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FUZZY DISTANCES

JOSEF BEDNAR

In the paper, three different ways of constructing distances between vaguely described
objects are shown: a generalization of the classic distance between subsets of a metric
space, distance between membership functions of fuzzy sets and a fuzzy metric introduced
by generalizing a metric space to fuzzy-metric one. Fuzzy metric spaces defined by Zadeh’s
extension principle, particularly to R™ are dealt with in detail.
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1. INTRODUCTION

When programming a fuzzy database with search [1] storing both exact and relatively
vague information, we encountered a problem of identifying the item that has the
least distance from a required item. In this paper, we will not be concerned with
searching but, rather, with the definition itself of a fuzzy (or crisp) distance between
fuzzy sets, which will certainly be useful also in other parts of fuzzy mathematics
such as fuzzy clustering or fuzzy optimization.
The definitions of fuzzy distances published by different authors [3,4,7,9] can be
divided into three distinct groups:
1. generalization of the classic distance between subsets of a metric space (Sec-
tion 3),
2. distance between membership functions of fuzzy sets (Section 4),
3. fuzzy metric introduced by generalizing a metric space to fuzzy-metric one
(Section 5).
As none of the fuzzy distance definitions published fitted our purpose [2], we defined
a fuzzy metric space on a set of fuzzy points (Definition 2.3) using Zadeh’s extension
principle. The properties of this fuzzy metric space are described in the following
chapters and related to the fuzzy distances of other authors.

2. BASIC NOTIONS AND DENOTATIONS

Definition 2.1. Let X # 0 be aset and p4 : X — [0,1] a mapping. By a fuzzy set
Aon X we understand the set of all ordered pairs {(z, p4(z));z € X;pa(z) € [0,1]}.
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We will also denote it by A = (X, ua). X will be called the universe and the function
a4 will be called the membership function of A. The number pa(z) will be called
the membership degree to the fuzzy set A of x.

Next, we will work with generally known notions whose definitions are listed
in [5, 6].

Definition 2.2. The support of a fuzzy set A = (X, p4) is defined as the ordinary
set supp A = {z € X; pa(z) > 0. The kernel of a fuzzy set A = (X, pa) is defined as
the ordinary set ker A = {z € X;pa(z) = 1}. The a-cut of a fuzzy set A = (X, pna)
is defined as the ordinary set A, C X such that, A, = {z € X;ua(z) > a} for
Vo € [0,1]. A fuzzy set A = (X, pa) is called normal, if ker A # 0. A fuzzy set
A = (X,pa) where X is a linear space is called convez, if all its a-cuts are convex.
The height of a fuzzy set A = (X, pa) is defined as a number h(A) = supy pa(z).

Denotation 2.1. Cartesian product of fuzzy sets A, As,..., A, will be denoted
byAl XAQX XAn

Definition 2.3. A fuzzy set A = (X, pa) where X is a linear space is called a fuzzy
point, if the fuzzy set A is convex and normal. A fuzzy point is called a fuzzy point
continuous from above, if all its a-cuts are closed sets. A fuzzy point A = (R, pna) is
called a fuzzy number. A fuzzy number A is non-negative, if pa(z) =0, for Vz < 0.

Denotation 2.2. The set of all fuzzy sets on a universe X will be denoted by Xrg.
The set of all fuzzy numbers will be denoted by Ry, and, similarly, the set of all
fuzzy points in a linear space X will be denoted by X,,. The set of all non-negative
fuzzy numbers will be denoted by IR?", and the set of all normal fuzzy sets on Rt

will be denoted by ,R} .

Using Zadeh'’s extension principle, the following lemma published in [4,5] can be
proved.

Lemma 2.1. If, a unary function f : X — Y has an inverse f=! : Y — X, then

tray () =pa (1)) .

If o € {+,—,,/} is a binary operation on R and A, B € Ry, are non-interactive
fuzzy numbers, then for the extension of the binary operation A® B = (R, paen) €
Ry, and we have:

pagB(y) = sggmin {na(z),up(y —2)}, y €R,
X

raeB(y) = Slelgmin {pa(z),uB(z -y}, y €R,
X

paoB(y) = Slégmin {pa(z),us(y/x)}, y €R,
x#0

paoB(y) = Slégmin {pa(yz),ps(z)}, y €R.

T#0
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The fuzzy absolute value |A| = (R, map) € R]Tn of the fuzzy number A € Ry, has
the membership function :

max {pa(z), pa(-z) } for z >0,
wal(z) =
0 for x < 0.

Definition 2.4. Let M be a non-empty set and, for every pair of elements A, B €
M a function p(A, B) : M x M — R* is defined satisfying the following conditions:

— p(A,B) >0 with p(A,B) =0iff A= B,
- p(A’B) =p(B’A)7
— p(A,B) < p(A,C)+p(C,B) for VC € M,

then the function p is called a metric and the ordered pair (M, p) is called a metric
space.

3. DISTANCE BETWEEN FUZZY SETS

In this chapter, we define fuzzy distances of two fuzzy sets as a generalization of the
distance of two non-empty subsets of a metric space. To do this we have used the
distances of the matching a-cuts of both the fuzzy sets.

Definition 3.1. Let (X, p) be a metric space. By the distance of two non-empty
sets M and N of the metric space X we mean the non-negative real number

p(M,N) = Iehl;}geNp(r,y)-

Definition 3.2. Let (X, p) be a metric space. The fuzzy distance of two non-
empty fuzzy sets M and N of the metric space X will be defined as the fuzzy set
Dy(M,N) = (R*, up,(m,n)) with the membership function

sup {Ol € [Oy 1] !Ma, No # @;p(Mon Na) < y}

for y < (Mg, Ng),

i
o, M) (Y) = psmin(h(1), (V)

0 otherwise.

Gerla and Volpe (3] have introduced a (crisp) distance of two fuzzy sets as follows.

Definition 3.3. Let (X, p) be a metric space. By the distance of two fuzzy sets
M and N of the metric space X we mean a non-negative real number

1
D(M,N) = / p(My, No)da, where p(P,0) =0for VP € X.
0
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Note 3.1. The distance D(M, N) : Xps x Xps — R* is not a metric on Xps.

Theorem 3.1. If (X,p) is a metric space and M, N two non-empty (crisp) sets
on X,then

a) p(M, N) = D(M, N),

1 for y=p(M,N),

Proof. Let M, N be two non-empty (crisp) sets on X, then

1 1
&) DOMN) = [ oMo, NoYda = [ p(M,N)do = fap(, M)} = p(M. ),

b) min{h(M),h(N)}=1= lim Mg, Ng) = p(M,N
) {h( )} ﬁ-—»min{h(M),h(N))_p( 8 Ng) = p( )

= l"’Df(M,N)(y) = (. pP(Maq.Na)<y = 3 p(M, N),

<
aselll(R] a fory < p(M,N) 0 for y<p(M,N),
1 for
0 otherwise 0 for y>p(M,N).

]

Note 3.2. By the previous theorem, Definitions 3.2 and 3.3 naturally generalize
the classic definition of the distance of two non-empty subsets of a metric space.

Theorem 3.2. If (X, p) is a metric space and M, N two non-empty fuzzy sets on
X, then the fuzzy distance Df(M, N) is a convex set and

h(Df(M,N))
/ inf(D;(M, N)a) da = D(M, N),
0
where h(D) is height of a fuzzy set D.

Proof. h(Dy(M,N)) = min {h(M),h(N)}. If we denote h(Ds(M,N)) = h,
then pup,(m,n)(y) is a non-decreasing function on (—oo0,limg_n_ p(Mp, Np )] and
1D, (M,Ny(y) = O otherwise so that the fuzzy distance Ds(M, N) is a convex fuzzy
set.

Next D(M,N) = fo Ma,N fo (My, Nqo )da+fh (Mg, Ny)da =
—fo (Mo, No)da + 0.

Further inf(Ds(M,N)o) = limg_,o_ p(Mg, Ng) is a non-decreasing function for
Va € (0,h) = for Va € (0, k) we have

lim p(Mg,Ng) = sup p(Mpg,Ng) < sup p(Mp,Ng)=p(Ma,Na).
B—a- BE(0,a) B

€(0, )

If limgo_ p(Mg, Ng) < p(Mq, Ny), then p(Mq, N ) is discontinuous on the left at
a. Moreover, the number of points at which the function p(M,, N, ) is discontinuous
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is countable on (0, k) since p(M4y, No) is a non-decreasing function for Va € (0, h).
Then we have

h h h(Ds(M,N))
/ p(Ma,Na)da=/ Hlim p(Mg,Ng)dOl:/ inf(Dy(M, N)o)da.
0 0 B—o- 0

O
Example 3.1. The fuzzy distance Dg(M, N) of the two fuzzy sets M, N € Rrg

is shown in Figure 3.2. The distance D(M, N) is the measure of the grey area
(Figure 3.1).

C
Q
Y

Fig. 3.1. Fuzzy sets M, N. Fig. 3.2. Fuzzy sets Dy(M, N).

Definition 3.4. Let (X, p) be a metric space. The mazimal distance of two non-
empty sets M and N of a metric space X will be defined as the non-negative real
number

Pmax(M,N) = sup p(z,y).
rzeM,yeN

Definition 3.5. Let (p, X) be a metric space. The mazimal fuzzy distance of two
non-empty fuzzy sets M and N of a metric space X will be defined as a fuzzy set
Dfmax(M,N) = (R, KD, (M,N)y) With the membership-function

sup {a € [0,1] [Ma, No # 0; pmax(Ma, No) >y }

fOI'yZ pmax(MﬂvNﬁ)’

lim
KD max (M, N)(Y) = B—min{h(M),h(N)} _

0 otherwise.

4. DISTANCE BETWEEN MEMBERSHIP FUNCTIONS

In this chapter, the distance of fuzzy sets is defined as the distance between their
membership functions. The properties of membership function distances are listed
in [8].
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Definition 4.1. Let X # () be a Lebesgue-measurable set, m a Lebesguc measure
on X. The distance d, : Xps X Xpg — RY of two fuzzy sets on X is a function
assigning to each pair M, N € Xprg the number

1
(M N (Jx lusm — pn|P dm)? for 1<p< oo,
p(MN) = essentialsup |un (z) — un(z)| for p= co.
zeX

The ordered pair (Xrg,dp) is called a fuzzy metric space.

Note 4.1. This fuzzy metric space complies with all the requirements for a metric
space (Definition 2.11) with a single exception: if the distance of two fuzzy sets is
zero, the membership functions of both fuzzy sets are the same almost everywhere
thus

dp(M,N) =0= pp(z) = pn(z) forVz € X — E, where m(E) = 0.

Special cases of this definition are Definition 4.2 introduced by Abu Osman in [7]
and Definition 4.3 introduce by E. Szmidt and J. Kacprzyk in [9)].

Definition 4.2. The function do, : Xrs x Xps — [0,1], which, to every pair
M, N € XFs, assigns the number doo (M, N) = sup ¢ x |pm(z) — pn(z)] is called a
fuzzy metric and the ordered pair (Xrs,dw) is called a fuzzy metric space.

Note 4.2. Abu Osman’s fuzzy metric space is defined in an elegant way, but for
technical applications, this definition is not suitable because, as long as at least
one z € X exists such that pa(x) = 0 a ug(z) = 1, dw(A, B) = 1, which is the
maximum distance. Thus the fuzzy metric doo (A4, B) discretizes X s too much. For
example, for all intervals A, B on R, where A # B,we have d (4, B) = 1.

Definition 4.3. The functions d; and dy : Xps x Xrs — RT where X =
{z1,z2,...,zn} that, to every pair M, N € Xpg , assign the number

di(M,N) =3 i () = (@], do(M,N) = | D (e (2s) = pov (22)°

i=1 i=1

are called fuzzy metrics.

Note 4.3. Sometimes these metrics are written in the standardized form

n

m(M,N) = =5 linr(@i) = i (@)l, ma(M,N) = [ =5 () — ()™
i=1 .

=1
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5. FUZZY METRIC SPACE

In this chapter, we will generalize a metric space to a fuzzy metric one.

A very general definition (Definition 5.1) of fuzzy metric space has been shown
by Kaleva and Seikkala [4]. They have defined the distance as a fuzzy function
that, to any two elements of a set, assigns a non-negative fuzzy number continuous
above and complies with some requirements, they have defined a fuzzy convergence
and proved a fixed-point theorem. Due to the generality of the definition, no rules
are shown enabling the construction of particular fuzzy metric spaces for particular
point sets.

Denotation 5.1. Every z € X can bee seen as a fuzzy number {z} = (X, p(z})
with the membership function p(z}(y) = 1 for y = =z, p()(y) = 0 for y # z. The
set of all {z} will be denoted crisp X sp (Obviously crispXp C Xp)-

Definition 5.1. Let X #0,d: X x X — G where G is the set of all non-negative
fuzzy numbers continuous from above and mappings R, L : [0,1] x [0,1] — [0,1] are
symmetric, non-decreasing in both arguments with L(0,0) = 0 and R(1,1) = 1.

The ordered quadruple (X, d, L, R) is called a fuzzy metric space and the function
d is called a fuzzy distance, if, for every z, y, z € X, we have:

1) d(z, y) = {0} iff z =y,
2) d(z,y) = d(y,z) for every z, y € X,

38) Ud(z,y) (8 +1) > L(K(z,2)(8)s Bd(z,) (1)), if s < inf kerd(z, 2), t < inf kerd(z,y)
and s + t < inf kerd(z, y),

3b) Ld(z,y)(8+1) < R(ta(z,2)(8)s Hd(z,y)(t)), if s > inf kerd(z, 2), ¢ > inf kerd(z,y)
and s +t > inf kerd(z, y).

Note 5.1. Since the metric space need not be defined on a general set X # 0, but
rather on a set of fuzzy points, we define the fuzzy distance using Zadeh’s extension
principle. This means that the membership degree 1,,(4,8)(¥) may be interpreted
as a measure of the likelihood that the distance between A € X, and B € Xp is y.

Definition 5.2. If (X, p) is a linear metric space and A, B € Xy, arbitrary fuzzy
points, we define the fuzzy distance of the fuzzy points A and B as a fuzzy set
ps(A,B) = (R, 11y, (4,5)) With the membership function

Bosap)(y) = sup min{pa(z1), pa(z2)}.
(z1.32)€X2
o(z1,22)=V

If no (z1,%2) € X? exists such that p(z1,z2) = ¥» We Put u, (4 p)(y) = 0. The
ordered pair (Xyp, py) is called a fuzzy metric space. .
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Theorem 5.1. The fuzzy distance ps as defined under Definition 5.2 is a mapping
of X?p into the set of all normal non-negative fuzzy sets on R, that is, py : X?p —

+
nRig.

Proof. For every A, B € X, there is (z1,z2) € X2 such that z; € ker(A), z, €
ker(B). If p(z1,z2) = y, then y € ker(ps(A, B)), which means that the fuzzy dis-
tance ps(A, B) is normal. The non-negativity of ps follows from the assertion b) of
Theorem 5.2. O

Note 5.2. In engineering practice, mostly linear normed spaces (X, g) are encoun-
tered where g : X — R* is a norm. If we define the metric p(z;,z2) = g(z2 — 71)
on such spaces, then the fuzzy distance ps defined by Zadeh’s extension principle
in Definition 5.2 is a mapping of X }p into the set of all non-negative fuzzy numbers
on R, thus gy : Xfp — ]R+n. An example of such a fuzzy metric space is the fuzzy
Euclidean space (R%,, p}gg, or the fuzzy metric spaces (R7,, psx) where 1 < k < oo
as defined in Section 7.

Note 5.3. Now we have to verify whether the fuzzy metric space complies with
the conditions listed in Definition 2.4 and thus deserves to be called metric. To do
this, first an ordering needs to be defined on Ry, and then generalized to ,RFs.

Definition 5.3. If A, B € Ry,, then a partial ordering X on Ry, is defined as a
relation A <X B if and only if inf A, < inf B, and sup A, < sup B, for all o € (0, 1].

Note 5.4. The relation A < B signifies that the membership function pa(z) is
“to the left” of the membership function pug(x). The set of all normal fuzzy sets on
R is much more complex (R, C nRFrs) and therefore, rather than investigating the
inner structure of individual fuzzy sets, we will be matching their least convex hulls.

Definition 5.4. If A, B € ,RFpg, then a partial ordering < on ,Rpg is defined as a
relation A < B if and only if inf A, < inf B, and sup Ao < sup B, for all a € (0, 1].

Denotation 5.2. Let O C nR}S a 10(0) = 1, then the fuzzy set O will be called
a fuzzy zero and the set of all the fuzzy zeros will be denoted OFs.

Theorem 5.2. For every triple of elements A, B, C € Xy, we have:
a) The fuzzy metric space (X ¢p, pf) is symmetric, thus ps(A, B) = ps(B, A).
b) The fuzzy metric space (X sp, py) is positively semi-definite, thus {0} < ps(A4, B).
¢) In the fuzzy metric space (Xyp, py), the triangle inequality holds, thus

ps(A,B) 2 ps(A,C) @ ps(C, B).
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Proof. a) The original (crisp) metric is symmetric so we have

Fos(aBy(y) = ( sup min {pa(21), uB(z2)} = ko, (B,4) (V)
xq,32)EX
p(rg.21)=y

and, if no (z1,z2) € X? exists such that p(z1,22) =y, then no (z2,z;) € X? exists
such that p(z2,z1) = ¥. ‘
b) If y € R —R™*, then no (z1, z2) € X? exists such that p(z;,z2) = y. This
means that p, (4,8)(y) = 0, for Vy € R—R* and this implies that {0} < ps(A, B).
c) The fuzzy sets ps(A, C) and pys(C, B) are interactive due to the fuzzy point C
therefore it is not possible to calculate both fuzzy distances and add them up, the
expression pf(A, C) ® ps(C, B) needs to be handled as a fuzzy function dependent
on the fuzzy points A, B, C € Xyp.
For Va € (0, 1] we have:
i i ) < i i li i ) ,V 2 X’
ﬂl—lvrzl;l_ 21 EAlar,lxzeBB P(xl -732) - ﬂl—lfg_ 1‘1121{‘;3 P(-'l'l,-’L's) + [3—1012_ .’tzuelgg P(-'133 2:2) 3 €
lim sup  p(z1,z2) < lim sup p(z;,z3)+ lim sup p(zs3,z2),Vzs € X.
B—a- z1€Ap,22€Bg B—a- z,€A, B—a- T2€Bg

If both above inequalities hold for Vz3 € X, they also hold for Va3 € 3., Cp C X
and thus -
ps(A,B) 2 ps(AC)® p_f(C, B).

Theorem 5.3. For every pair of elements A, B € Xy, we have:

a) If pf(A,B) = {0}, then A = B and A, B Ecrisp. Xsp. However, it is not true
that, for A = B, we have ps(4, B) = {0}.

b) If pf(A, B) Ecrisp Ryp, then A, B E€crisp Xfp.

c) If A = B, then ps(A, B) € Ors. However, it is not true that, for ps(A, B) €
Orgs, we have A = B.

Proof. The assertions are obvious. ]

Note 5.5. If A € X, —crisp Xgp, then ps(A, A) # {0}. Therefore, if the identity
axiom is needed, a new metric may be defined

_ [ pr(AB) for A#B,
""f(A’B)—{ ©  for AZB.

The fuzzy metric space (X, pns) defined in this way, however, is no longer obtained
using Zadeh’s extension principle. For this reason, it is often good to disregard the
identity axiom and call as metric (as we have done) simply the space as defined
under Definition 5.2.
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6. FUZZY CONTRACTIVE MAPPING

Definition 6.1. Let (X, p) be a metric space. A mapping C : X — X is called
contractive if a number 0 < ¢ < 1 exists such that, for any two points z, y € X, we
have

p(Cz,Cy) < gqp(x,y).

Theorem 6.1. (Banach) Every contractive mapping has exactly one fixed point
in a complete metric space (X, p).

Definition 6.2. Let (Xy,,ps) be fuzzy metric space. Mapping Cy : Xp, — Xgp
is called fuzzy contractive, if a number 0 < ¢ < 1 exists such that, for any two fuzzy
points A, B € Xy, we have ps(CrA,CyB) X {q} © ps(A, B).

Theorem 6.2. Let (X, p) be a complete metric space, C : X — X be a contractive
mapping with p € X as a fixed point and mapping Cf : Xs, — Xy, be Zadeh’s
extension of the contractive mapping C, then Cy is a fuzzy contractive mapping and
has exactly one fixed point

{p} Ecrisp Xsp-

Proof. Since, in the proof, intervals will be used of which it cannot be determined
whether they are open or closed and this fact is irrelevant for the proof, we will denote
such intervals [a, b].

For Va € (0, 1] we have:

A B = lim T su T, ,
ps(A,B)a g | anf e, y), zEAﬁ,EGB[,p( y)]

®pf(A,B)ey = lim inf z,y), su T, ,

90 ps(4A,B) pm o tg inf o p(z,9) a5 P y)}

CsA,CsB = lim inf z,Y), sup plz,y

ps(CsA,CsB)a Hm IeCrAﬁ,yechﬁp( Y) N A (z,9)

li inf z,y) < lim inf Cz,Cy) < hm inf z,Y),
ﬁ—l»IE_ zECfAlﬂI,lyECfng( y) ~ B—a_- z€AB,yEBg ( y) B—a_ IEAa.yEBﬁp( y)
lim sup p(z,y) < lim sup p(Cz,Cy) < hm qg sup p(z,y)
B—a- 2eC;A3,yeCsBg B—a- zeAp,y€Bs B—a- zeAy,y€By

and so ps(CrA,C¢B) =< {q} ©® ps(A,B) = Cy X5, — Xjp is a fuzzy contractive
mapping.

For Vz € X we have lim,,_,oc C"z = p. By repeatedly applying Zadeh’s extension
principle we will obtain lim,_,.o CFz = {p} for VA € Xj,. The existence and
uniqueness of a fixed point for mapping Cy : Xf, — Xy, follows from the existence
and uniqueness of a fixed point for mapping C : X — X.
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7. FUZZY METRIC SPACE IN RV

If A, B € R}, is a fuzzy point, then, using Definition 5.2, any metric space (R", p)
may be extended to a metric space (R}, ps). In R, mostly the metrics po (4, B) =0

1/k
for A= B, po(A,B) =1 for A # B, and py, (4, B) = (z’;:l |b; — ai|k) are used

where 1 < k < oo, for k = 2, the Euclidean metric p; (4, B) = \/Z;l (bs —a;)? is
obtained.

Example 7.1. Fuzzy distances of fuzzy points A and B in R? (Figure 7.1) are
shown in Figure 7.2.

C .
0 2 & 6 8 1012 4 16 18 2

Fig. 7.1. Fuzzy points in R2. Fig. 7.2. Fuzzy distances psr(A, B).

Theorem 7.1. The membership function of the fuzzy distance
pso(4, B) = (R, py 04,8 (y)) is

Hoso(a,8)(0) = h(ANDB)
Boro(aB)(1) = h((AUB)—{zo}), wherezo€ (] (AUB).
B<h(ANB)
Proof.
Hoso(a,B)(0) =
= sup min {pa(z1,Z2,.--,Zn), LBY1, Y2+, Yn)}

(z1.02.....tn) (Y1.,Y2+-+» yn))ERZN
(#1820 T )=(Y1 Y2 - s yn)

sup(AN B) = h(AN B)

iu’Pj()(A,B)(l) =
= sup min {pa(z1,22,-.-,Tn), £BYL, Y2,-- -1 Yn)}

(z1.22,....xn) (Y1420 yn))ERZN
(1,220, B0 ) FE (Y1 U251 yn)

h((AUB) — {zo}), wherezo€ [] (AUB)s.
B<h(ANB)

Il



386 J. BEDNAR

If we define a fuzzy point A = (R™, pa(z1,z2,...,Zn)) as the Cartesian product of
the fuzzy numbers A; = (R, n4,(z)), i =1,...,n, in each dimension, the expression
for the fuzzy distance psi can be simplified using distances in each dimension.

Example 7.2. Fuzzy distances ps(4, B) of fuzzy points A and B in R? (Figure 7.3)
are shown in Figure 7.4.

AR
tHHit \\“\l
TR 1\\

\\\\ l\\\\
‘ “\\\‘\\\\\\1 m\\\m\\‘u\\\\\\&\{‘“\\!\u‘\\\\\\\

i

HRa;>» Bp»

Hiecay

Fig. 7.3. Fuzzy points A and B in R? and their distances in each dimension.

1 : .
0.8} - " Moo (AB)
0.6} 4 eeees Mpgy (AB)
0.4} i = Hpam)
0.2} g Ko AB)
0 o R . . A . N —
-2 0 2 4 6 8 10 12 14

Fig. 7.4. Fuzzy distances ps(A, B) calculated using distances in each dimension.

8. RELATIONSHIP BETWEEN Dr(A, B) AND pr(A4, B)

Definition 8.1. The minimal convex hull of a fuzzy set A = (R, pa) is defined
as a convex fuzzy set [A] = (R,ppa)) continuous from above where inf [A], =
limg_,o_ inf Ag and sup [A] - = limg_._ sup Ag for all a(0, h(A)].

Theorem 8.1. If (Xjp,pys) is a fuzzy metric space as defined by Definition 5.2,
A, B € Xy, Ds(A, B) is a fuzzy distance as defined by Definition 3.2 and Dy max(A, B)
is a maximal fuzzy distance as defined by Definition 3.5, then

ﬂDf(A’B) U Dfmax(A’B)]} = IIPf(AaB)Il .

Proof. [Ds(A, B) U Dy max(A, B)], [ps(A, B)] are convex and, for Vo € (0, 1),
we have:

“pf(A’ B)]]a =
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IGABy?IEBg

i (om0, ).
'IDf(A’ B) U Df max(A1 B)]]a =

= ﬁlirg_ (p(Ap, Bg), pmax(Ap, Bg)) = ﬁl_i}g_ <z‘E Ai;};eBap(x,y), sup p(z,y)>

T€AB,YEBg
= IID](A,B) U Dfmax(AvB)]] = [Ipf(AvB)]] :

Up
<
S
RN
\
—iaee
3 4 x

Fig. 8.1. Fuzzy points A, B € Ry,.

Example 8.1. Fuzzy distances ps(A, B), Df(A,B) and Djfmax(A, B) between
fuzzy points A, B € Ry, (Figure 8.1) where

0 for ==y,
p(z,y) =< 0,5 for |z —y]€(0,1),
-yl for p-yl>1,

are shown in Figures 8.2 and 8.3.

0 1 2 3 4 x
Fig. 8.2. Fuzzy distance ps(4, B).

9. CONCLUSION

In this paper, we have systematically classified the distances published previously
by various authors [3,4,7,9] into three groups by the construction method. We
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" _ .
0,5 @»-v-o%'e e®e Dol B)
o9 M""’.‘.T"’MAT»

05 1 2 3 4 x
Fig. 8.3. Fuzzy distances Ds(A, B) and Dy max(A, B).

have shown our own original definition of the distance of fuzzy sets and an original
definition of a fuzzy metric space, whose properties we have formulated in several
theorems and illustrated by examples. We have shown that, by fuzzifying a contrac-
tive mapping, we will obtain a fuzzy contractive mapping and, in a similar way, we
have investigated in some detail fuzzy metric spaces defined on R™. We will refer
to the outcomes achieved when further studying linear normed spaces and fuzzy
convergences.
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