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STOCHASTIC CONTROL
OPTIMAL IN THE KULLBACK SENSE

JAN SINDELAR, IGOR VAIJDA AND MIROSLAV KARNY

The paper solves the problem of minimization of the Kullback divergence between a par-
tially known and a completely known probability distribution. It considers two probability
distributions of a random vector (u1,z1,...,ur,zr) on a sample space of 27" dimensions.
One of the distributions is known, the other is known only partially. Namely, only the
conditional probability distributions of z. given wi,x1,...,%r—1,Zr—1,ur are known for
7=1,...,T. Our objective is to determine the remaining conditional probability distribu-
tions of u, given ui,x1,...,ur—1,x-—1 such that the Kullback divergence of the partially
known distribution with respect to the completely known distribution is minimal. Explicit
solution of this problem has been found previously for Markovian systems in Karny [6].
The general solution is given in this paper.
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1. INTRODUCTION

The present paper is devoted to the minimization of Kullback divergence between
a partially known and a completely known probability distribution. It is motivated
by the formulation of the optimal stochastic control problem stated in Karny [6].

The optimality is based on the concept of Kullback divergence [8, 9]. It is widely
used in estimation, approximation, filtering and control problems (see [6, 7]), where
it plays the role of information-theoretic “distance” between different probability
distributions of data.

Two probability distributions are considered, say P(ui,z1, ..., ur,zr) and
Q(u1,x1, ..., ur,xr), both defined on a space with even number of dimensions.
The distribution @ as well as conditional probability distributions P(z, |ui,x1, ...
ey Ur—1,Tr1,Ur), T = 1,..., T are known. The distribution P(uy, z1, ..., &1, ur)
is uniquely specified by the remaining conditional probability distributions
P(ur|uy,z1, ooy ey, @0-1), 7 = 1,...,T.  Our goal is to specify these remain-
ing conditional distributions in such a way that the Kullback divergence of P with
respect to () is minimal.

Optimal stochastic control is a well developed field (see e. g. [2, 3, 4]) with numer-
ous applications like control of technological processes and control of economic or
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biological systems. Real time implementation of the control algorithms requires ex-
plicit numerically feasible solutions. The class of problems meeting this requirement
consists essentially of

e linear Gaussian systems controlled via minimization of the expected value of
a quadratic loss function (see e.g. [1, 3, 13]);

e controlled Markov chains with a finite number of states (see e. g. [3, 10, 11, 12]).

An alternative formulation of the control design has been proposed in [6]. Loosely
speaking, optional parts of the probabilistic description of the closed loop are selected
so that the Kullback divergence [8, 9] of this description with respect to some ideal
description is minimized. The conditional probability distributions P(u, |ui,z1, ...
.oy Ur—1,Z-—1) define controllers controlling a process represented by the condi-
tional probability distributions P(z, |u1,z1,...,Ur—1,Z;-1,u;), T = 1,...,T. The
probability distribution Q(u1, 21, ..., ur,zr) describes an ideal course of the con-
trolled process. The aim is to minimize a distance from the controlled process to its
ideal description.

An explicit solution of this optimization problem has been derived for Markovian
systems in [6]. Here the general case is solved.

The studied general systems and related mathematical concepts and notations are
introduced in Section 2. The minimization problem solved in the paper is rigorously
stated in Section 3. Section 4 is devoted to the solution of this problem.

2. MODEL AND NOTATION

Let for all 1 <7 <T, (X;, A, ) be o-finite state measure spaces and (U, S;,v,)
o-finite control measure spaces. The controls u, € U, lead to states z, € X,
stochastically depending on u, and also on the previous history

Rr—1 = (ylv LR yT—l) (1)

where here and in the sequel,
yr = (27, ur) € Yr = (X ®U;),  1<7<T (2)

The interplay between controls and states in the time horizon 1 < 7 < T is thus
described by a probability measure IT on (27, Cr). Here and in the sequel, for every
1 <t < T we use the notation

(Zt7 Ct) = ®$—:1 (y‘r7 BT>7 BT = AT ® ST- (3)

Let Pr be the class of all probability measures IT on (Z7, Cr) dominated in the
sense

<\ (4)

where we put for every 1 <t < T

N=pov, p=_u, v =8 v (5)
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All IT € Py are AT a.s. uniquely represented by the densities

drn

T= T 7w =m(zr), 21 € Z7. (6)

We assume more, namely that the densities m of the measures II € Pr can be
decomposed into products of regular conditional densities as follows

w(er) =7y yr) =[] w (rlzrm) )
where

7 (y1]20) = 7 (y1) = 7 (21, u1) (8)

and that, moreover, for every 1 < 7 < T takes place the decomposition

'/T(y‘r|z7'71) = 7T(£L'T, UT|Z7'71)

7 (Ur|27—1) T (@7, Ur|zr—1) . 9)
Here in accordance with (8) it is assumed that
7 (21, u1]20) = 7 (21, ur) = 7 (uy) 7 (x1|uy) - (10)

An important convention adopted in (6)—(10), as well as everywhere in the se-
quel, is that the arguments of the densities and conditional densities specify the
corresponding unconditional and conditional densities. This convention is common
in the literature on information theory, see e.g. [5].

It follows from (7)—(10) that for every 1 < 7 < T the functions

t

T(Y1, s Yt) = HT:l T (Yrlzr—1)

T 7 Curlzr) 7 (el 2em1) (1)

7 (2t)

are probability densities on the o-finite measure spaces

(Z:,Cry A7) (12)

These densities represent interplay between the controls (ui, ..., ut) and states
(21, ..., ) provided that the controls are governed by the stochastic control rules
M = (7 (ur|zr_1) : 1<7<T) (13)

(cf. (10)) and that the controlled system reacts to these controls by the system
dynamics rules

O = (1 (zr|ur, 2r1) : 1<7<T) (14)

(cf. (10) again).
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3. THE PROBLEM

Let Q € Pr be a probability measure characterized for every 1 < ¢t < T by the
densities ‘

q(2t) = ]‘—[_r:1 q (urlzr—1) g (z7|tr, 27-1) (15)
ct. corresponding to the system with a given dynamics
(cf. (11)) ponding to the sy ith a given dynami
QY = (¢ (zr|tir, 2,—1) : 1<7<T) (16)
(cf. (13)) and to a given stochastic control
QY = (q(urlzr-1) : 1<7<T) (17)

(cf. (14)). Further, let Py, r C Pr be a subset of probability measures P € Pr
characterized for every 1 <t < T by the densities
t
p(zt) = HTle(UT|ZT—1)p(xT|u‘rv Z‘r—l) (18)
(cf. (11)) corresponding to a given system dynamics

P = (p(2,|ur, 2,1) : 1<7<7T) (19)

(cf. (13)) which may be in general different from (16) and to a stochastic control
from a given class

F = (PO = (p(urfzr) : 127 <)} (20)

(cf. (14)) of admissible stochastic controls.

In this paper we solve the problem how to find the probability measure Py € Py, 1
characterized for every 1 < ¢ < T by the densities

po(z) = [1_, #o (urlzr—)p (wrluir, 21) (21)

corresponding to the given system dynamics (19) and to the desirable stochastic
controls P(()c) = (po (ur|zr_1) : 1<7<T) € ;B(c) (22)

(cf. (20)) which are optimal in the sense

Py = argminpcp, K (PllQ) (23)
where (er)
= z l'lpizT r z
£PIQ) = [ penn i a @) 24)

is the Kullback divergence of P and () with the usual convention

p {0 ift p=0,¢>0,
pln= :=

25
o0 if p>0,¢=0 (25)
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behind the integral. The problem is thus to find the optimal admissible controls (22).

The solution Py of the minimization problem (23) may not exist, e.g. @ may be
a boundary point of Py, 7 not contained in Py 1 so that

B K PI0)=0

while K (P||Q) > 0 for all P € Py, due to the assumption @ ¢ Py r. Sufficient
conditions for the existence as well as the explicit construction rule are given in the
next section.

4. SOLUTION

Throughout this section we put Zy = {2} and for every (z, u, 2) € X, QU, ® Z,_1
we introduce the symbols

2 u|2), pus(T 2 z|u, z
pz(u)Ap(l) P ()Ap(l ) (26)
QZ(U) = Q(u|z)a Quz(x) = Q(l“uﬂ Z)
if 1 <7 <T and, in accordance with (10),
2 p(u z) = pu(z 2 p(zlu
Pz (W) = p(W), Puz () = pu(z) = p(z|u) @

Qo (1) £ q(1), Guny () = qu(x) £ q(a]u)

if 7 = 1 where on the right-hand sides are the above introduced densities w.r.t.
Wr, Vr. Further, we assume that the domination relation

Po,r < Q (28)

holds which means that the densities (26),(27) as well as the densities (15), (18)
satisfy the relation

g=0=p=0. (29)
Therefore, the Kullback divergences of the densities p, ¢ in (15),(18) are for all
1 <7 < T well defined by the formula

Kl = [ pGmZE ax e (30)

and the same divergences of the conditional densities (26), (27) are well defined by
the formulas

= T npuz () T
Kepuclltes) = [ pue )0 222 b @) (31)

(cf. [14]). By (11), the density 7 of any II € Pr satisfies for

Rr = (LU, Y, Z) EZ, =X QU ® Z; 4 (32)
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the relation

7 (2zr) = w(u|2)7(z|u, 2)7(2). (33)
Consequently,
_ B " 2 P2@N ey am P -1y,
Kol o) [ 90 (K line) o0 20 ) v+ 53 a1,
N (34)
Let us define and/or suppose for all (u, 2) eU, ® Z,_1 and forall 1 <7< T
ar(u, 2) = er(u, 2) + K (pusllgus) (35)
() 2 L(w)e™ (2 dy, (u , 00),
(0 2 [ ew v () € (0, o0) (36)
crw2) 2 [ Inera (o, u pae) du () (37)
x,

A . .. . .
where ¢pi1(z, u, z) = 1 and the expressions containing zy € Zy are precised in the
sense of (27), i.e. we put

i, 20) = ar(w) £ er(u) + K (pullgu) (38)
a(z) = a2 / g(w)e= @ duy (u) € (0, o), (39)
U,
i) = e(u) 2 / I ea(z, w)pa(e) dus (2). (40)
X1

Theorem 4.1. Let for every 1 < 7 < T the conditions (36) hold and let us

consider the system of probability densities ch) of the form (22) defined for every
(u, z) € U; ® Z._1 by the formulas

—ar(u, z)
A u)e
po(u|z):p0,z(u):‘h()c(z), 1<7<T (41)

where o, ¢, are given by (35)—(40). If this system belongs to (¢, then the cor-
responding unconditional probability measure Py given by the formula (21) satisfies
(23), that is, it solves the problem of Section 3. The minimum achieved in (23) is

K(Pol|Q) = —Iney

for ¢; given by (39).

Proof. Fix any 1 <7 < T and put

&=/
z

We shall minimize over the probability densities p,(-) = p(-|z), z € Z,_1 on U, the

functional
F-(plla) = K- (plla) + &

p(2) [/u er(u, 2)p.(w) dvy(u) | dA"1(2). (42)

-1 T
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for K (pl|q) given by (34). By (34), (42) and (35), (41), F; (p||¢) can be written as
the integrals

[ e :/L{sz<u> (ot ) +1n ngw)d u) +1n 22 ]
N

)
ot Yo
)

= [ —lncr<z>+ic<pz||po,z>+1np(z} a1 (2).
Z. 1 L Q(Z
Therefore
argmin, 7 (p|[q) = po, »
(cf. (41)) and
mlnfr (rllq)

/Z 1 [ Inc, (2 )angﬂ d\1(2)

S

/ [/T 1pz(u) (aT—l(u, z) +1n Z:EZ;) dvr_1(u) +1n 5&2] AN2(2)

(cf. (35)—(37)) for 2 <7 < T and

/Z ) {— Ines(2) + In ”(2)} AN (2)

q(2)
p(u)

= /le p(u) <s1(u) + K (pullgu) +In q(u)) dvy (u)

min F (pllq)

_ /Mlpm)( (1) +1n E;@)d 1(u)
= lnclJr/ulp(U)lnpo(Z))dyl(u)

(cf. (38)—(40)) for 7 = 2. The stated result thus follows by induction for 7 =
T, T-1,...,2 0

5. CONCLUSIONS

The present paper addresses the problem of minimization of Kullback divergence of
a partially known with respect to a completely known probability distributions. Our
effort was motivated by a probabilistic formulation of the optimal stochastic control
problem.

The paper presents a rigorous formulation of the problem and proves a theorem
that gives explicit solution of the corresponding optimization problem. The result
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obtained is of general type and shows that dynamic optimization under uncertainty
can be solved explicitly.

The result obtained may have a significant theoretical and practical impact on the
probabilistic solution of optimal stochastic control problem. The further research is
to be focused on the detailed algorithmic elaboration and extensive testing of the
found solution.
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