,
H(rot, Q%) = {E € L*(0°)%; rot E € L2(Q°)%},

with the usual norm || E|| g(rot,0e) = | Ell2(0e)s + [[rot B 12(qz)s.

H(rot,2°) is a well known Hilbert space. In order to tackle the first boundary
condition, that is problem (P¢) with a perfect conductor type boundary condition,
we also introduce

V5 = Ho(rot, Q%) = {E € H(rot,Q%), n°(z) A E(x) =0 on 9Q°}.

Of course, V is a closed space in H (rot, 2¢). The corresponding variational formu-
lation for problem (P¢) is then naturally given for all € Hy(rot, Q°) by

(1.14) aE(EE,gB)E/ rot B -rot gdx + v Ee-gé'dx:/ Fe . gdz.
Qs Qs <

We recall that the sesquilinear form a(u,v) is coercive on V{§: there exists § > 0
such that Ra(u,u) = Bllulve, Yu € V.
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By virtue of the above facts and the Green formula, the corresponding operator A¢
is characterized by

A°E =rot(rot E) + vF
and

D(A%) ={FE € V®; rot(rot E) € H*}.
Since (V)' is a space of distributions and since the sesquilinear form a given above
is coercive on Vi with the constant 8 = inf(1,~), there is a unique solution E¢ in V§
of (P¢) thanks to the Lax-Milgram Lemma.

For problem (Qf) we put V¢ = H(rot,2¢), and this defines the same operator A®
but with

D(A®) ={E € V?; rot(rot E) € H°, n°(x) Arot E(z) =0 on 00°}.

2. PROOF OF THEOREM 1

2.1. Proof of Theorem 1(a)

We divide the proof in several steps.

First step: Variational formulation and uniform estimates
The corresponding variational formulation, according to the previous section, is
given for all @ € Hy(rot, Q) by

(2.1) /rotEs'rotgﬁsdqu’y/ Eg'cﬁedx:/ Fe . & da.
g SE g

One gets easily uniform estimates for E¢ and rot E€ from (2.1) by taking ¢ := E*,
hence one obtains

(2.2) IE®[lve < e,

where c is a constant independent of ¢.
We recall that if £ € Hy(rot,Q°) and

Hy(rot, Q) = {U € (L*(Q))?, rot, U € (L*(Q))%, @AU(z) =0 on 9Q}
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then E° satisfies £° € Hy(rot, ) and rot B¢ = rot B, Hence we deduce that B¢ be-
longs to a bounded subset of Hy(rot,2). All in all, one has (up to a subsequence)

(2.3) Ef ~E weakly in L?(Q)3,
(2.4) rot B¢ —rot weakly in L?(Q)?

and, for all g° € Hy(rot, ), one has

(2.5) /Qrot E<(x) - rot @°(z) d +7/QEE(x) -G (x)dx = /QI?E(:E) - g% (x) da.

Following the classical method introduced by L. Tartar, see [17], we are going to take
a test function of the form

(2.6) 7 (@) = W (@) (@),

where 2 — ¥(z) € (C°(Q))? and x — WE () is a 3 x 3 matrix valued function
given by
W () = (W5 (), W5 (2), W5 (),
that is, W; (z) is the ith column of the matrix We (z).
To simplify the exposition, we introduce some matrix operations. We set [, for
the set of matrix of order 3.

Second step: Definitions and formulas
a) Let 2 — U(z) and z — V(x) be two [[;-valued functions

and

Then we define an (R?) vector-valued function z — (U A V)(z) by
3 — —
(2.7) (UAV)(x) = Ui(z) AVi(x).

=1

b) With the same notation, if  —— U(z) is a [[;-valued function, one defines a
[I;-valued function 2 —— rot U(x) by

(2.8) rot U(z) = (rot Uy (), rot Us (), rot Us(z)).
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c) Note that, for  — U(z) and 2 — V(x) two [];-valued functions, we get
3
(2.9) (rot U) AV(z) = Z(rot Ui(z)) A Vi(x).

i=1

d) Let z — 7i(z) be an (R®) vector-valued function. Then we define a [],-valued
function x — (U A 7@)(x) by

— —

(2.10) (UAR)(2) = (T, (2) A i), Oa(z) Ai(z), Us(z) A ()

and similarly for 77 A U.
Next, we state some lemmas which will be useful for the proof of Theorem 1.

Lemma 1. Let U and V be as in a) and smooth. Then

(2.11) div(U AV)(z) = V() - rot U(z) — U(z) - rot V(z),

“»

where “” means the scalar product of (R®) vectors.

Proof. We use definition a), and compute

div(U A V)(z)
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Lemma 2 (Green Formula). Let U and V be as in a) and smooth, Q) C R® a

regular bounded open set in R*. Then

(2.12) /BQ([U AV)(z) - fi(x)dl = /Q V(z) - rot U(z) dx — /Q U(z) - rot V(z) dz

where “” denotes the scalar product of 3 x 3 matrices on the right-hand side.

Proof. Using integration by parts in (2.11), one has

/Q div(U AV)(z)dz = /Q V(z) - rot U(z) do — / U(x).rot V(z) dz

Q
and thus (2.12) follows. O
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Lemma 3. Let U be as in a) and 1(z) = (11 (x), 2 (x),¥s(x)) a vector-valued
function ¢ € (C2°(Q))3. Then

(213)  rot(U(@) - [$()]) = (rot U@))[$(2)] + Ux) A V(¥ (), (), ().

Proof. Using definition b), one computes

rot(U(z) - [ (x)])

I

-

@]

-+

/P—ﬁ\
S
—

8
N—
&=
—

8
N—

~_

= (r0t U (z) rot U(a).rot Us @) (x)]

+ (Ui (x), Uz (x), Us(x)) A
rot(U(x))[¢/(« >]+wvw

with Vi(x) = (Vi1 (), Viba(x), Vibs(x)). O

Third step: Oscillating function

We are going to construct a [[;-valued function z — W* (z), appearing in (2.6),
as follows.

For each cell P; included in 2, we construct W* in one typical cell and repeat the
process by € periodicity. In the cells not strictly included in €2, we simply set W as
equal to Id (Identity matrix of order 3).

Let P; be a cell strictly included in €. Recall that 01}, denotes the boundary
of the hole and has radius r.. We consider the hole centered at ¢k and radius 2r.,
denoted by Bj.

Cell P¢
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Therefore, we have divided the cell P; in three subregions: the ball T} centered
at ek and radius r., the circular annulus C}, of small radius 7. and large radius 2r,
and the exterior region P; — (Tf U C5). In TF, we set W* = 0 (null matrix). In
Pt — (Tf UCy) we set W° = Id.

It remains to specify W° in C; and we look (for reasons to be explained below)
for W* such that

rot, We =0, x € Cf,
(2.14) n AW =0, x € OTE,
n® AW =n®Ald, x € 0B;.

Since Cj, has exactly a scale of r. units, it is enough to look for W = W(y) (matrix-
valued) defined for y € C = {y € R?, 1 < |y| < 2}, and satisfying

rot, W =0, y € C,
(2.15) n AW =0, lyl =1,
nAW=nAld, |yl =2,

and then in each Cf define W* by We(z) = W(x —ek/r.), which clearly satis-
fies (2.14) if W satisfies (2.15). In fact, we shall display explicitly W. First, note
that rotId = 0.

On the other hand, let y = (y1,y2,ys3) € R® and |y|*> =y} + y3 + y3. Then

o1 ly> 0 0 0 —2y3 2y
rot(|y|2ld) =|d | A 0 [y? o =1 2y3 0 -2y
83 0 0 |y|2 —2y2 2y1 0

and as (7i(y) @ (y)) A fi(y) = 0, where 7(y) = y/|y|, we find adjusting coefficients
that

(216) W(y) = 30l — 1)1 +27(y) @ (o)

does the job.
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Fourth step: Properties of W*
First, let us show that W& — Id strongly in L?(Q2) as ¢ — 0. Indeed, C¢ being
the union of the C;’s and 7 the union of the T, one has

[We —1Id [|L2(0) = [[WF —1d ||p2(pe) + W —1d [|2(c-)
= |1 || g2(rey + [WF —1d || £2(cey
< ¢y mes(T°) Jr/ |WF (2) — Id |? d=
Cs

Q €
< cl(rs)?’mei# +/ |WF (z) — Id |? dz
Ce

re\3 C3
<@(i>*"€/
g g C

Setting x/r. = y, thus dz = (r.)®dy, one has

w( =) —Id’gdx.

Te

€
0

T Te

W -l <o (2 o (2)’ [ 0P o)’

As e — 0, we get gLI% [We —1d || 20y = 0.

Next, we wish to show that rot, W° is bounded uniformly in L2(f2). In fact, we
shall show that rot; We (x) = 0. Note that there are no discontinuities for rot, We (x)
across the various boundaries.

Clearly
rot, W (z) =0, zeTy
and
rot, W (z) =0, =€ P;— (T UCy),

and we recall that in C7,

W (2) :w(x_gk).

Te

Then rot, We (x) = 0 follows from rot, W(y) = 0 which is the case as

1 2 B
rot, W(y) = rot, g(lyl2 —DId+37i(y) @ 7i(y) = 0

since

1 2 ) 9
roty (5w 10)) = 314 and  Zroty (iily) 7i(y)) = 51d.
Thus rot, We being null is of course bounded uniformly in L?(€2).
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Fifth step: Passing to the limit

We return to the variational formulation (2.5) and replace ¢° by
7 (z) = W (2)[d(x)]

for all but fixed ¥ € (C°(Q))3. After extending E° by zero in the holes, and using
the matrix formulas and convergence properties given above, one obtains

(2.17) /Q rot B¢ - rot We ()[4 (z)] da
+AmﬁﬂW@Awmmwﬁwwﬂ
+véﬁﬂw-www@unmﬁiéf%wwmuﬂmew

As e — 0, we get

—/ rot E(x) -Id/\(@z/q(w),ng(x),awg(x))dx+7/ E(z) - {(z)dx
Q Q

- [ Fla)afia) aa.

thus
/QrotE(m) -rotz/)(ac)dx—i—w/QE(x)-w(ac)dx:/QF(x)-w(x)dx

for all ¢ € (C2°(Q))3, and this is exactly the conclusion of Theorem 1(a).

2.2. Proof of Theorem 1(b)
First step: Uniform estimates

As in the proof of Theorem 1(a) above, one has |[|[E¢||y: < c.

Second step: Two-Scale convergence

We use standard notation and set ¥ = [f%, +%]3 (identified with the periodic
cell), and Y* = Y — T where T = ¢B;. Since (E°) and (rot E) are bounded
in L2(2)3, see [1], [12], [14], up to a subsequence, they two-scale converge respectively

to E°(z,y) and V(z,y) belonging to (L2(Q x Y))3. That is, for any ¢ (z,y) €
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D(Q;C(Y))? we have

P
(2.18) Ef ~ E weakly in (L%())?,
(2.19) rot B¢ — rot E weakly in (L2(2))?,
(2.20) lir% Ee - 4:17 — dxf//EO:ry @Ex y) dx dy,
E—
/EO(I y)dy = E(x),
(2.21) hm rot E5~ x = d:z: = / / (z,9) :c ,y) dz dy,
with
(2.22) / V(z,y)dy =rot E.

We note that E¢ and rot B¢ are equal to zero in ) — Q°.

Therefore, their two-scale limits EY(x,y) and V(x,y) are equal to zero if y €
Y -Y*

Next, let 1/7 = @E(:c,y) be a smooth function with support in Y* with respect to
the variable y. It follows that

/8 rot B¢ J(w, g) dr = /a E* . [rotm J(m, g) + éroty z;(x, g)} dz,
thus

5/ErotE5 J(x, g) dz = /EEE' {5rotz1;<a:, g) +roty1/_)'(:1:, g)] dzx,

and extending by zero in the holes we obtain

€ nglc\E/’E%E(x,g)dx:/QEf {arot w(x —)—l—rot w( I)}dx

Sending ¢ — 0 and using two-scale convergence, one has
0= / E°(z,y)rot, ﬁ(w,y) dzx dy.
aJy=

Hence
rot, E°(z,y) =0 in D'(Q x Y*)

and one finally gets
roty E°(z,y) =0, y Y™,
fi(y) AN E%(z,y) =0, y€aY™.
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From the results of [2], [3], [4], [5], [9], [13] one deduces that (xy- being the charac-
teristic function of Y*)

(2.23) E°(z,y) = xv- (y)U(y)[E(2)],

where U is the [];-valued function defined for y € Y* by

(2.24) Uly) = (U1(y), Ua(y), Us(y))
and
(2.25) Ui(y) = (V®:)(y),

each ®; being a solution in H'(Y*) of

(I)i =Y — 61’7 @1 Y—periodic,
(2.26) A®; =0 in Y*
®ilor = 0.

Note that rot, U =0 and 7i(y) A U = 0.
We make the first passage to the limit in the variational formulation still given
by (2.5)

/Qrotx E¢(z) - rot, ¢°(z) dz + "y/ E¢(z) - & (x)de = /Q Fe(x).& (z)dx

Q

for all g° € Hy(rot, Q°), by making the precise choice

(2.27) & = U)W,

-

where U is defined by (2.24) for any v € (C2°(£2))3 and we obtain
(2.28) / rot, E%(x) - rot {Ma(x)[w(x)]}d:chv/QEg(:r) U () [¢(z)] dz

- [ ) v @) as

For the first term on the left hand side and the term on the right-hand side of (2.28)
we use two-scale convergence, noticing that

rot, {U° (2)[$(«)]} = (rot, UF (2)) [t (2)] + U° (x) A Vi) (x)
_ é(roty U)[] + UF AV = UF AT

and that the two-scale limit associated with rot, E° is V(z,y).
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Let us deal with the second term on the left hand side of (2.28). For this purpose
we use simply the div-rot lemma of L. Tartar, F. Murat, see for instance [18], since
rot, E° as well as div(U¢ (z)[¢)(z)]) are (uniformly) bounded in (L2(£2))? since

(U @) = div( 5070 ) = 3 (@ + 30 Viste)

% %

0+ U Vpi(a).

Therefore one obtains, for all ¢ € (C°(Q))3,

-,

| [ v@nuw aviedsds+y [ Bade [ vy

~ [P [ vl
Q Y

Setting fy* y)dy = ¢ 1Id, where ¢ € R is a fixed constant, one obtains

(2.29) // (x,y) )/\qu()dxdy+§7/E wdw—g/ ) -4 dz.

It remains to analyze the first term on the left hand side of expression (2.29).

By definition, for all smooth z/j(x, y) we have

/QrotEvE() ¢a:— dIH/‘/* (2,y) - ¥(x,y) dz dy.

Choose any 1; such that rot, z/j = 0 and supp, 1/7 C Y*. Then the left-hand side can
also be written as

/QEJ’E - (roty 1/_)')(:10, g) dz = /QEE - TOt, [1/7(95, g)} dz.

We can again use the div-rot lemma. As rot E* is bounded and since obviously

div{rotx [ﬁ(x, g)} } =0 and rot, [15(3:, g)} = (rot, 1;) (x, g)

are bounded uniformly in (L?(Q))?,

/QEJ’E - (roty 1;) (:E, g) dz — /QE(J?)dZE/ ) rot, 1;($ay)dy-
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Alltogether we have obtained that for all J(w,y), supp,, v C Y, rot, ﬁ(w,y) =0,
one has

| [ v demisdy = [ Bads [ ot iy

/dx/ roty B(x) - (z,y) dy,

thus

// (2,y) — roty E(z)] - ¥(x,y) dody = 0.
From [2], [3], [4], [5], [13] we deduce that there exists Vi = Vi (z,y) such that
(2.30) V(z,y) = roty E(z) 4 rot, Vi (z,y).

Therefore (2.29) becomes, for all ¢ € (C2°())3,

(2.31) / {rot E(z) +roty, Vi(z,y)} - Uly) A Vao(z) de dy

+Cv/E wdx—Q/F y) dz.

In the second step, we precise further the term rot, Vi(x,y). For this purpose, we
get back again to the variational formulation (2.5), take @& = v(x, z/¢), multiply
by € and send it to zero. In this way we obtain

/Q/*V(a:,y)wotyi/jzo

for all 1/7 such that supp, 1/7 C Y* with 77 A 1;|8T = 0. On the other hand, one has
also easily div, V(z,y) = 0 in D’'(Q x Y*). We obtain in particular from the facts
already mentioned, that V is given by

(2.32) V(z,y) = U(y)[rot, E(x)].

Therefore (2.31) becomes

(2.33) / | U@)lrots B(@)] - (U (y)AVIJ<x>>+@/ﬂE(w>.J<x>dx

:Q/QF,T
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Next, one has

U(y)[rot, E(2)] - (U(y) A Vaid(x))
= ZlU I‘Ot E ] U_;/\de)i(x)

Il
|
] -1~
-1
$
s
&
=
3
(=
=
e
B
=
NP
8
<
S
=
&

Define nn € R such that
[ Cntyay =i [ @ntyay=ne. [ Gnv)day -
v v v
Then, one obtains that

| Uwlrot, B@) - (Uw) A V@) dy
= n{(roty E)2 - 9311 — (rot, E)19512}
+ n{(roty E)3 - 0192 — (roty E)20113}
+ n{(roty E)1 - 2tp3 — (voty E)302¢1}
= n(roty £)1(02¢p3 — O31p2) + n(roty £)2(dsh1 — O11h3)
+ n(roty E)3(0192 — 02¢01)
= nrot, £ - rot, 9.

Consequently, for all ¢ € (C2°())3 we obtain
77/roth(z)~r0tx1;(x)d:c+'yC/E(:1: d:c—g/ J x,
Q Q

where 7, ¢ are constants, which is the claim of Theorem 1(b).

Remark 1. If we replace the boundary condition
ii*(z) NE*(z) =0
by the non homogeneous condition

written also as
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where § is a given (smooth) vector field, we have the same type of result by setting
E° — §(x) = V().

Remark 2. Under the assumption (HYP); and if we suppose furthermore the
strong convergence of the sequence F¢ in L2(2), it is not difficult to check that the
global electromagnetic “energy”

[ ot B4y [ (P
Q Q

converges towards the corresponding homogenized one (involving E).
Under the case of assumption (HYP),, corrector results can eventually give a clue.

3. PROOF OF THEOREMS 2

3.1. Proof of Theorem 2(a)
First step: Variational formulation and uniform estimates
Problem (Q°¢) has the variational formulation

(3.1) / rot E° -rot g(z)dz+ [ E°-F(x)dx = Fe - J(x)dz
€ Q& QE

for all g € H(rot, Q°).
Let us note that rot £ # rot E¢ in general. Extending by zero, we now get

(3.2) rot B=(z) - rot @(z) dz + /

; A E¢(z) - J(x)da = / Fe(z) - g(x)d.

Q

Letting ¢ := E°, one has
1 1
|rotE€|2dw+/ |E*]?da < —/ |F€|2d$+—/ |E°* da,
Qe Qe 2 Oe 2 Oe
thus
”EgH?{(rot,Q&) g/ |rotE€|2d:1:+/ |E°|? dz
Qs Qs
1
g/ |rotEE|2d:17+§/ |Ef|?dz < C
g SZE

and consequently
HEE”H(rot,Qa) < C.
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Second step: Passing to the limit
Up to a subsequence we can assume

(3.3) E¢(z) ~E(z) weakly in (L*(€))?,
(3.4) rot Be =V (z) weakly in (L2(Q))°.

Then from (3.2) one has, for all § € (C>~(Q))?,
/QV(:Z:) -rot F(x) da + /Q E(z) - @g(z)dx = /QF(J?) - P(x) da.

It remains to identify V. Let ¢ € (C2°(8))?. Then of course

/ rot B¢ (z) - ¢ (z) dz — / V(z) - (z)da.
Q Q
On the other hand,

[ o0 BH (o) ) do = [ 1ot B (o) - [fa) ~ WF ] (o)) da

+ | rotE=(x) - W [J|() da,
Q
where We is the test (matrix-valued) function given in Section 2.
Since 1) — WE (¢) — 0 strongly in (L2(£2))?, one has

/Q V() §(z)dz = lim [ rot B (x) - W [§](x) da.

e—0 Jo

Further,
/ rot B=(z) - WF [¢](z) dz = / rot B(z) - We [ (z) dz
Q €
= [ ) ror (W )@} e,

since 7° A W¢ = 0 on 0Q°.
As
E* () - rot{WF [¢](z)} da
Q&
= [ E°(z)- (rot W) [Y](z)dz + | E*(z) W A V(z)de
Qe Qe
=0+ Ef(x) - W A VY (2) de — / E(z) - rot ¢ () dz,
Qe Q
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we have finally obtained that

/QV(x) p(x) do = / E(z) - rot9(z) da,

Q

and thus
V =rot E.

This concludes the proof of Theorem 2(a).

3.2. Proof of Theorem 2(b)
First step: Uniform estimates in H (rot, (2)
Repeating the same lines of calculus, we get again similar uniform estimates, and

thus we can assume that weak convergences (3.3) and (3.4) hold true.

Second step: Two-scale convergence

Since (E<) as well as (rot/_\E/E) are bounded in (L?(Q))3, there exist two two-
scale limits, E® € (L2(Q x Y))3, V € (L2(Q x Y))3 such that for any ¥(z,y) €
(D(, C2(Y)))? one has

(3.5) lim [ E=- J(x, E) dox = / / E%(z,y) - @E(x,y) dz dy
e—0 O & Q *
and
. —~— = €T =
(3.6) lim [ rot E* - w<x, —) dz = / / V(z,y) - ¥(z,y)dedy.
e—0 Q g Q *

By integration by parts, we obtain for all @E(x, y) € (D(Q,Cp¢ (Y*)))? with compact
support (in y) in Y*

€ ro‘c/\EEwZ(a@,g)dx:/ﬂEE- [51"0%1/7(;1@,%)—l—rotyﬁ(a@,g)}dx.

Q

Passing to the limit in both terms with the help of two-scale convergence leads to

(3.7) / E°(,y) roty ¥ (z, y) dz dy = 0,
aJy-

that is

(3.8) rot, E°(z,y) =0 in (D'( x Y*))3.

Now, to the assumption on @E(:c, y) we add the condition rot, @E(:c, y) = 0 with com-
pact support in x as well as in y in Y*. Since

/Qrot Ee(x) - z/j(x, g) dz = /Q E< () roty, J(w, g) dez,
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using the two-scale convergence we are led to

/Q/ Viz,y) ¥(z,y)dedy = /Q/ Evo(x,y) - rot, ¥ (z, y) dz dy,

and thus integrating by parts in €2 we get

Oz ~rxH:17, xdy = roty E°(z, ~H:17, x dy.
| [ 2w ot dtepdedy= [ [ st %) e drdy
Hence

(39) | [ W) = rot, By ) dady =

We will use all these facts to identify £ and V.
According to [2], [3], [4], [9] there exist unique ¢ € H'(Y*) and h; € H;(Y*) with

Hy(Y*) = {ue L*(Y*)?, rot,u=0, divyu=0, 7i(y)-i(y) =0}
such that
(3.10) E°(z,y) = Vyo(o,y) + ha(z,y),

and finally, one can write

(3.11) E%z,y) = xv+ (y)G(y)[E(z)]
and
(3.12) V(z,y) = xv+-(y)G(y) x G(y)[rot E(x)],

where G is the [];-valued function defined for y € Y* by

(3.13) Gly) = (G1(y), Ga(y), Gs(y))
and

Gi(y) = (Vi) (y),
each ®; being solution in H!(Y*) of

E)i =Y; — Ti, Tl Y—periodic,

09;
9%~
on lor
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Note that rot, G = 0 and 7i(y) - G(y) = 0.
From the variational formulation (3.2), one gets Vi) € (C*°())3

L] v roviwardy s [ 5 i@ = [ P e,

which by virtue of (3.12) yields

/ v+ (1)6(y) xG(y)[rots B(x)] Tot, () da+ / E(z)-d(z) dz = / F(2) () da.
Q Q Q

Since we can set [,.. G(y) x G(y) dy = 11, this concludes the proof of Theorem 2(b).
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