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S-MEASURES, T-MEASURES
AND DISTINGUISHED CLASSES OF FUZZY MEASURES

PETER STRUK AND ANDREA STUPNANOVA

S-measures are special fuzzy measures decomposable with respect to some fixed t-
conorm S. We investigate the relationship of S-measures with some distinguished properties
of fuzzy measures, such as subadditivity, submodularity, belief, etc. We show, for example,
that each Sp-measure is a plausibility measure, and that each S-measure is submodular
whenever S is 1-Lipschitz.
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1. INTRODUCTION

Fuzzy measures may possess several properties, such as additivity, subadditivity,
superadditivity, submodularity, supermodularity, k-additivity, S-decomposability,
belief, plausibility, etc. [1, 3, 6, 7, 10, 11, 14, 15, 16].

Some relationships between these properties are immediate. For example, sub-
additivity and superadditivity hold simultaneously if and only if the discussed fuzzy
measure is additive. Submodularity of a fuzzy measure ensures its subadditivity but
not vice versa. Belief measures are supermodular while plausibility measures are
submodular.

S-measures, i. e., S-decomposable fuzzy measures (where S is a triangular conorm
[4]) were introduced and studied in [16] as a common generalization of probability
and possibility (i.e., Sys-decomposable) measures [3, 6, 11, 15, 17]. Dual fuzzy
measures to S-measures can be automatically introduced as T-measures, where T'
is a (dual to S) triangular norm. Though S-measures were studied from several
aspects, especially in connection with integration [5, 6, 11, 15, 16], there is only little
known about relationship of S-measures, i. e., S-decomposability of fuzzy measures,
with other possible properties of fuzzy measures. This fact was observed, e.g., by
D. Dubois, who asked during the 3rd Eusflat congress in Zittau, 2003, to clarify
the relationship of S-(7-) measures and belief (plausibility) measures. Recall that
only for the maximum t-conorm Sy, it was known that each Sy;-measure (i. e., each
possibility measure) is necessarily also a plausibility measure [3, 6, 10, 11, 15]. By
duality, each Thr-measure (i.e., each necessity measure) is also a belief measure.
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The aim of this paper is to look closer at the relationship of S-(T-)decompos-
ability of fuzzy measure and some of distinguished properties of fuzzy measures
on finite universal spaces. The paper is organized as follows. In the next section
we recall several distinguished properties of fuzzy measures we want to discuss. In
Section 3, S- (T-)measures are recalled. Section 4 deals with S-measures with respect
to a continuous Archimedean t-conorm S. Section 5 clarifies the relationship of S-
measures with subadditivity, submodularity, superadditivity and supermodularity.
Connections of S-measures with belief and plausibility measures are discussed in
Section 6. Finally, in Conclusions, related results for T-measures are introduced,
exploiting the duality of T-measures and S-measures.

2. PRELIMINARIES AND BASIC NOTIONS

Throughout this paper, X will denote a finite set and P(X) the corresponding power
set. The following notions were introduced and discussed in [3, 6, 10, 13, 15].

Definition 1. A fuzzy measure m on X is a set function m : P(X) — [0, 1], which
satisfies the conditions:

3. VE, FeP(X),ECF=m(E)<m(F).

Definition 2. A fuzzy measure p is an additive fuzzy measure (probability) if for
arbitrary

A,BeP(X): p(AUB)+p(AN B) =p(A) + p(B).

This property is equivalent with p(A U B) = p(A) + p(B) whenever AN B = ().

Definition 3. Let m be a fuzzy measure on X. Its dual fuzzy measure m< :

P(X) — [0, 1] is given by m¢(A) := 1 — m(A°) for VA € P(X).

Definition 4. A set function m; : P(X) — [0, 1] is called a basic probability
assignment if it satisfies the conditions: my(0) =0 and 3 1 cp(x) m1(A) = 1.

Definition 5. Let m; be a basic probability assignment on P(X). Then the belief
measure m : P(X) — [0, 1] induced by m; is defined by m(A) = > 5 4, mi(B) for
VAeP(X).
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Remark 1. Note that belief measure m can be defined as a fuzzy measure with
the following property

> m(A) =Y m(AN A+ (D) m(Ar NN Ay)
=1 1<J

for arbitrary n € N and A,,..., A4, € P(X) (i.e., m is co—monotone [10]). Then
the basic probability m, related to the belief measure m is the Mobius transform of
m, see [6, 10, 15], given by

my(A) =Y (~1)"Fln(B),
BCA
where |A| is the cardinality of the set A € P(X).

Recall that the dual fuzzy measure to a belief measure is called a plausibility
measure.

Definition 6. The plausibility measure m is a fuzzy measure satisfying the con-
dition

m(A1 mAgﬂ"'ﬂAn)

< f:m(Ai) N m(A U A+ (1) (AU U A)

i=1 i<j

for allm € N and A4,... A, € P(X).

Remark 2. We can define the plausibility measure m by means of a basic proba-
bility assignment m; as follows

m(A)= > my(B) for VA€ P(X).
BNA#D

Definition 7. Let m be a fuzzy measure on X. Then m is called

e supermodular if m(AU B) + m(AN B) > m(A) + m(B),

submodular if m(AU B) +m(AN B) < m(A) +m(B),

superadditive if m(A U B) > m(A) + m(B) for AN B =),

subadditive if m(A U B) < m(A) + m(B),
for all A, B € P(X).

Observe that we can equivalently introduce the subadditivity of m requiring
m(AU B) < m(A)+ m(B) for disjoint A, B only.
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Remark 3. We can easily show the dual relationship between supermodular and
submodular fuzzy measure, but subadditive fuzzy measure need not be a dual mea-
sure of any superadditive fuzzy measure.

3. S-MEASURES AND T-MEASURES

As a genuine generalization of probability measures, S-measures and T-measures
were introduced in [3, 16]. For more details about t-norms 7' and t-conorms S we
recommend [4] and for the T-measures and S-measures we recommend [2, 3, 5, 10,
11, 16].

Definition 8. ([4, 16]) Let S be a t-conorm. A fuzzy measure m : P(X) — [0, 1]
is called an S-measure if for all A, B € P(X) such that ANB =10

m(AU B) = S(m(A),m(B)).

Let T be a t-norm. A fuzzy measure m* : P(X) — [0, 1] is called a T-measure if for
all A,B € P(X) such that AUB =X

m*(AN B) = T(m*(A),m*(B)).

If a t-norm T is dual to a t-conorm S, then each T-measure m* is dual measure
to some S-measure m, i.e, m* = m<. This fact allows us to rewrite results valid for
S-measures directly for T-measures. Therefore, we will consider only S-measures
since now.

A special type of S-measures when S(z,y) = max(x,y), i.e., when S = Sy, is
a possibility measure. Tts dual measure (Tps-measure with Tps(z,y) = min(z,y)) is
called a necessity measure [3].

Lemma 1. ([10, 15]) The class of all possibility measures form a special subclass of
plausibility measures and the necessity measures are special type of belief measures.

Recall that for finite X these measures correspond to the nested structure of focal
elements of the corresponding basic probability assignment.

4. S-MEASURES WITH RESPECT TO A CONTINUOUS
ARCHIMEDEAN T-CONORMS

A continuous Archimedean t-conorm can be defined as follows [4].

Definition 9. A continuous t-conorm S is called Archimedean if and only if (Vz €

10,1) (S(z,z) > ).

First we recall some basic properties of continuous Archimedean t-conorms.
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Proposition 1. [4] A [0,1]?> — [0,1] mapping S is a continuous Archimedean t-
conorm if and only if there exists a continuous additive generator s : [0,1] [0, c0]
(i. e., increasing function, such that s(0) = 0) such that

S(x,y) = 7" (min(s(1), s(2) + (1)) -

Continuous Archimedean t-conorms can be divided into two classes: strict t-
conorms and nilpotent t-conorms.

Definition 10. (Strict t-conorms) [4] A t-conorm S is called strict if and only
if it is continuous and all partial mappings S(z,-), = € [0, 1], are strictly increasing.

Definition 11. (Nilpotent t-conorms) [4] A t-conorm S is called nilpotent if
and only if it is continuous, Archimedean and not strict.

Note that the probabilistic sum t-conorm Sp(z,y) = x + y — xy is strict, while
the Lukasiewicz t-conorm Sy, (z,y) = min(1l, z + y) is nilpotent.

We recall that an additive generator s of a strict t-conorm S is unbounded, i.e.
s(1) = co. We can easily get the following lemmas, see also [2, 16].

Lemma 2. Let s:[0,1] /[0, 0] be some increasing bijection and let m : P(X) —
[0, 1] be a fuzzy measure. Then S(x,y) = s~ (s(x) + s(y)) is a strict t-conorm and
m is an S-measure if and only if s o m is an additive measure (s(m(X)) = o).

For the nilpotent case we have the following result.

Lemma 3. Let s:[0,1] / [0,1] be some increasing bijection and let m : P(X) —
[0, 1] be a fuzzy measure, such that s o m is probability measure. Then S(z,y)
s~ (min(1, s(z) + s(y))) is nilpotent t-conorm and m is an S-measure.

Note, however, that for a nilpotent t-conorm S, there are S-measures m such
that s o m is not a probability measure.

Example 1. Let X = {1,2,...,10} and m : P(X) — [0, 1] be given by m(4) =
min (1, %). Then m is an Sp-measure. However, s;, om = m is not a probability
measure.

5. S-MEASURES, SUBADDITIVITY AND SUBMODULARITY

Now we describe the relationships between S-measures and subadditive (superaddi-
tive) measures.
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Theorem 1. Let S be a t-conorm. Then the following are equivalent:
i) each S-measure m is subadditive

ii) S<Sg.

Proof. Let S : [0,1]*> — [0,1] be a t-conorm such that S < S;. Then for any
S-measure m on X and any A, B € P(X) we have

MAUB) = Sm(4),m(B)) < Sy(m(A) + m(B))
= min(m(4) + m(B),1) < m(A) + m(B)

and thus m is subadditive. Conversely let for some a,b € [0, 1] it holds S(a,b) >
Sp(a,b), i.e, S(a,b) > a+0b. Put X = {x1,22,23} and define fuzzy measure
m: P(X) — [0,1] by m({z1}) = a,m({x2}) = b,m({z1,22}) = S(a,d) and for all
remaining § # A € P(X) let m(A) = 1. Then m is an S-measure on X which is not
subadditive. a

However, for superadditive measures we have only the following weaker result.

Theorem 2. Let S be a t-conorm such that each S-measure m is superadditive.
Then S > Sp,.

Proof. For any a,b €]0, 1] define a fuzzy measure m on X = {x1,z2,23} in the
same way as in the proof of the previous theorem. Then m is an S-measure and
from its superadditivity it follows

S(a,b) = S(m({x1}),m({a2})) = m({er,@2}) > m({a1}) +m({aa}) = a+b,

i.e., S(a,b) > Sr(a,b). Thus S > Sp..

Observe that we cannot reverse the implication in the above theorem. Indeed,
fuzzy measure m from Example 1 is an Sp-measure. Put A = {1,2,3,4,5} and
B =1{6,7,8,9,10}. Then AN B = { but m(AUB) =1 % 2 =m(A) + m(B), i.e.,
m is not superadditive. O

For submodular fuzzy measures we have the next result.

Theorem 3. Let S be a continuous t-conorm. Then the following are equivalent:
i) each S-measure m is submodular

ii) S is 1-Lipschitz t-conorm.

Proof. Let S be a 1-Lipschitz t-conorm and let m be an S-measure on X. For
arbitrary chosen subsets A, B € P(X), denote a = m(A\B),b = m(B\A),c =
m(AN B). Then

S(a,S(b,c)) — S(a,c) < S(b,c) —c
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due to the 1-Lipschitz property of S, i.e.,
m(AUB)+m(ANB) = 5(a,S(b,c)) +c < S(a,c) + S, c) =m(A) + m(B),

proving the submodularity of m. Conversely suppose that S is not 1-Lipschitz, i.e.,
there are a,c¢,d € [0,1] such that ¢ < d and S(a,d) — S(a,c) > d—c. As S(,¢)
is continuous then there is b such that d = S(b,¢). Now, it is enough to intro-
duce an S-measure on X = {1,229, 3,24} determined by m({z1}) = a,m({z2}) =
b,m({z3}) = c and m({x4}) = 1. For A = {x1, 23} and B = {x2, x5} we have

m(AU B) +m(ANB) > m(A) +m(B),
i.e., m is not submodular. O

Observe that 1-Lipschitz t-conorms are exactly associative dual copulas [9] and
if such S is Archimedean then its additive generator is concave.

Note that there are non-continuous t-conorms S such that each S-measure m is
necessarily submodular.

Example 2.

i) Let S° be a t-conorm dual to the t-norm 7 introduced by [8] and studied by
[12] compare also [4], given by

o0

1
T°(a,b) = Z 2an+bn—n

n=1

whenever a,b €]0,1], where a = > | 71— and b= Y_° | 5i— are the (unique)

infinite dyadic expansions of a and b. Evidently, for a given t-conorm S, each
S-measure m is submodular whenever

S(a,5(b,c)) + ¢ < S(a,c) + S(b, c) (1)
for all a,b,c € [0,1]. For the dual t-norm T, (1) is equivalent to
T(a,c) +T(b,c) <T(a,T(b,c)) +c (2)

for all a,b,c € [0,1].
Observe that for any integers a,, by, ¢, € {n,n+1,...} we have

1 1 _ 1 1
ganten—n T Qhatenn = gantbite,2n | gen

and thus the inequality (2) is valid for T° and any a,b,c €]0,1]. If one of
the arguments a, b, ¢ becomes 0, then for each T the inequality (2) is trivially
fulfilled. Summarizing, T satisfies (2) for all possible arguments and thus S°
satisfies (1), i. e., each S®-measure is submodular though 5S¢ is a non-continuous
t-conorm (observe that S° < Sp, is fulfilled as a consequence of T° > T,
compare Theorem 1).
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ii) The non-continuous t-conorm S™M : [0,1]2 — [0, 1] (nilpotent maximum) given
by
max(a,b) a+b<1,

nM o
§"%(a,0) _{ 1 else,

fulfils S™M < S; and thus each S™-measure is subadditive. However, define
an S"M_measure on X = {1, 22,23} putting m({z1}) = m({z2}) = 0.6 and
m({x3}) =0.3. For A = {z1,22} and B = {x2, 23} we have

m(AUB)+m(ANB)=1+0.6> 0.6+ 0.6 =m(A) + m(B),

i.e., this S"-measure is not submodular.

However, there is no t-conorm S such that each S-measure is supermodular.
Indeed, it is sufficient to put X = {1,2,3}, m(A4) = [<d4]. For each S > S1, m
is S-measure which is not supermodular, because of for A = {1,2}, B = {2,3} we
have m(AUB)+m(ANB) =140 # 2 =m(A)+m(B). Now it is sufficient to recall
Theorem 2 and the fact that supermodularity of m ensures its superadditivity.

6. S-MEASURES, BELIEF AND PLAUSIBILITY MEASURES

Each belief measure is supermodular and thus there is no t-conorm S which will
ensure that each S-measure is belief. Moreover, for strict t-conorm S we know that
it cannot be stronger than Sy and thus for the corresponding S-measures we cannot
ensure neither the superadditivity. However, for nilpotent t-conorms we have the
following result based on results from [14] and [1].

Theorem 4. Let S be a nilpotent t-conorm with a normed additive generator s
and let p be a probability measure. Then the S-measure m = s~ ' op is supermodular
if s71 is convex, i.e., s is concave function. Moreover it is always belief whenever
57! has all derivatives non-negative, i. e., if s~! is an absolutely monotonic function.

Proof. Observe first that for all a,b,c > 0 and any convex function f, it holds
fla+e)—f(c) < flat+ct+b)— f(c+b), i.e., fla+b+e)+f(c) > flat+c)+ f(b+c). Thus
for any probability measure p on X, subsets A, B € P(X) and a convex s~ we have
m(AUB)+m(ANB) = s~ (a+b+c)+s71(c) > s~ (a+c)+s L (b+c) = m(A)+m(B),
where a = p(A\B), b = p(B\C) and ¢ = p(A N B), i.e., m is supermodular.

The second part of theorem follows from results from [14], compare also [1], where
we have shown that absolutely monotonic distortions preserve the belief property of
fuzzy measures (evidently, each probability measure is also a belief measure). O

There are some typical examples of nilpotent t-conorms S for which s~! has all
derivatives non-negative:
e § =5V =min(1, (x% + y%)”), n > 1 is Yager t-conorm with additive gener-

ator s(x) = z, s71(x) = 2™. Note that for any probability p, s~! o p is an
n-additive belief measure, compare [7].
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e S(z,y) = min(l,z + y + zy) with additive generator s(z) = logy(1 + x),
sHz)=2" - 1.

For subadditive (plausibility) measures we have the next result (its first part
follows directly from Theorem 3, the second part follows from [14], compare also [1]).

Theorem 5. Let S be a nilpotent t-conorm with a normed additive generator s
and p be a probability measure. Then the S-measure m = s~ o p is submodular if
571 is concave function. Moreover it is always plausibility whenever derivatives of

s~! change the sign, i.e., if s7! is a completely monotonic function.

Observe that the Yager t-conorm S, see below, is a nilpotent t-conorm with a
convex additive generator s, s(z) = 22, such that s~!(x) = \/x changes the sign of
its derivatives. This fact together with Lemma 3 imply the next result.

Corollary 1. Let m be an S3 -measure. Then m is a plausibility measure such
that m? is a probability measure.

There are some typical examples of nilpotent t-conorms S such that s~! changes
the sign of its derivatives:

e S=SY =min(1, (2" + y")=), n € N is Yager t-conorm with additive gener-
ator s(z) = 2", s71(z) = ¥,

S s)e

e S(z,y) = min(1l,logy (2% + 2¥ — 1)) with additive generator s(z) = 2% — 1,
s7H(z) = logy(1 + z).

Note that a similar claim holds also for strict t-norms. For example, let X =
{z1,...,2,} and let m be an Sp-measure on X. Denote w; = m({z;}),i=1,...,n.
Observe that then w; = 1 for some j € {1,...,n}. Then for each A € P(X), m(A) =
1—TI,,ca(1 —w;). For the dual fuzzy measure m*(A) = [1.,¢4(1—w;). Its Mobius
transform [6] is given by

Mmd (A) — Z (_1)card(A\B)md(B) — Z (_1)card(A\B) H (1 _ wz)
BCA BCA zi¢B
= [ Ha-w) ) [ o= T a-w)
z; ¢A BCA z;€A\B
= H(l—’w» (H wl>20
;€A ;€A

and thus M, is a basic probability assignment, m? is a belief measure and therefore
m is a plausibility measure. We summarize the above results for Sp-measures in the
next theorem.
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Theorem 6. Let m be an Sp-measure. Then m is a plausibility measure.

For Sr-measures, we have the next result.

Theorem 7. Let m be an Sp-measure.Then m is an upper probability measure,
i.e., m = sup(p|p < m). However, m need not be a plausibility measure.

Proof. Consider the finite set X = {x1,...,2,}, then any Sp-measure m can
be represented as follows:

w; :=m({x;}) foralli=1,...,nand for all A C X

m(A) = min (Z wi, 1) ,
T, EA
where w; > 0 and Y., w; = 1. For any fixed A € P(X), such that m(4) = 1,
define a probability measure p4 : X — [0,1] by pa(B) = >, p u;, where

U; =

n
7Zifi€AandU¢ZOifi¢A.
Ejeij

Then p < m and pa(A) = m(A). Similarly, if m(A) < 1, a probability measure
pa: X — [0,1] can be introduced putting pa(B) = >, p ui, where

ui:wiifieAanduizLifigéA.
ngA w;
Again we have p < m and p4s(A) = m(A). Then sup(palA € P(X)) < sup(plp <
m) < m =sup(pa|A € P(X)), i.e., m is an upper probability measure. O

Next fuzzy measure is another example of Sy -measure, however it is not a plau-
sibility measure.

Example 3. Consider the finite set X = {1,2,3}, A = {1}, B = {2} and C = {3}.

Let
0 {1} {2} {3} {12} {1,3} {23} {1,2,3}
m 0 04 07 0.1 1 0.5 0.8 1

Then m(ANBNC)=0¢ —0.1 =m(A) +m(B) + m(C) —m(AUB) —m(BU
C)—m(AUC)+m(AUBUC), i.e, m is not a plausibility measure. However
m = max(p1, p2, p3) where

{1} {2} {3}

p 03 07 0

p2 04 05 0.1
ps 02 0.7 0.1
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7.

CONCLUSIONS

We have discussed some properties of fuzzy measures and their relationship with
S-measures. A special attention was paid to S-measures related to probability mea-
sures. Due to the duality of S-measures and T-measures, we can conclude:

i) each T-measure m is superadditive if and only if T' > T7,

ii) for a continuous t-norm T', each T-measure m is supermodular if and only if

T is 1-Lipschitz

iii) for a nilpotent t-norm 7" with an additive generator t, for any probability

measure p, m = 1 — t o p is a belief measure if and only if the derivatives of
t=1 change the sign (i.e., T is n-copula for each n € N [9]).
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