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FUZZY tf-OPEN SETS 
AND FUZZY tf-SEPARATION AXIOMS 

GANESAN BALASUBRAMANIAN 

In this paper fuzzy separation axioms have been introduced and investigated with the 
help of fuzzy /?-open sets. 

1. INTRODUCTION 

The fuzzy concept has invaded almost all branches of Mathematics since the intro
duction of the concept by Zadeh [10]. Fuzzy sets have applications in many fields 
such as information [9] and control [8]. The theory of fuzzy topological spaces was 
introduced and developed by Chang [6] and since then various notions in classical 
topology have been extended to fuzzy topological spaces. The concept of /3-open 
sets was introduced in [1] and studied also by Allam and ElHakeim [2]. In [3] this 
concept has been generalized to fuzzy setting. Our motivation in this paper is to 
define fuzzy /^-interiors and fuzzy /^-closures and investigate their properties. Also 
more attention is given to the extension of separation axioms to fuzzy topological 
spaces by using fuzzy /3-open sets. A new approach is followed in defining these 
separation axioms. In this approach separation axioms are defined in terms of fuzzy 
sets where as in the usual ones, they are given in terms of fuzzy points. 

2. PRELIMINARIES 

Definition 1. Let (X,T) be a fuzzy topological space and let A be any fuzzy set 
i n X . 

A is called fuzzy a-open [4] if A < Int cl Int A 

A is called fuzzy preopen [4] if A < Int cl A 

A is called fuzzy semiopen [4] if A < cllnt A. 

Definition 2. For t 6 (0,1), x% stands for the function from (X, T) —• [0,1] defined 
by 

xt{y) = 0 if y ^ x 

= 1 if y = x 



216 G. BALASUBRAMANIAN 

and is referred to as the fuzzy point with support x and value t. 

Definition 3. Let A and fi be any two fuzzy sets in (X,T). Then we define 
A V fi : X -> [0,1] as follows: 

(AVAz)(x) = Max{A(x),/i(x)}. 

Also we define A A fi : X —• [0,1] as follows: 

(\A{i)(x) = Min{\(x),tx(x)}. 

Definition 4. A fuzzy topological space (X, T) is called fuzzy Ti or FT\ [5] iff for 
every pair of non-zero fuzzy sets a, /? with a <£ /? there exists an open fuzzy set A 
such that /? < A and a ^ A. 

Definition 5. A fuzzy topological space (X, T) is called fuzzy T\ or FT4 [5] iff for 
every pair of non-zero fuzzy closed sets a, /? with a A (3 = 0, there exist fuzzy open 
sets A and fi such that a < A, /? < // and A A /1 = 0. 

Definition 6. Let X and Y be any two non-empty sets. Let / : X —• Y be any 
function from X to Y. Let A be a fuzzy set in X. Then the inverse image of A under 
/ written as f"l(\) is the fuzzy set in X defined by f~~l(\)(x) = \(f(x)) for all 
x € X. Also the image of A under / written as /(A) is the fuzzy set defined by 

f(\)(y) = sup \(z) if f~l(y) is not empty 
*€/- l (y) 

= 0, otherwise. 

3. FUZZY /3-OPEN SETS AND FUZZY ^-CLOSED SETS 

Definition 7. Let A be any fuzzy set in the fuzzy topological space (X}T). A is 
called fuzzy /?-open [3] if A < cl Intel A. The complement of a fuzzy /?-open set is 
called fuzzy /^-closed. 

Fuzzy /^-closure and fuzzy /?-interior of a fuzzy set are defined as follows: 

Definition 8. Let A be any fuzzy set in the fuzzy topological space (X,T). Then 
we define 

/? — cl (A) = A{/i I fi is fuzzy /J-closed and fi > A} 

/? — Int (A) = V{/i I fi is fuzzy /?-open and fi < A}. 

Proposition 1. Let A be any fuzzy set in (X, T). Then /?-cl (1-A) = l - / ? - I n t (A) 
and /? - Int (1 - A) = 1 - /? - cl(A). 
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Proposition 2. In a fuzzy topological space (X,T), the following hold for fuzzy 
/^-closure. 

(a) 0 - cl (0) = 0 

(b) 0 - cl (A) is fuzzy /?-closed in (X, T) 

(c) / ? - c l ( A ) < / ? - c l ( / i ) i f A < / i 

(d) / ? - c l ( / ? - c l ( A ) ) = /?-c l (A) 

(e) / ? - c l ( A V / i ) > / ? - c l ( A ) V / ? - c l ( / i ) 

(f) /? - cl (A V fi) < f3 - cl (A) A /? - cl (/i). 

Similar results hold for fuzzy /^-interiors. 

Definition 9. Let (X} T) be fuzzy topological space and Y be an ordinary sub
set of X. Then TY = (A/y | A G T) is a fuzzy topology on Y and is called the 
induced or relative fuzzy topology. The pair (Y,TY) is called a fuzzy subspace of 
(X,T) : (Y,TY) is called an fuzzy open/fuzzy closed/fuzzy /?-open fuzzy subspace 
if the characteristic function of Y viz XY is fuzzy open/fuzzy closed/fuzzy /?-open 
respectively. 

Proposition 3. Let (X, T) be a fuzzy topological space. Suppose Z CY C X and 
(Y,TY) is a fuzzy /?-open fuzzy subspace of (X,T). Then Z is fuzzy /?-open fuzzy 
subspace in X <P> Z is fuzzy /?-open fuzzy subspace in Y. 

P r o o f . Suppose Z is fuzzy /?-open fuzzy subspace in X. Then xz < cl Int cl (x z) • 
But Z CY implies xz A XY = Xz s o that 

Xz Axy = Xz < cllntclxz = Xz Axy-

This implies xz is fuzzy /?-open in V. That is Z is fuzzy /?-open fuzzy subspace 
in y . D 

Notation. F(30(X}T) denotes the set of all fuzzy /?-open sets in (X,T). 

Definition 10. Let / : (X,T) —> (y,S) be a function. / is called fuzzy /?-
continuous if the inverse image of each fuzzy open set in Y is fuzzy /?-open in X. 
f is called M-fuzzy /^-continuous if the inverse image of fuzzy /?-open set in Y is 
fuzzy /?-open in X, f is called fuzzy /?-open if the image of each fuzzy /?-open set in 
X is fuzzy /3-open in Y. 

Proposition 4. For a fuzzy topological space (X,T) the following are valid. 

(a) TCF/30(X,T). 

(b) If /i is a fuzzy set in X and A is a fuzzy preopen set in X 
such that A < /i < cllnt A, then /i is a fuzzy /?-open set. 
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Proof , (a) Straight forward, (b) Since A is a fuzzy preopen set A < Intel A. 

Now /i < cl Int A < cl Int (Int cl A) = cl Int cl A < cl Int cl p. 
This shows that fi is fuzzy /?-open. • 

Proposition 5. Let / : (X,T) —• (X,Tf) be a fuzzy continuous and fuzzy open. 
Then / is fuzzy /?-open. 

Proof . Let A be any fuzzy /?-open set. Then A < cl Intel A. Therefore /(A) < 
/[cl Intel A] < cl Intel/(A) => /(A) is fuzzy /?-open. That is / is fuzzy /3-open. D 

Proposition 6. If A is fuzzy closed and fi is fuzzy /?-open then A V fi is fuzzy 
/?-open. 

Proof . By hypothesis fi < cllntcl/i. Now 

A V/i < A Vcllntcl/i = clIntclA Vcllntcl/i < clIntcl(A V/i). 

This shows that A V/i is fuzzy /?-open. • 

Proposition 7. Let / : (X,T) —* (YyT
f) be fuzzy continuous and fuzzy open. 

Then / is M-fuzzy /?-continuous. 

Proof . Let A be any fuzzy /?-open set in Y. Then A < cl Intel A. Since / is fuzzy 
continuous and fuzzy open it follows that 

/"* (A) < /" x (cl Int cl A) = cl / - x (Int cl A) < cl Int /" x (cl A) = cl Int cl /" 1 (A). 

This shows that / _ 1 (A) is fuzzy /?-open. That is / is M-fuzzy /?-continuous. • 

Proposition 8. A function / : X —> Y is M-fuzzy /^-continuous <-> For every fuzzy 
/?-closed set A of Y, / - 1 ( A ) is fuzzy /3-closed. 

Proposition 9. In a fuzzy topological space (X,T) the following are valid: 

(a) A is fuzzy /?-open <->/? — Int (A) = A. 

(b) A is fuzzy ^-closed <-> /? - cl (A) = A. 

Proposition 10. / : (X, T) —• (Y, T') is M-fuzzy /^-continuous O- For every fuzzy 
set A of K, /(/? - cl A) < /? - cl /(A). 

Proof . Suppose / is M-fuzzy /?-continuous. Now /?—cl /(A) is fuzzy /?-closed. By 
hypothesis f-l[P-df(\)} is fuzzy /?-closed. And A < f~l(f(X)) < f~l(p-c\f(\)). 
Hence by the definition of /?-fuzzy closure, /? — cl(A) < / _ 1 ( /? — cl(A)). That is 
/ ( / ? - c l ( A ) ) < / ? - c l ( / ( A ) ) . 

Conversely suppose that A is fuzzy /?-closed in Y. Now by hypothesis 

/ [ / ? - c l / - 1 ( A ) ] < ^ - c l / [ / - 1 ( A ) ] = A . 

This implies /? - cl(f~\X)) < f~l(X) so that f~l(X) = /3- cl (/_ 1(A)). 
That is / - 1 ( A ) is fuzzy /?-closed and so / is M-fuzzy /^-continuous. D 
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Proposition 11. / : X —• Y is M-fuzzy /?-continuous <-> For all fuzzy sets A of 
Y, /?-cir^A) </-*(/?-cl A). 

P r o o f . Suppose / is M-fuzzy /?-continuous. Now /? — cl(A) is fuzzy /?-closed so 
that f~l(p - clA) is fuzzy /?-closed. Since / _ 1 (A) < f~l(p - clA), it follows from 
the definition of/?-fuzzy closure that /? - c l j / ' ^ A ) ) < /-*(/? - cl A). 

Conversely suppose A is fuzzy /?-closed in Y. Then /? —clA = A. Now by hypoth
esis 

/ ? - c l / - 1 ( A ) < / - 1 ( / ? - c l ( A ) ) = / - 1 (A) . 

Therefore 

/3 -c l [ / - 1 (A) ] = / - 1 ( / ? - c l A ) = / - 1 (A) . 

Thus / _ 1 (A) is fuzzy /?-closed and so / is M-fuzzy /?-continuous. D 

The following results are easy to establish. 

Proposition 12. Suppose X —• Y —• Z are both M-fuzzy /^-continuous. Then 
g o f : X —• Z is M-fuzzy /?-continuous. 

Proposition 13. Let / : X —* Y be fuzzy continuous and fuzzy open. Then 

(a) / is M-fuzzy /?-continuous. 

(b) / - 1 ( / ? - c l A ) = / 3 - c l / - 1 ( A ) , A being a fuzzy set i n Y 

Definition 11. Let X and Y be fuzzy topological spaces. X and Y are said to be 
M-fuzzy /9-homeomorphic <-> There exists / : X —• Y such that / is 1 — 1, onto, M-
fuzzy /5-continuous and fuzzy /?-open. Such an / is called fuzzy /?-homeomorphism. 

Proposition 14. If / : X —• Y is fuzzy /?-homeomorphism, then /? — cl/~1(A) = 
f~l((3 — cl (A)) where A is a fuzzy set in Y. 

Corollary. If / : X —• Y is a fuzzy /?-homeomorphism, then 

(i) / ? - c l ( / (A) ) = / ( / ? - c l A ) 

(ii) / ( / ? - I n t A ) = / ? - I n t [ / ( A ) ] 

(iii) / - 1 ( / 3 - I n t A ) = / ? - I n t [ / - 1 ( A ) ] . 
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4. FUZZY ^-SEPARATION AXIOMS 

In this section we consider separation axioms using fuzzy /?-open sets. Let 1(X) 
denote the set of all topologies on X and u(X)y the set of all fuzzy topologies on 
X. On the real line R we consider the topology lr = {(a,oo) | a 6 R} U{</)}. The 
topological space obtained by giving 7, the induced topology is denoted by Ir. Define 
the two mappings [7] 

I:u(X)-+I(X)\ 6^1(6) 

where 1(6) is the initial topology on X for the family of functions 6 and the topo
logical space Ir. u : 1(X) -> u(X) : 1 - • LJ(1) where u(l) = C(X, Ir) = The family 
of all continuous functions from (X,l) to Ir. If 6 = U(T) for some topology r, then 
6 is said to be topologically generated. 

Definition 12. A fuzzy topological space (X, 6) is called fuzzy /?-open T\ (in short 
F(30T\) <--> For every pair of non-zero fuzzy sets a, /? with a ^ /? there exists a fuzzy 
/?-open set A such that /? < A and a ^ A. 

Since every fuzzy open set is fuzzy /?-open, it follows that every FT\ space [5] is 
F(30T\ space. 

Nota t ion . The notation iFpo(X>6) stands for the initial topology generated by 
F(30(Xy6). 

Proposition 15. If (X,6) is F/?OTi, then (X, iFpo(6)) is T\. 

P r o o f . Let x, y be any two points of X such that x ^ y. Then for any t 6 (0,1) 
we have xt ^ yt. As (X,<5) is F(30T\, there exists a fuzzy /?-open set A such that 
yt < X and xt -£ X. Now xt ^ A =>» A(x) < * and therefore we choose £ in (0,1) 
such that X(x) < e < t. Then x £ A " - 1 ^ , 1]}. But since yt < A, X(y) > t and so 
y £ X-x{(£} 1]}. Now A G F/30(Xy6) => A" 1 ^ , 1] E iFpo(Xy6). As t/i < x t j by the 
above method one can again show that there is an open set U such that x £ U and 
2/ g U. Thus we find (X, iFpo(X, 6)) \sT\. D 

Proposition 16. If (X, r) is Ti, then (Xy LJ(T)) is FpOT\. 

P r o o f . By Theorem 1.2.2 in [3], (X, U(T)) is FT\ and therefore (X, cj(r)) is 

F(30T\. D 

Proposition 17. If (X, 6) is an F/30T\ space and A, a subset of X, then (.A, 6/A) 
is an F(30T\ space. 

Proposition 18. If (X, 6) is an F(30T\ space then any fuzzy set A in X is the 
intersection of fuzzy /?-open sets which contain A. 

P r o o f . If A = 0, there is nothing to prove and we assume A > 0. Let 

ri = A{g\geFpO(X,6)J X<g} 
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clearly 

A<A-- (1) 

Suppose now that \i ^ \. Hence by hypothesis there exist a fuzzy /?-open set 

h e F/30(Xt 6) such that A < h and /. g h. (2) 

But h E F/30(X, 6) and A < h imply 

H<h. (3) 

(2) and (3) are contradictions. Hence we must have 

It < A. (4) 

From (1) and (4) we have /i = A. D 

Proposition 19. If (X, 6) is an F^OTi space, then every fuzzy set A in X is the 
union of fuzzy /?-closed sets contained in A. 

Proof . By Proposition 18 

1 - A = A{g | g G F0O(X, 6),l-\<g}. 

That is 

A = V { l - j | j € í ) J O ( . Y , í ) , l - j < A } 
= V{h\l-heFßO(X,6),h<\}. 

Hence the result. 

Definition 13. A fuzzy topological space (X, 6) is FflOTi <$ For every pair of 
non-zero fuzzy sets a, /? with a A /? = 0, there exists fuzzy /3-open sets A and \i such 
that a A A > 0, /? A /i > 0 and A A /i = 0. 

Proposition 20. If (X, 6) is F/?OT2, then (X, iFpo(X, 6)) is T2 

Proof . Let x, y be any two distinct points in X with x ^ y. Then for any 
t G (0,1), xt Ayt = 0. As (X, 6) is FfiOTi there exists fuzzy /?-open sets A and /i 
such that 

xx A A > 0, y « A / i > 0 and AA/i = 0. 

Now 
X* A A > 0 => X(x) > 0 and yt A /i > 0 => ^(y) > 0. 

Put e! = A(x) and rf = /i(y). Choose e < e1 and 7/ < vf. Let U = A"1!^, 1]} and 
V = /i-x{(^) !]}• Then x G LI and y G K. Also U HV = <l>. (For z G cJ n V => 
A(z) > 0 and /i(z) > 0, which contradicts the condition that A A/i = 0). Moreover 
tf, f G *.*po(*, «)• That is (X, iF(3o(X,6)) is T2. D 
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Definition 14. Suppose (X, r) is a topological space and / : (.X, r) —• Ir be a 
function. / is said to be /^-continuous if f~l(e, 1] is /?-open [2] in X for all e > 0. 
Define /?(r) to be the set of all /?-continuous functions from (X, r) to Ir. 

Proposition 21. If the topological space (X,T) is T2 then the associated fuzzy 
topological space (X, [/?(r)]) is Fj30T2 where [(3(T)] is the fuzzy topology generated 
by (3(T). 

Proof . Let a and (3 be non-zero fuzzy sets with a A /? = 0. Then there exist 
x, y in X such that c*(x) > 0, f3(y) > 0. As a A ft = 0, x -̂  y and so by hypothesis 
there exist open sets U and V (and therefore /?-open sets) such that x G f/, yG V 
and £/ fl V = 0. Let A = xc/> V = Xv- Then A, /x G /?(r). As x E [/ and 
a(x) > 0, a A A > 0. For similar reason /? A /i > 0. Also ( / n K = ^ A A / i = 0. 
That is (X, [/?(r)]) is F(30T2. D 

Proposition 22. Let (X, 6) be an F(30T2 space and .A, a subset of X. Then 
(.A, 61 A) is an F/JOT2 space. 

Proof . Let a, /? be non-zero fuzzy sets in _4 such that a A /? = 0. Define 
c*i : X —• 7 by 0:1(2) = a(z) if z £ A and a\(z) = 0 for z £ A Similarly define /?i 
using /?. then a\ AP\ = 0, c*i > 0, /?i > 0. Hence by hypothesis there exists Ai, fi\ 
fuzzy /?-open sets in X such that o:i A \\ > 0, /?i A fi\ > 0 and Ai A /ii > 0. Put 
A = X\/A} \x = ii\/A. Then A, \x G £/-4, AA/i = 0, c*AA > 0 and /?A/i > 0. Hence 
(.A, 61 A) is an F/?OT2. D 

Definition 15. A fuzzy topological space (X, 6) is fuzzy /3-open T3 (or F/3OT3) <-> 
For every pair of non-zero fuzzy sets a, /? with /?, fuzzy /?-closed and a A (3 = 0, there 
exist fuzzy /?-open fuzzy sets A and /i such that a A A > 0 , /?< / i and A A /i = 0. 

Proposition 23. If (X, 6) is FPOT3 and 6 is topologically generated then 
(*, tVpo (*,*)) is T3. 

Proposition 24. If (X, 6) is F/?OT3 and ^ C X , then (A, 6/A) is F/30T3. 

Definition 16. A fuzzy topological space (X,6) is F/3OT4 <=> For every pair of 
non-zero fuzzy closed sets a, /3 with a A /? = 0, there exists fuzzy /?-open sets A and 
/i such that a < A, /? < /i and A A fi = 0. 

Clearly every FT4 space [5] is FfiOT^ space. 

Proposition 25. If (.X, 6) is FPOT4 space and £ is topologically generated then 
(X,iF(50(X,6))\sTA. 

Proposition 26. If (.X, 6) is an FPOT4 space, Jl C X with x>t> ^-fuzzy closed, 
then (A, 6/A) is an F/3OT4 space. 

(Received July 14, 1997.) 
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