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STATIONARY DISTRIBUTION
OF ABSOLUTE AUTOREGRESSION

JikRf ANDEL AND PAVEL RANOCHA

A procedure for computation of stationary density of the absolute autoregression (AAR)
model driven by white noise with symmetrical density is described. This method is used
for deriving explicit formulas for stationary distribution and further characteristics of AAR
models with given distribution of white noise. The cases of Gaussian, Cauchy, Laplace and
discrete rectangular distribution are investigated in detail.
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1. INTRODUCTION

Let {X:} be an ergodic Markov process with discrete time. Its stationary distribution
7 is given by integral equation

(A) = / " P(Alz)dr(z), AcB (1)

—00

where B is the o-algebra of Borel sets and P is the conditional (i.e. transition)
probability. Even in the simplest linear models such as AR(1) it is not easy to find
a closed form solution 7 of (1). If the model for {X;} is non-linear, it is even more
difficult to solve (1). One of the rare exceptions where a solution of (1) was found
is so called absolute autoregression (AAR)

X = a|Xt_1| + &t (2)

where a € (—1,1) and ¢ is a strict white noise (i.e., a sequence of i.i.d. random
variables). Andél et al. [4] proved that for a € (—1,0) and for &; ~ N(0,1) the
stationary density of (2) is

h(z) = &;“—2) exp{—(1 — a?)z?/2}®(az) 3)

where @ is the distribution function of N(0,1). It was derived that in this case

T — 202

[2  a
EX; =4/ ——— X = ———— 4
t Ty/1—=a?’ var e (1 — a?) “)
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and the correlation coefficient between X; and X,;_; is

la]m + 2a24/1 — a? — 2a? — 2|a|arctg Va=2 —

pa) = p— (5)

Let C(a, 8) be the Cauchy distribution with the density

1_ B
mf2+(z—a)?
Consider the model (2) with a € (—1,0) and € ~ C(0,1). Define A = |a]/(1 — |al).
Andél and Barton [3] proved that X; in (2) has the stationary density

(14 A)r _zln[A72(1 +2?)] + (4 — 1 +2?) arctgz
) = {2A[(1 + A)? + 2?] 44272 + (1 — A% +22)2 } - (6)

f(z) =

Chan and Tong [5] and Tong (7, p. 141] simplified the methods used for derivation
of (3) and (6). Their procedure can be summarized as follows. Let ¢, in (2) have a
symmetric density f. Let g be the stationary density of the AR(1) process &; given
by
& = abi—1 + & (M
Then the stationary density h of X in (2) is

hw) =2 | " 9(@)f(y — az) da. (8)

(The authors overlooked that the factor 2 must be introduced in the last formula.)
Let us remark that if we have a guess that a function h could be a stationary density
of X; then it is easy to verify it from (2).

Problems in non-linear time series models are usually quite complicated and must
be solved numerically or by simulations. It is important to have a few explicit
solutions because they allow to compare accuracy of numerical methods with the
exact results. One such solution for the first-order threshold autoregression with
Laplace white noise has been deduced quite recently by Loges [6]. In this paper we
derive some new stationary distributions of the AAR process {X;} given by (2).

2. NORMAL DISTRIBUTION

We mentioned above that formulas (3), (4), and (5) were derived under the assump-
tions that €; ~ N(0,1) and a € (—1,0). We generalize the results to a € (—1,1).

If & ~ N(0,1) then & in (7) has the distribution N(0, {=z). From (8) we get
that the stationary density h of X, is

h(y) =2 /000 \/ 1 ;:2 exp{—(1 — a?)z%/2} # exp{—(y — az)?/2} dz.

Direct integration leads to formula (3) and we can see that (3) and (4) are valid for
a€(-1,1).
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Using the same procedures as in Theorem 4.3 in Andél et al. [4], we can derive
for a € (0,1) that the correlation coefficient p(a) between X; and X;_, is also given
by formula (5). This means that p(—a) = p(a), a € (-1, 1).

The density h is plotted in Figure 1 (for a = —0.8) and in Figure 2 (for a = 0.8).
Expectation EX; and variance var X; as functions of a given by (4) are introduced
in Figure 3 and Figure 4, respectively. In Figure 5 we can see p(a), which is defined
by (5).

2 4 -4 2 4
Fig. 1. Function h for a = —0.8. Fig. 2. Function h for a = 0.8.
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Fig. 3. Expectation EX;. Fig. 4. Variance var X;.

The joint stationary density of (Xs, Xs—1) is

2

2
@{ exp {__ 1—0,2 mg—l} ‘b(axa—l) exp {_S_x_’;%"lL} for Tg—1 > 0

JE;E—T exp {— 1-a” :1:3_1} ®(azrs—1)exp {—ix—""i;‘—“)—z} for z5_; <0,

pz(.’l?_.,,IL‘,._1) =

2
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The joint stationary density of (X, X,—2) is

1 /1—a?
p3(33»13—2) =; m@(aw‘s_g)
2—2 2 slg— 2 r
» (exp{—x" a’T,T, 22+x,,_2}q’ la(xs +z,_2)]
20 +a?) ira
+exp {_zf + 2a2:csxs-22 + xf_z } ® [a(:z:‘.I — :1:3_2)] )
2(1 + a?) V1+a?
-1 -0.5 0.5 1

Fig. 5. Correlation coefficient p(a).

The functions p; and p3 for a = 0.8 are introduced in Figure 6 and Figure 7,
respectively.

Fig. 6. Function pa2(zs,zs—1). Fig. 7. Function p3(zs,Zs—2).
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3. CAUCHY DISTRIBUTION

If e, ~ C(0,1) then the stationary distribution of the process § = af;_; + €; with
la] < 1is C(0,Q) where @ =1/(1 — |a]). The corresponding density is

. 1 Q
9@ = T
The stationary density of X; can be calculated from (8). We obtain

20 [® 1 1
h(y)—ﬁ/o Q2+z21+(y—az)2dx'

Again define A = |a|/(1 — |a]). Let a € (0,1). After some computations, which can
be simplified using program package Mathematica, we get

24 1+ A)r yIn[A=2(1 + y?)] + (A2 — 1 + y?) arctgy
h(y) = 2 {2A[(1 + A)? + 32 4A%2y2 + (1 — A% + y2)2 } -

The density h for a = —0.8 defined by (6) is plotted in Figure 8. If a = 0.8 then h
is defined by (9) and its graph can be found in Figure 9.
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Fig. 8. Function h for a = —0.8. Fig. 9. Function h for a = 0.8.
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4. A DISCRETE WHITE NOISE

Assume that a = 5= and

€t = 212—;1-b with probability 5-17—1
fori = —n+1,...,nwhereb > 0and n = 1,2,.... Then the rectangular distribution
R(—b,b) is the stationary distribution of the process &; in (7) (see Andél [1,2]). Let
xB be the characteristic function of the set B and let d.(z) be the Dirac é-function,

i.e. [Z 6c(z)dz =1 where

oo forz=c,
8e(z) = {0 otherwise.
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The distribution of €; can be described by the generalized density

f(z) = Z G2i=1,(x)-

t——n+1

A random variable with the density f is dlscrete and it reaches values 2’"lb

i=-n+1,...,n, each with probability -t 55 A straightforward calculatlon gives
1 [ 1 1 <
h(y) = 3 A X-b8(@)f (y— 5z ) dz =+ > IX[%z—z—" 24 ()
i=—n+

It is easy to verify that h is really the stationary density of the AAR process (2).
Further we obtain

b g b2 b%(16n° — 3)
=g Bi=7 vwerXe=—rpm—
Since X 1
Xt = —|Xe-1] + e, Eee =0,
2n
we have
EX,Xoy = L E[Xoo1|Xoos = 1 /0 2h(z) dz + / h(z)dz = L
tAt-1 = ool Ae-1{Ae-1 = o0 _ooa: o
and thus EX.X (EX;)? 3
_ — tAt—1 — L7,
p = corr(X¢, X¢—1) var X; 16n2 -3’

A simple case arises for n = 1 when we have the process X; = %lX t—1|+ €t where

. —2%  with probability 1,
t= % with probability 1.

The stationary density of X, is

h(y) = {X[_h,o](y) + X8 b](y)}

and p = 3/13 = 0.231.

Now, we consider the case a = 57714_—1 and
21 1
= ith probabilit
€t 2n+lb with probability T 1
for i = —n,...,n where b > 0 and n = 1,2,.... The stationary distribution of the

process &; in (7) is again the rectangular distribution R(—b, b) (see Andél [1,2]). The
generalized density of €; is

n

1
f(:t) = 2n+1 Z 623—11

1=-n

)
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and we obtain

1 [® 3
h(y) = 3/0 X(-b,0)(z) f (y - 2n1+ lx) dz = % Z X[ 2ib, 2415) (¥)-

It can be verified that h is the stationary density of the process { X;} in (2). Further
we obtain

b b2 16n2 +16n+1
EX =0,  EXZ=L, X, = p2l6n? +16n+1
tT 2@n+ 1) c=g K=y
and 6n2 46 )
+6n+1 12n2 +12n+1
EX; X,y = b2 TN T 2 = .
te-1 32n+1)t ' PT @n+ 1262+ 16n+1)

5. LAPLACE DISTRIBUTION

Laplace distribution La(b) has the density

where b > 0 is a parameter. Assume that a € (—1,1) and that {Z,} are i.i.d. La(b)
random variables. Let the strict white noise be defined by

. = 0 with probability a2,
*~ 12, with probability 1— a2

Then & = afi—1 + €; has the stationary density p(z) (see Andél (1,2]) and
o0 .
hw) =2 [ p(@)labo(y — oz) + (1~ a*)ply - ax)] de.
0

From here we obtain that for a € (—1,1) the stationary density of the process {X;}
is given by

l;aexp{—%} for y > 0,
h(y) =
v 1;)(1 exp{%} for y < 0.

Further we get
EX; = ab, EX? = 2%, var X; = b%(2 — a?)

and

a?

2 —qa?’

EX;Xi—1 =2a%%, p=

Ifa=0thenp=0and p—1asa— £1.



742 J. ANDEL AND P. RANOCHA

ACKNOWLEDGMENT
The work is a part of the research project MSM 113200008 supported by the Ministry of

Education, Youth and Sports of the Czech Republic. It was also partially supported by
Grant 201/05/H007 of the Grant Agency of the Czech Republic.

(Received December 23, 2004.)

REFERENCES

[1] J. Andél: Dependent random variables with a given marginal distribution. Acta Univ.
Carolin. — Math. Phys. 24 (1983), 3-12.

[2] J. And&l: Marginal distributions of autoregressive processes. In: Trans. 9th Prague Con-
ference Inform. Theory, Statist. Dec. Functions, Random Processes. Academia, Praha
1983.

[3] J. Andél and T. Bartoii: A note on the threshold AR(1) model with Cauchy innovations.
J. Time Ser. Anal. 7 (1986), 1-5.

[4] J. Andél, I. Netuka, and K. Zvéra: On threshold autoregressive processes. Kybernetika
20 (1984), 89-106.

[5] K.S. Chan and H. Tong: A note on certain integral equations associated with non-linear
time series analysis. Probab. Theory Related Fields 79 (1986), 153-159.

[6] W. Loges: The stationary marginal distribution of a threshold AR(1) process. J. Time
Ser. Anal. 25 (2004), 103-125.

[7) H. Tong: Non-Linear Time Series. Clarendon Press, Oxford 1990.

Jir{t Andél and Pavel Ranocha, Department of Probability and Mathematical Statistics,
Faculty of Mathematics and Physics — Charles University, Sokolovskd 83, 186 75 Praha 8.
Czech Republic.

e-mails: andel@karlin.mff.cuni.cz, ranocha@karlin.mff.cuni.cz



		webmaster@dml.cz
	2015-03-23T11:34:27+0100
	CZ
	DML-CZ attests to the accuracy and integrity of this document




