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WEAK LAW OF LARGE NUMBERS
FOR I.I.D. FUZZY RANDOM VARIABLES

Duc HuN HonG AND KyUNG TAE Kim

In this paper, weak laws of large numbers for sum of independent and identically dis-
tributed fuzzy random variables are obtained.
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1. INTRODUCTION

The celebrated Feller weak law of large numbers provided a necessary and sufficient
condition in the i.i.d. case in [1] as follows:

Theorem 1.1. (Feller) Let {X,,} be i.i.d. random variables and S, = Y i | X;.
Suppose that EX /[ x,|<n] — uasn — oo. Then S,,/n — w in probability as n — oo
if and only if n Pr{|X1| > n} — 0 asn — occ.

Let a > 0. A positive measurable function f on [a, 00) varies regularly at infinity
with exponent p, oo < p < oo, denote f € RV(p), if and only if

f(tr)
f(t)

If p = 0 the function is slowly varying at infinity; f € SV.

—xf as t— oo for all z > 0.

Recently, Gut [3] provided the following more general Feller law concerning reg-
ularly and slowly varying functions.

Theorem 1.2. (Gut) Let {X,} be i.i.d. random variables and S, = Y ., X;.
Further, let, for z > 0, b € RV(1/p), for some p € (0, 1], that is, let b(z) = 2'/?l(z),
where [ € SV. Set b, = b(n). Then (1/b,)(S, —nEX11jx,|<s,)) — 0 in probability
as n — oo if and only if n Pr{|X;| > b,} — 0 as n — oo.

The author should simply think ¢ (constant), logz or log logx each time the
function I(x) appears.
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The concept of a fuzzy random variable was introduced as a natural generaliza-
tion of random sets in order to represent relationships between the outcomes of a
random experiment and inexact data. By inexactness here we mean non-statistical
inexactness due to the subjectivity and imprecision of human knowledge. Limit the-
orems for sums of independent fuzzy random variables have received much attentions
because of its usefulness in several applied fields. This paper concerns with weak
law of large numbers which is the one of limit theorems. Many authors have studied
the strong laws of large numbers for sums of independent fuzzy random variables.
For example, see Hong and Kim [4], Hong [5], Inoue [6], Joo and Kim [8], Kim [10],
Klement et al. [11], Kruse [12], Miyakoshi and Shimbo [13], Uemura [16] and so on
[7, 14]. On the other hand, weak laws of large numbers for fuzzy random variables
have been studied only by Joo [9] and Taylor et al. [15]. The purpose of this paper
is to obtain Feller, Gut [3] weak law of large numbers for sums of independent and
identically distributed (i.i.d.) fuzzy random variables.

2. PRELIMINARIES

In this section, we describe some basic concepts of fuzzy numbers. Let R denote the
real line. A fuzzy number is a fuzzy set @ : R — [0, 1] with the following properties;

1. @ is normal, i.e., there exists € R such that a(z) = 1.
2. 4 is upper semicontinuous.
3. supp @ = cl{x € R|a(x) > 0} is compact.
4. 4 is a convex fuzzy set, i.e., 4( Az + (1 — N)y) > min(a(z), u(y)) for z,y € R
and A € [0, 1].
We denote the family of all fuzzy numbers by F(R). For a fuzzy set 4, the a-level
set of u is defined by

L= {{z|ﬂ(x) >af, 0<a<l, 0

supp u, o = 0.

Then it follows that @ is a fuzzy number if and only if L% # ¢ and L, is a closed
bounded interval for each « € [0,1]. Form this characterization of fuzzy numbers, a
fuzzy number, @ is completely determined by the endpoints of the intervals L,u =
(g, u?)-

Theorem 2.1. (Goetschel and Voxman [2]) For @ € F(R), denote u!(a) = ul, and
u?(a) = u? by considering them as functions of « € [0,1]. Then the following hold:

. u' is a bounded non-decreasing function on [0,1].

1

2. u? is a bounded non-increasing function on [0,1].

3. ul(1) < wu?(1).

4. u! and u? are left continuous on [0,1] and right continuous at 0.
5

. If vland v? satisfy above (1)—(4), then there exists a unique @ € F(R) such
that v}, = v!(a), v2 = v*(a), for all a € [0, 1].
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The above theorem implies that we can identify a fuzzy number % with the param-
eterized representation {(ul,u2) | 0 < o < 1}, where u! and u? satisfy (1)—(4) of
Theorem 2.1. Suppose now that 4,9 € F(R) are fuzzy numbers whose representa-
tions are @ = {(ul,u2) |0 < a <1} and o = {(v},v2) | 0 < a < 1}, respectively. If
we define

(@+70)(z) = sup min(a(x),o(y)),
rt+y=z

() {g@“% Ve

where 0 = Ity is the indicator function of {0}, then
a+v = {(ul+vl, v 4+02)][0<a<1}
Moo= {(ul, ) |0<a <1} for A>0.
Now, we define the metric doo on F(R) by

doo (U, ) = sup dp(Lat, La0),
0<a<l1
where dy denotes Hausdorff metric on closed subsets of R which admits in our
particular case the form

dp (Lo, La®) = max(jul — v}, [u2 —v2)).
Also, the norm ||@|| of fuzzy number @ will be defined as
]| = do (i, 0) = max(fugl, [ug)])-

Let (€2, A, P) denotes a complete probability space. For a fuzzy number valued
function X : Q — F(R) and a subset B of R, X~'(B) denotes the fuzzy subset of
Q defined by

X7Y(B)(w) = sup X (w)(x)
z€B
for every w € Q. The function X : Q — F(R) is called a fuzzy random variables if for
every closed subset B of R, the fuzzy set X ! (B) is measurable when considered as
a function from Q to [0,1]. If we denote X (w) = {(X(w), X2(w)|0 < a < 1}, then
it is well known that X is a fuzzy random variable if and only if for each o € [0, 1],
X! and X2 are random variables in the usual sense.

A fuzzy random variable X (w) = {(XL(w), X2(w)|0 < o < 1}, is called integrable
if for each o € [0,1], X} and X2 are integrable, equivalently, [[|X||dP < co. In
this case, the expectation of X is the fuzzy number EX defined by

EX:/XdP:{(/XédP,/XidP) ’O<a<1}.

Let {X,} be a sequence of fuzzy random variables. For a € [0,1] {X}}, {X2,}
are sequences of independent and identically distributed random variables. Then
{Xn} is called a sequence of independent and identically distributed fuzzy random
variables.
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3. MAIN RESULTS
We define XI[I\)?\ISt] as

X(w) X @Il <t

XIyzpep(w) =
(i< {I{o} otherwise.

Theorem 3.1. Let {X,} be a sequence of independent and identically distributed
fuzzy random variables and S, = Y . ; X;. Suppose that for a fuzzy number @ €

F(R), doo(EX11y %, <> @) — O, then

doo (%,&) — 0 in probability (2)
" )
' nP{||X,]| > n} — 0. (3)

To prove our main result, we need some lemmas.

Lemma 3.2. (Kim [10]) For each & € F(R) and each ¢ > 0, there exists a partition
0=ap<a; <--<a.=1of[0,1] such that

1 1 2 2 _
max (g, —Upr Uy U y<e, k=1,2,...,r

where u’ ;. denotes the right-hand limit of u' at a, i = 1,2.

Lemma 3.3. (Hong [5]) For a sequence {4,} € F(R) and a continuous @ € F(R),
suppose that for each a € [0, 1], dig(Latin, La®) — 0. Then we have doo (4, @) — 0.

Lemma 3.4. Let {X } be a sequence of independent and 1dentlcally dlstrlbuted
fuzzy random variables. Let X = X; %, )<n) and let s Z ,1X If

nP{|X.|| > n} — 0, then for each a € [0,1], (1/n)(S,)L — (BS)L) — 0 in
probability.

Proof. By the assumption, for « € [0,1],

n n
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IA
S
NE

/ xR
1 /-1 X ]1<]

72 PUIX] > = 1} = P{IXL ) > 5}

IN
=1

J

P{|IX1]| > 0} = n® P{||X1]| > n}

Sk 3=

i
L

+ ((G+1)2 = ) P{I X1 > 5}]

j=1
3 — .
< — |1+ P > i)
j=1
= o(1),
which completes the proof. |

Proof of Theorem 3.1. (<) Set X;n = Xj[[ll)?j\lgn] for 1 < j <n and
S;l = E?Zl )N(Jln Then, for each n > 2, {X/ 1< j<n}areiid. and for e > 0,

jn>

P{doc(Sn/n, S, /n) > e} < P{S, # 5,} = P{US,[X; # X}, < nP{|[ X > n},
so that (2) entails

doo(Sn/n, 5., /n) — 0 in probability. (4)
Next, we verify that ds (S, /n, ES, /n) = doo(g;z/”’EXll[HXﬂKn]) — 0 in probabil-
ity. By Lemma 3.2, there exists a partition 0 = ap < a1 < -+ < ap = 1 satisfying
lug, —ul. | <e/4foralld, and since (EX1Ijj 5, <, )a converges to u'(a) uniformly

' Qi =

with respect to «, there exist N1 > 0 such that for any n > Ny, |(EX1][|\5(1\|§7;])1 —

[e3

ul] < /4 for all a. Now, since nP{|X{,| > n} < nP{||X}| > n} — 0, by

Lemma 3.4 there exist No > 0 such that for any n > Ny, P{|(%”)él — (%)}h\ >
7} <e/kforalli=1,2,...,k Here, we note that, for n > max{Ni, No} = N, if
sup; [(Sy,/n)a, = (EX11) 2, <n)a, | < €/4, then sup, |(S,/n) — (BEX1 L) 2, <npal <
e. It is because for a € (;—1, ]

1 1
~ 1 ~ ~ 1 ~

«
1

B ~ 3
< (BXidz,2n) *(EXJ[”XI"S"]LL i

Qg 1

and similarly we have

N
N (g
(EXlI[HXlusM)a - <n> <&
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and hence it follows. Now, for n > N

-, !
E
P < sup <”> ( "> > ¢
a n n
«
-, B& 1
< P{sup <" ( ") >E
i n n 4
Qg
k ~/ ~/ 1 c
< P - S -
- Z ( n n - 4
i=1 o
€
< k-=c
= 2 3

Hence, we proved sup,, |(S,/n)} — (BEX,1, 0l X1H§n])<lx‘ — 0 in probability. Similarly,

it can be proved sup,, |(S,,/n)2 — (EX 11} x,|<n))3] — 0 in probability. Therefore,
we obtain B B
d(S,,/n,ES, /n) — 0 in probability. (5)

Now by (3) and (4), we have that

IN

N
—N—

g

A

N
/—/H
A

:\z*

s |
v
H/—/
/—’H 3‘3\1

which completes the proof. O
(=) If (1) holds, then S}, /n — u{ in probability and S2,/n — u3 in probability.

Then the classical WLLN (see [1]) implies

nP{|X{y| >n} — 0 and nP{|X},|>n} — 0.
Therefore,

nP{|X1]| > n} = nP{max(|X1|, |XFo|) > n}

< n(P{|Xio| > n} + P{|XF| > n}) — 0.
Theorem 3.5. Let {X,} bea sequence of independent and identically distributed
fuzzy random variables and S,, = Y1 | X;. Let b(z) = 2!'/?I(x) for some p € (0, 1],

where [ € SV _and limy .o l(z) = oo for p = 1. Set b, = b(n). Suppose that
(1/b,)d (nEXll[HX |<bn)0) — 0 as n — oo then

(1/by) doo(Sn,0) — 0 in probability as n — oo (6)
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iff
P{||)~(1||>bn}—>0 as n — oo. (7)

To prove above result, we need the following lemma.

Lemma 3.6. (Gut [3]) Let {X,} be a sequence of i.i.d. random variables. Let
Xj = X;ljx;|<p,) for 1 < j <mandlet S, =37 X;. Let b(z) = z/°l(x) for
some p € (0,1], where [ € SV and set b, = b(n). If nP{|X;| > b,} — 0 asn — oo,
then ;-(S, — ES,,) — 0 in probability as n — oo.

Proof of Theorem 3.5. (<) Set )N(JI = XJ'I[HXfIISbn] for 1 < j < n and
= 2?21 X; Then, for each n > 2, {X},l < j < n} areiid. and for € > 0,
P{doo(Sn/n, S, /n) > e} < P{S, # §,} = P{UI_,[X; # X;]} < nP{||X1]| > ba},
so that (6) entails
(1/by) doo (S, S.,) — 0 in probability as n — oo. (8)

Next, we verify that (1/b,) dog(S,,,0) — 0 in probability as n — co. We note that

~1 o~

dso(5,,0) < (S ) |+\( il
< [| = (nBX1 1%, <p, )0l + doo (”EXJ[H&HSWG)}
+ [' = (nEX1 I 5, <p,)3 + doo (”EXJ[HMSWO)}
< Z[dH(LOS Lo(nEXT 5, <p.1) + doo(REX1 T 5, 1<p.1,0)] -

Therefore, by Lemma 3.6 and the assumption, we obtain
(1/by) doo(S,,,0) — 0 in probability as n — oo. (9)
Now by (7), and (8), we have that
{(1/b0)d (3,,0) > =}
P {(l/bn) doo (S, §.) + (1/b1) doo (., 0) > 5}
{/60)des(50,8,) > S+ P{(1/b0) d(5,,0) > £} — 0.

IN

A

(=) If (5) holds, then S}, /b, — 0 in probability and S2,/b, — 0 in probability.
Then
(1/b2)(Spy — nEXioyxi<b,) — 0, = 1,2

in probability as n — oo, since

BX{olyxi <o, < dooB(X1 L5, <p,1,0), i =1,2.
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Then Theorem 1.2 implies
nP{|Xi| > b} — 0 and nP{|X3| > b,} — 0.

Therefore,
P {I1%1)l > ba } = nP {max(1X]ol, |X3) > ba}
< n(P{|X{y| > b} +P{|X7| >bn}) =0
as n — 0o, which completes the proof. O

Remark 3.7. In Theorem 3.5, if doo(EXlI[H)?ngbn]’ﬂ) — 0 for a fuzzy number
@ € F(R) or ”EXlI[IIXlHSbn] I, n=1,2,..., are bounded then the assumption

(1/b,) dw(nEXll[HXngbn]ao) — 0 as n — oo holds since n/b, — 0 as n — oo.

Example 3.8. Let u € F(R) be fixed and let {Y,,} be a sequence of i.i.d. random
variables with common density
—<—  for|x| > 2
z2 log |z =
fla) =4 e .
0 otherwise,

where ¢ is a normalizing constants. We define (X, (w))(z) = @(z — Y, (w)), i.e.,

X, (w) is the translation of @ by Y,,(w) in the real axis. Then
X! (w)=ul 4+ Y, (w) and X2 (w) =2 + Y, (w).
We note that
nP{||X1] > n} = nP{max(|Xio|, |X7o]) > n}
< n(P{luy +Yi| > n} + P{|ud + Yi| > n}) =0

and ~
dr (LaBX 11y 3, <n) La)

= max (|(BX g, )b — b [EX L £, <) —12])
= '/~ (u,ll—l—Yl)dP—u:;é—l—/~ (ui—i—Yl)dP—ui‘

(1% l1<n] (1% l<n]
< 2 / ~ Y1 dP| + ||a|| P{|| X, > n}

(1% f1<n]
< 2f ilap+z2 [ YaldP+ fall P{I%all > )

[ m-tul] (=3 n-+ud]
< af YaldP -+ @l P{I%al > )

e llalln-+ ]
< A+ a)P{Yil > n—lall}y + l[al PHUIX | > n )
< A —llal)P{Yil >n —llall} + 8[|af P{IXqll > n— [|all} + |lal| P{[[X1] > n}
— 0.
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Then we have
Sh

doo (ﬂ) — 0 in probability
n
by the criteria in Theorem 3.1.

Example 3.9. Let p € (0,1], and suppose that {Y,,} is a sequence of i.i.d. random
variables with common density

st forlx| > 1,
f(x)—{Q'“ .

0 otherwise.

Then nP{|Yi| > (n log n)'/?} — 0 as n — 0 (Example 1.3 [3]). We define
(Xp(w))(z) = a(z — Yyp(w)), i.e., X,(w) is the translation of @ by Y, (w) in the
real axis. Then

)N(}m(w) = u}x +Y,(w) and )N(fla(w) = ui +Y,(w).

We can easily check that nP{||X;| > (n log n)'/?} — 0. Next we consider that

di (LO‘Elemmé(n log n)1/]’ 0)

= max ( 2))

(EXl‘[[”;(l <(n log n)l/p])a

(EX11[12, 1< (n 1og m/e])a

)

(ul + Y1) dP| + (u2 +Y1)dP

/H|X1|<(n log n)t/¢] AX1I<(R log n)t/¢]

< 2/~ Yy dP| + 2]
NI X1lI<(n log n)t/r]
< 4/ Vi dP + 2]l
[(n log n)t/P—||al,(n log n)/P+|all]
< 4((nlog n)V? + ||a]) P{|Y1] > (n log n)*? — ||a||}} + 2|l

and hence we have that (1/(n log n)'/?) dy (nEXlI[HXl||<(nlogn)1/p] ,0)—0 as n— oo.
Then we have -

doo <(Sn 6) — 0 in probability

n log n)l/r’

by the criteria in Theorem 3.5.
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