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ifeo CONTROL DESIGN 
FOR AN ADAPTIVE OPTICS SYSTEM 

NIKOLAOS D E N I S , D O U G L A S LOOZE, JIM H U A N G AND DAVID C A S T A Ň O N 

In this paper we first present a full order Hoo controller for a multi-input, multi-output 
(MIMO) adaptive optics system. We apply model reduction techniques to the full order 
Hoo controller and demonstrate that the closed-loop (CL) system with the reduced order 
IIoo controller achieves the same high level of performance. Upon closer examination of 
the structure of the reduced order Hoo controller it is found that the dynamical behavior of 
the reduced order Hoo controller can be accurately approximated by a single-input, single-
output (SISO) transfer function (TF ) multiplied by the inverse of the adaptive optics plant 
dc gain. This observation then leads to a general design methodology which only requires 
the synthesis of a SISO Hoo controller and multiplication by constant matrices. 

1. INTRODUCTION 

The needs for high-resolution imaging of objects in space and efficient transmission 
of laser energy through the atmosphere have motivated the development and use 
of adaptive optics [2], [10]-[11]. Adaptive optics systems improve the performance 
of optical systems by reducing the effects of atmospheric turbulence. An adaptive 
optics system uses a measured (ideally flat) reference wavefront to estimate the 
aberration induced by the turbulence, and to adjust the shape of a deformable 
mirror to remove the aberration using CL feedback control. A growing number of 
applications of adaptive optics demonstrate that the feedback control approach is 
effective [3, 5] . 

Most feedback systems for adaptive optics have used integral feedback of the 
measured wavefront error above each actuator to control that actuator [1, 4], This 
simple, local feedback design approach works provided two assumptions are satis
fied: the influence function of the deformable mirror is nearly diagonal; and the 
bandwidth of the CL system is significantly less than the dynamics of the mirror 
and the limitations imposed by measurement and processing delays in the adaptive 
optics system. However, increasing demands on the performance of adaptive optics 
systems require bandwidth increases to the point that these assumptions may not 
hold. More sophisticated control system design and analysis techniques can achieve 
the desired performance by accounting for the coupling introduced by the influence 
functions and the relevant dynamics of the measurement delays. 
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In this paper we first present a full order HQQ controller for the adaptive optics 
system. The H^ controller is designed for a MIMO adaptive optics plant model aug
mented by weighting functions that specify the CL frequency domain performance 
characteristics. The H^ controller has the same order as the augmented adaptive 
optics plant, which makes it more complex than the traditional PID-based adaptive 
optics controllers. We apply model reduction techniques to the full order Hoo con
troller and demonstrate that the CL system with the reduced order Hoo controller 
achieves the same high level of performance. Upon closer examination of the struc
ture of the reduced order Hoo controller it is found that the dynamical behavior 
of the reduced order Hoo controller can be accurately approximated by a SISO TF 
multiplied by the inverse of the adaptive optics plant dc gain. This observation then 
leads to a general design methodology which only requires the synthesis of a SISO 
Hoo controller and multiplication by constant matrices. 

2. PLANT DESCRIPTION 

The relevant components of the experimental adaptive optics system at Adaptive 
Optics Associates (AOA) consists of a 16 actuator deformable mirror, a wavefront 
sensor operating at 1 KHz, a wavefront reconstructor, power amplifiers, and the 
feedback compensator. The 16 actuators are arranged in a 4 x 4 square grid. Figure 1 
presents the block diagram of the adaptive optics system used for the control design. 
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Fig. 1. The adaptive optics system. 

In Figure 1, the effective influence function is a static linear map (matrix) which 
takes as its input the 16 mirror drive voltages and produces the shape of the de
formable mirror over the 16 actuator positions, as seen through the wavefront sen-
sor/wavefront reconstructor pair. It is a highly coupled matrix for three reasons. 
First, there is spillover of the influence function from one actuator to its neighboring 
actuators. We have experimentally determined that this amounts to approximately 
10% coupling between linearly adjacent actuators, and 7% coupling between diago
nally adjacent actuators. Second, the wavefront sensor used in our system measures 
the local gradient of the wavefront over a subaperture of the mirror (a subaperture 
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is defined as the square region surrounded by four corner actuators). The particular 
way in which the local gradients are measured implies the existence of two unob-
servable modes: the piston mode, which corresponds to a constant bias term across 
the entire mirror; and the waffle mode, which resembles a breakfast waffle (equal 
magnitude alternating variations of the wavefront over the mirror actuator loca
tions). Because the wavefront reconstructor is the Moore-Penrose pseudo-inverse of 
the wavefront sensor matrix rather than the true inverse, the wavefront reconstruc-
tor/wavefront sensor combination does not yield the identity matrix. Finally, global 
tip and tilt modes are typically controlled by special tip/tilt mirrors in the adaptive 
optics system, to avoid exceeding the dynamic range of the mirror. In the AOA sys
tem a projection matrix is included as part of the wavefront reconstructor to remove 
global tip and tilt modes. For these reasons, the effective influence function matrix 
is a highly coupled matrix. The identified influence function is presented in [7]. 

The dynamic system D(z) corresponds to delays associated with the wavefront 
sensing and the reconstruction. It is a 16 x 16 diagonal TF matrix whose elements 
have the form: 

Dii{z)={T^-)Z-^r- for , - - - 1 , . . . , 16. (1) 

The dynamic system F(z) corresponds to dynamics associated with the power 
amplifiers and the piezo-electric actuators pushing the mirror. It is also a 16 x 16 
diagonal TF matrix whose elements have the form: 

F^2) = | j r fy for. = i,..., 16. (2) 

Note that the elements of D(z) and F(z) have been normalized to have unit 
magnitude at z -= 1. Any nonunity gain has been attributed to the effective influence 
function matrix. The identified values for a.t-, /?,• and /»• can be found in [7]. 

3. PERFORMANCE SPECIFICATIONS 

The controllers are to achieve 100 Hz bandwidth on the CL TF matrix. We will also 
obtain near —6dB disturbance rejection at 30 Hz, which is a typical Greenwood fre
quency (characteristic frequency of the atmosphere [10]) for adaptive optics systems. 
In addition, we will require that the peaks at the natural frequency of the CL system 
to be less than 15 dB to obtain good transient characteristics. Note that all of the 
above performance specifications apply to the singular values of the corresponding 
TF matrices evaluated at the specified frequencies. There are several factors that 
will limit the achievable performance of the CL system. First, the wavefront sensor 
operates at 1000 Hz, while the general rule of thumb is to have at least a 10:1 ra
tio between the sampling frequency and the CL bandwidth. Second, the amplifier 
circuit F(z) and the generalized latencies D(z) both contribute phase lags into the 
system, so a simple integral control law, which appears frequently in the adaptive 
optics literature, may not be satisfactory. Finally, the identified plant model may 
contain model uncertainties, which may hinder actual performance. 
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4. FULL ORDER # « , CONTROL DESIGN 

One of the recent advances in control system design is the Hoo optimal control 
methodology [6]. The adaptive optics plant is a MIMO plant because it has multiple 
actuators which provide the plant's input signals, while the measurement signals 
are obtained from multiple subapertures of the deformable mirror. As mentioned 
above, it is a highly coupled plant and moreover there is some plant uncertainty 
due to noise in the influence function measurement and the unknown delays that 
exist between the voltage input and the OPD output. This uncertainty imposes 
robustness requirements on the controlled system. For these reasons, the framework 
of this application is well suited for an Hoo control design. 

In translating this problem into the Hoo framework, a plant, which includes the 
identified adaptive optics system components as well as weighting functions, must 
be defined. The weighting functions serve to shape the frequency response of the CL 
system. Figure 2 presents the plant used in the adaptive optics Hoo control design. 

In Figure 2 Gen(z) is the plant to be controlled by the control system. It consists 
of the deformable mirror influence function matrix and the TF matrices representing 
amplifier dynamics and measurement delays. 

Geff(z) = Dd(z) F e f f A(z). (3) 
Also in Figure 2, K(z) is the Hoo controller to be designed, and We(z) and Wu(z) 
are weighting functions used to shape the frequency response of the CL system. 
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Fig. 2. Plant model used for iIoo control design. 

The plant inputs are the voltages u applied to the piezoelectric actuators, and 
the phase variation d induced by atmospheric aberrations of the incoming wave-
front. The plant output y is a vector of the OPD's of the reflected wavefront, which 



Hoo Control Design for an Adaptive Optics System 73 

is modeled as the sum of d and the phase variation induced by the deformed mirror 
surface. The signals y and u are filtered by We(z) and Wu(z) to produce the 
signals e\ and e2, which serve to quantify the performance of the CL system. The 
poles of the augmented plant presented in Figure 2 are stable, except of the poles 
at z = 1 introduced by We(z). However, since these poles are controllable and 
observable the augmented plant satisfies the detectability and stabilizability condi
tions required to solve the #oo control problem. Furthermore, since there is full rank 
direct feedthrough from d to y and from u to e2, the full rank conditions are met 
as well. Therefore, a stabilizing #oo controller can be found. 

The CL TF matrix G(z) maps input d(z) to the output e(z) as follows: 

We(z)(I+Gen(z)K(z))-1 

e(z) = d(z). (4) 
-Wu(z)K(z)(I + G ^ ^ z ) ) - 1 

The weighting function We(z) is chosen so that: 

We (z) = W (z) Wp (5) 

where Wp takes out the piston, waffle, tip and tilt components in the measurement 
vector y(z) so that they are not penalized, and W(z) is chosen to be a diagonal 
matrix so that the projected OPD values are penalized equally. 

W(tì=*»*._ţi (6) 

In (6) Ts is the sampling rate (0.001 sec). 

A weighting function Wu(z) on the signal e2 is included to penalize the CL TF 
from d to e2- Wu(z) was selected as: 

Wu(z) = 0.5 I (7) 

where I is the identity matrix of appropriate dimensions. The purpose of this 
weighting was to enforce an upper bound on the CL complementary sensitivity 
function. 

The smallest 7 achieved for H G ^ ) ^ was 7 = 0.563. In Figure 3 the SV Bode plot 
of the sensitivity TF matrix S(z) with input d(z) and output y(z) is presented. Four 
of the singular values of S(z) have a constant magnitude of 0 dB for all frequencies. 
These singular values correspond to the fact that the CL TF from d(z) to y(z) does 
not affect the piston, waffle, tip and tilt modes as desired. The disturbance rejection 
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bandwidth with this controller is 80 Hz. 

Frequency (Hz) 

Fig. 3. SV Bode plot of S(z). 

In Figure 4 the singular value Bode plot of the complementary sensitivity TF, 
T(z) matrix is presented, from which we see that the CL bandwidth of the system 
is 180 Hz. In Figure 4 only twelve singular values are plotted since four have zero 
magnitude for all frequencies. These zero singular values correspond to the fact that 
the CL T F from d(z) to the plant output rejects the piston, waffle, tip and tilt 
modes as desired. 
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Fig. 4. SV Bode plot of T(z). 
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5. REDUCED ORDER (24 th) Hoo CONTROLLER 

The Hoo controller has the same order as the plant (plus the order of any weighting 
function) it attempts to control. In this case, Geff (z) has 44 states and the weighting 
function We(z) has 12 states, for a total order of 56. Therefore, the Hoo controller 
is a 56 order controller. 

It is desired to reduce the controller complexity while retaining the performance 
achievable by the high order Hoo controller. This can be achieved by applying model 
reduction to the full order controller. A well known model reduction technique is 
based on balanced realization, where the state is transformed to make the controlla
bility and observability grammians equal and diagonal, with the diagonal elements 
arranged in descending order. The smallest diagonal elements (Hankel singular val
ues) represent modes that are the least controllable or observable. The parts of the 
state space matrices corresponding to these modes are then removed. 

The Hankel singular values are invariant under similarity transformations of the 
state space [9]. They represent the magnitude of controllability and observability of 
the different modes of the system. 

The 56 t h order Hoo controller has 39 non-zero Hankel singular values with mag
nitudes that vary from 2.232e + 04 to 3.287e — 08, corresponding to the controllable 
and observable modes of the 56 t h order controller. Only 24 of these singular values 
have substantial magnitude values and thus the 56 t h order controller was reduced 
to a 24 t h order controller. 

The resulting controller, when interconnected with the adaptive optics plant 
model, produced sensitivity and complementary sensitivity TF matrices similar to 
the ones produced by the full order Hoo controller. The SV Bode plot of the sensi
tivity TF is presented in Figure 5. 

Frequency (Hz) 

th F i g . 5 . Sensitivity T F with 2 4 t n order Hoo controller. 

The reduced order Hoo controller has nearly the same performance as the full 
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order Hoo controller. However, by reducing the Hoo controllers order further, the 
CL performance deteriorates very quickly. To illustrate this fact, the 56 order 
controller was reduced to a 16 t h order controller. The resulting controller, when 
interconnected with the adaptive optics plant, lead to an unstable CL system. 

6. APPROXIMATION OF THE 24 t h ORDER H^ CONTROLLER 

The performance plots presented in the previous section suggests that a reduced 
(24 ) order, MIMO controller can achieve CL performance that is comparable to 
the full (56 t h) order Hoo controller. 

It is noted that twelve of the poles of the 24 t h order Hoo controller are located at 
z = 1, while the remaining twelve controller poles vary between —0.948 and —0.509. 
On the other hand, all 24 zeros of the Hoo are located near the origin. Also, the 
spacing between the singular values of the 24 t h order Hoo controller remains constant 
with respect to frequency. Therefore, it is postulated that the reduced order Hoo 
controller can be represented by a SISO TF postmultiplied by a constant matrix. 
Moreover, it is further postulated that the TF has the form: 

B W = ' ( , - i K , - , ) ( 8 ) 

where the constant factor p will be selected to have a value between —0.948 and 
-0.598. 

The method of residue estimation will be performed in order to find the constant 
matrix that postmultiplies a(z). The constant p was set to —0.713, the average value 
of the reduced order Hoo controller poles located between —0.948 and —0.5984. 

6.1. Residue estimation 

The method of residuals will be now used to find a 24 t h order controller which is 
capable of producing the same performance as the reduced order H^ controller. The 
key is to find an approximation Kr(z) to the restriction of the reduced order Hoo 
controller to V, the orthogonal complement to the subspace spanned by the piston, 
waffle, tip, and tilt modes. The restriction of Kr(z) to V is evaluated by using a 
12 x 16 matrix Pr and its transpose. The latter term will be denoted by K00(z): 

K00(z) = PrK00(z)Pj. (9) 

It is moreover postulated that KOQ(z) c a n be approximated by the 12 x 12 TF 
matrix: 

K^z) « Kr(z) = a(z)Kr = g- - 1 -Kr (10) 
(z-\)(z-p) 

where Kr is a constant 12x12 matrix. An estimate Kr of Kr has to be computed 
such that: 

* * > » " ( . - i M , - , ) - ' " ( 1 1 ) 
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Since Koo(z) has 12 poles located at z = 1, and a(z) has a pole at z = 1, the residue 
at z = 1 will be evaluated on both sides of equation (10): 

Res {K^z)} « Res [9{z _ ^ _ p)Kr] (12) 

which reduces to: 

Kт « í i—-- Res {Ä"OO(~0} • (13) 
0 

The resulting 12 x 12 controller is then: 

Kr(z) = a(z)Kr. (14) 

Note that the constant factor g is not needed for the computation of Kr(z). To 
make Kr(z) into a 16 x 16 TF matrix, the matrix Pr is used again to compute 
Kr(z) as follows: 

Kr(z) = PT
rKr(z)Pr (15) 

Kr(z) is the desired residue controller. 
To compare the performance of the controller obtained by the residue estimation 

to the 24 t h order Hoo controller, the SV Bode plots of the sensitivity and comple
mentary sensitivity were produced and were found to be very similar to the SV Bode 
plots of the 24 t h order Hoo controller. 

It is now postulated that the residue controller Kr(z) is an approximate plant 
inverse Kr followed by a loop shaping filter a(z). To verify this, U is defined to be 
the four dimensional subspace spanned by the piston, waffle, tip, and tilt modes, 
and V to be the orthogonal complement of U, so that 5ft16 = U © V. Thus Kr is 
compared to the restriction of the plant model at zero-frequency to V, using the 
12 x 16 matrix Pr and its transpose. Therefore, define: 

Kdc = PT*Gen(l)*P?. (16) 

The constant term g was set equal to 0.7974 which minimizes the normalized 
error between Kr and K^c

l defined as KrKdc — I- The maximum normalized error 
between Kr and i-Tj/ is 4.6%. This result suggests that the assumption previously 
made, that Kr is an approximate plant inverse, is valid. 

7. APPROXIMATE Hoo CONTROL DESIGN 

In Section 6 it was shown that the dynamic behavior of the 24 t h order Hoo controller 
can be accurately approximated by a SISO TF multiplied by certain constant ma
trices. By the method of the residue approximation, a constant 16 x 16 matrix, Kr, 
was found. This constant matrix approximates the inverse of the adaptive optics 
plant dc gain, when both matrices are projected to the 3ff12 space (orthogonal to 
piston, waffle, tip and tilt). This result suggests that the Hoo controller attempts to 
diagonalize the adaptive optics plant. It is now postulated that the Hoo controller 
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attempts to invert the effective influence function. However, since the effective in
fluence function is not invertible in the 5f16 space, it has to be projected into the 
5ft12 subspace orthogonal to piston, waffle, tip and tilt, and then inverted. Once this 
has been achieved, diagonal compensation can be applied to the plant to obtain the 
required CL performance specifications. 

In this section, an Hoo controller will be designed based on a SISO model of the 
adaptive optics plant. The weighting matrices used during the design procedure will 
be the same as the ones used for the MIMO Hoo design. 

The equation used for the SISO plant is: 

The scalar terms a and b are set to the averages of the pole and zero values used to 
model the amplifier and effective latency dynamics respectively. It should be noted 
that a SISO model for the effective influence function is not realizable and therefore 
it is not included in gef[(z)-

The weighting TF wu (z) was set to 0.5 as before, while we(z) was set equal to the 
diagonal element of W (z) in equation (6). Using this augmented plant configuration 
the close-loop system, g(z), becomes: 

e(z) 
we(z)(I + geñ(z)k(z)) - 1 

-wu (z) k (z) (I + geñ (z) k (z)) - 1 d(z). (18) 

As it was discussed earlier, the Hoo controller ensures that the Hoo norm of the 
CL system is less than some constant value, denoted 7 . 

Ilrt-Ollco < 7- (19) 

The upper bound achieved for ||<1(-0lloo w a s 7 = 0.6415. This value for 7 is larger 
than the one obtained during the MIMO Hoo design procedure, mainly because the 
effective influence function was not taken into consideration in the SISO model. 

The resulting Hoo controller achieves a disturbance rejection bandwidth for the 
SISO CL system of 80 z, while the peak of sensitivity TF remains below 10 B. 
Moreover, the sensitivity TF never crosses the —3dB point, which suggests that the 
SISO Hoo controller can achieve a CL bandwidth of 500 Hz. 

All of the controller zeros as well as two of the poles are located close to the 
origin. The two remaining poles are located at z = 1 and z = —9.0518e — 01. As 
it was done for the 56 order controller, the order of the SISO Hoo controller was 
reduced by applying model reduction to the full order controller. Thus, the fourth 
order Hoo controller was reduced to a second order controller denoted as kOQ(z). 

No loss of performance is detected since the disturbance rejection bandwidth 
remains at 80 Hz, while keeping the maximum peak of the Bode plot below 10 dB 
and the complementary sensitivity function never crosses the —3 dB point while its 
maximum value is below 0.5 dB. 

Is noted that the model reduction has eliminated the two poles located closest 
to the origin while keeping unchanged the two remaining poles. On the other hand, 
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the zeros of the full order controller were all real and located close to the origin, 
while after the model reduction the two remaining zeros consist of non-zero real and 
imaginary parts located symmetrically about the real axis. 

The next step was to extend the reduced order SISO design to a MIMO con
troller. Since the MIMO controller is not intended to affect the piston, waffle, tip 
and tilt modes, a 12 x 12 controller was first obtained. Based on our observations in 
Section 6, this 12 x 12 controller which will be denoted as H (z) , can be formed as 
the product of a diagonal compensator postmultiplied by a constant matrix. This 
constant matrix is the inverse of the adaptive optics open-loop dc gain matrix, when 
projected into the 3t*12 subspace orthogonal to piston, waffle, tip and tilt. Therefore, 
H (z) is the following: 

H(z) = Jfcoo(í)(Pr * Gefí(l) * P'r ) T \ - l (20) 

This controller should next be projected to the 3£16 space before it can be applied 
to the adaptive optics system. Therefore, the extended controller is the following: 

H(z) = Pj* H(z) * Pr (21) 

The resulting controller, when interconnected with the adaptive optics plant 
model, produced sensitivity and complementary sensitivity TF matrices whose SV 
Bode plots are shown in Figure 6 and Figure 7. 
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Fig. 6. Sensitivity T F with controller H(z). 

Using H(z) as the controller a disturbance rejection bandwidth of 80 Hz is achieved, 
identical to the one when the reduced order HQQ controller (24 t h order) was applied. 
The Hoo norm of the sensitivity has increased by 1 dB. However at low frequencies 
the spacing between the singular values has been reduced. This decrease of the 
singular value spacing implies that H(z), at frequencies below 200 Hz, achieves a 
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better diagonalization of the CL system than that achieved by the 24 t h order H0 

controller. 
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Fig. 7. Complementary sensitivity TF with controller H(z). 

The Hoo norm of the complementary sensitivity function has increased from 
0.5 dB to 3dB. However, using H(z) in the CL system the — 3dB point is never 
crossed which implies a CL bandwidth of 500 Hz. It should be also noted that the 
separation of the singular values of the complementary sensitivity T F at high fre
quencies has increased with this design when compared with the reduced order Hoo 
controller. The results obtained by the SV Bode plots of the sensitivity and CL 
TFs presented above, are summarized in Table 1 where u represents the closed-loop 
dominant resonant frequency. 

Table 1. Summary of SV Bode plots. 

Hoo 

Contг. 
C L 

B W 
D i s t . 

R e j e c t . 
B W 

imico llsЦoo 
(л) 

5 6 t h Ord. 260 Hz 80 Hz l d B 6dB 210 Hz 
2 4 t h Ord. 280 Hz 70 Hz l d B 6dB 300 Hz 

Appгox. 500 Hz 80 Hz 4dB 8dB 310 Hz 

8. CONCLUSIONS 

In this paper we designed HOQ controllers for an experimental adaptive optics sys
tem. A MIMO design methodology such as the Hoo control design methodology is 
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necessary because of the loop coupling introduced by influence function spillovers 
and mode removal. The CL frequency domain performance characteristics of the 
Hoo controller is superior to those of the PID-based controllers shown in a previous 
paper [8]. We then analyzed the s tructure of the reduced order Hoo controller and 
developed a control design technique which requires only the synthesis of a SISO 
Hoo controller followed by certain matr ix multiplications. This has the potential for 
greatly simplifying control designs for realistic systems with hundreds (or thousands) 
of actuators. 

(Received April 8, 1998.) 
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