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MULTISTAGE STOCHASTIC PROGRAMS
VIA AUTOREGRESSIVE SEQUENCES
AND INDIVIDUAL PROBABILITY CONSTRAINTS

ViASTA KANKOVA

The paper deals with a special case of multistage stochastic programming problems.
In particular, the paper deals with multistage stochastic programs in which a random el-
ement follows an autoregressive sequence and constraint sets correspond to the individual
probability constraints. The aim is to investigate a stability (considered with respect to a
probability measures space) and empirical estimates. To achieve new results the Wasser-
stein metric determined by £; norm and results of multiobjective optimization theory are
employed.
Keywords: multistage stochastic programming problem, individual probability constraints,
autoregressive sequence, Wasserstein metric, empirical estimates, multiobjective
problems

AMS Subject Classification: 90C15

1. INTRODUCTION

It is well-known that multistage stochastic programming problems has been em-
ployed to determine optimal (or at least acceptable) solution in many applications.
Let us recall some of them: Financial problems (see e.g. [3, 7]), melt control prob-
lem (see e.g. [3, 4]), power-station planning (see e.g. [23]), power scheduling and
hydro-termal system control (see e.g. [24]), energy problems (see e.g. [31]), trans-
portation and logistics problems (see e.g. [25]), unemployment problem (see e.g.
[5, 17]). Some others problems can be found e. g. in [22] and [26].

From the mathematical point of view, the multistage stochastic programming
problems belong to optimization problems depending on a probability measure.
Usually, the operator of mathematical expectation appears in the objective func-
tion and, moreover, constraint set can depend on the probability measure also. The
multistage stochastic programming problems correspond to applications (with an
unneglected random element) that can be reasonably considered with respect to
some finite “discrete” (say (0, M); M > 1) time interval and simultaneously there
exists a possibility to decompose them with respect to the individual time points.
Moreover, a decision, at every individual time point say k, can depend only on the
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random elements realizations and the decisions to the time point k& — 1 (we say that
it must be nonanticipative).

We focus on a special case of the multistage stochastic problems. In particular
we focus on an analysis of the multistage stochastic programming problems in which
the random element follows an autoregressive sequence and the constraint sets corre-
spond to the individual probability constraints. It is known, that just a development
of many economic characteristics follows autoregressive sequences (see in the finan-
cial mathematics e.g. the development of the price of market index or the price
of bonds). From the mathematical point of view, this type of the development of
the random characteristics gives a possibility to obtain a suitable properties of the
individual “decomposed” problems.

A similar problems including also generally the Markov type of dependence have
been investigated e.g. in [13, 15, 21]. However, this paper tries to present more
detailed analysis of the problem. Moreover, the stability bounds (introduced in this
paper) can be acceptable from the numerical point of view as well as they can be
employed for empirical estimates investigation.

2. MATHEMATICAL DEFINITIONS

A few types of the multistage stochastic programming definitions are known from
the stochastic programming literature. Let us recall two well-known approaches [2]:
(M + 1)-stage (M > 1) stochastic programming problem is very often introduced
as an optimization problem considered with respect to some abstract mathematical
space (say L, space, p > 1) or as a finite system of parametric (one-stage) optimiza-
tion problems with an inner type of dependence. Employing the above mentioned
second approach, we introduce (M + 1)-stage stochastic programming problem as
the problem:

Find pr(M) = inf {Epeo g3 (e, €)] «° € K°}, (2.1)

where the function ¢%(z°, 2°) is defined recursively

gés__(jk7 Zk) — inf {EFsk-H‘gk:Ek g;+1(jk+17 5k+1) |l,k+1 c K:’I;_j_l(fk, Ek)},
k=0,1,...,.M—1,

(@M, 2M) =

@V, 2M), Ko = X0,

(2.2)
¢ = ¢ (w), 5 =0,1,...,M denotes an s-dimensional random vector defined on
a probability space (2, S, P); F& (27), 27 € R®,j = 0, 1..., M the distribution
function of the & and FS'I8 " (2k|zh—1), 2k € Rs, zh=1 € R*-Ds | = 1 .,
M the conditional distribution function (¢* conditioned by &*~1); Pr,
7=0,1,..., M, k=0,1,... M — 1 the corresponding probability measures; Z7 :=
Zpei CRY j=0,1,..., M the support of the probability measure Pp.;. Further-
more, the symbol g3 (z™, M) denotes a continuous function defined on R™M+1) x
Rs(M+D. Xk « R* k = 0,1,...,M is a nonempty compact set; the symbol

PF5k+¥‘5k,
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IC’}H( kozk) .= IC’;JEF,}H‘&,C (zk, 2%), k=0,1,... M—1 denf)tes afnultifunction map-
ping R"(k"'l) x R*(++1) into the space of subsets of R”. f_k( §k( ) = [€°,.. fk]
2_’“ = [z_o,...sz 2 e R k= [20,... 2%, 27 € R"; XF = X0 x X!
ZF = Z;“_- =Zpeo X Zper oo . X Zper, 7 =0,1, ...k, k=0,1,... M. Symbolb EFgo,
Epertijgr_zr, k=0, 1,... M — 1 denote the operators of mathematical expectation
corresponding to F€', F&"E =" k=0, M —1.

Evidently, the multistage stochastic programming problem (2.1), (2.2) depends
essentially on a system of (generally) conditional distribution functions

F={F (), FEIE T Rz k=1,... M) (2.3)

Consequently, if we replace F by another system G

G =1{G (%), G 1€ Rk k=1, MY, (2.4)

we obtain another multistage stochastic programming problem with the optimal
value denoted by @g(M). The aim of the paper will be, first, to investigate their
relationship by the value

lpr (M) — pg(M)].
Furthermore, the achieved results will be employed for the investigation of empirical

estimates @z, (M) of pz(M). In particular, we shall try to investigate the proba-
bility properties of the value

lor(M) — r, (M)]

for the case when the system F is replaced by the corresponding system of empirical
distribution functions.

To obtain new results we restrict our consideration to the special case when the
following assumptions (mentioned already above) are fulfilled:

A1 {gF}e follows a (generally) nonlinear autoregressive sequence

¢ =H(E") + € (2.5)

where €0, e* k =1, 2, ... are stochastically independent; €*, k = 1,... iden-
tically distributed. H := (Hq,... H,) is a Lipschitz vector function defined on
R*. We denote the distribution function corresponding to ! = (¢1,...€l) by

the symbol F* and suppose the realization £° to be known,

A.2 there exist functlonsfkJrl i=1,...8,7=1,...k+1, k=0,... M —1 defined
on R™ and «o; € (0, 1), 1—1 .8, @ = (ai,...as) such that

,Cljc_jrl(jk’ ék) ( ICkJJrl( k fk-y a))

)

s k+1
:ﬂ e XEFL P Z @y < el > (2.6)

6’“111: (SRS
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Under the assumption A.1 the system F is determined by F " and F=. Conse‘;
quently, if we replace these two probability distribution functions by another G¢
and G* we obtain also another system G.

Remark. Evidently, we consider special types of “underlying” problems with a
random element. In particular, we consider the problems in which the random
coefficients can appear only on the right hand sides of the constraints and in the
objective function.

3. PROBLEM ANALYSIS

Evidently, the problem (2.1) is a “classical” one-stage stochastic programming prob-
lem, the problems (2.2) are (generally) parametric one-stage stochastic program-
ming problems. Moreover, these problems are mostly parametric recourse problems.
Consequently, to be the multistage stochastic programming problem (2.1), (2.2) well
defined it is necessary to be finite a.s. the optimal values of the inner problems (2.2).
Of course, to this end, it is necessary to be “individual” constraint sets nonempty
a.s. There are well known (from the stochastic programming literature) sufficient
assumptions guaranteeing property in the linear case (fixed complete recourse ma-
trices) or generally relatively complete recourse constraints (for more details see [1]).
In this contribution we try to extend the sufficient assumptions guaranteeing this
property. To this end we employ the approach introduced in [19], where a linear
case example (of recourse problem) is introduced in which the matrix is not com-
plete recourse, however evidently our conditions are fulfilled. There achieved results
are based on the theory of the multiobjective deterministic optimization (see e.g.
[6, 8]). This approach can be very suitable, especially, in a linear case. Namely
there a modified simplex algorithm (for linear parametric programming) can be em-
ployed to verify that constraint set is nonempty. In a general case a parametric
convex programming algorithms have to be employed; an approximate approach
based on Lipschitz property of the corresponding “weight” function (and bounded
assumption) can be also employed (for more details see Lemma 1). Evidently, then
the fulfilling of the constraints with probability o’ very “near” to o can be guaran-
teed. Moreover, this approach together with assumptions A.1, A.2 can guarantee
the existence of finite individual objective functions.

To analyze the properties of ’C];_j_l(.fk, ZF), k=0,...M — 1 let us, first, consider
“deterministic” constraint sets corresponding to the assumption A.3:

A.3 there exist continuous functions fF(z*+1), hi(z*, 2%),
i=1,...5,k=0,...M — 1 defined on X**! and X* x Z* such that

K (3, 27) = KM (aF, 2%)
— {xk“eX’““ IR < RETNER, 2F), i =1,.008), (3.0)

¢ e Xk, ZF e ZF.
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Evidently, it is easy to see that under the assumption A.3 (for k =0,... M — 1) the
following implications is valid.
KEFY(zF, 2%)  is nonempty for z* € X%, zF ¢ ZF
—  KF1(z*(1), 28(1)) is nonempty for every z"(1) € X*, zF(1) € Z*
such that h;(z*, 2%) < hy(z*(1), 28(1)), i=1,...s.
Moreover, it follows from the multiobjective optimization theory that if X* Z* are

compact sets and ICEH(;E’“ , 2¥) denotes the set of efficient points of the multiobjec-
tive problem:

Find
minhf“(ik, z%),i=1,...5s subject to z*e X* 2Fe zZF, (3.2)
then
KR+ (4, %) is nonempty for (2, 2F) € KET(zF, 2F)
= KF(z*, 2%) is nonempty for z* € Xk, zF ¢ ZF.
(For the definition of the efficient points see e.g. [6] or the Section 4.)

Let us now return to the case corresponding to the assumptions A.1, A.2.
Evidently, if we define quantiles K enjgnzh (i), kpe(i), a; € (0, 1), i=1,...,s,

k=0,1,...,M —1by

k+1 k+1 o ekl
sup {Z ’ PF5k+1\€k=2k {7 <g™ }2%}7

k ek+1gk—zk (al) i

F; 1Rt

kF’ie(Oti) = suD}:g1 {zl : PFs{zl <eg}t> al},
zZ; €

then under the assumptions A.1, A.2 we can obtain

ka (Ozz) = kF§k+1‘5k:5k (Oli) - Hl(zk)

k+ k
(Symbols Ff & == , Ff,i=1,...s denote one-dimensional marginal distribution
functions corresponding to FETIE=" and Fe, 2k e Zk)

According to the last relation we can (under the assumptions A.1, A.2) obtain that

s k+1
’C]ja_-+1(i'k7 Zk) = ﬂ e xktt. fo;rl(l‘]) < I{/’kaJrl‘&k:zk (Ozl)
i=1 j=1
s k+1 (3.4)
= (7 e X0 AT < eyl +
i=1
Consequently, setting for &= (aq, ..., as), hkﬂ(xk Z*),i=1,...,s, k=0,...,M—1

by

Witk 28) = WP R, 2 ke (i) o= ke () + Hi(2%) = Y (2),  (3.5)

j=1
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we obtain “classical deterministic nonlinear” constraint sets (3.1) in the form
S
k+1/-k ky _ k+1 k+1 . gkl ¢ k+1 k+1 -k gk
KhH (25, 2 )_ﬁ{x+ € XFHL: pRHL (2R < pEL(ER, 2 )}. (3.6)
i=1

Remark. Evidently for every k =0,... M — 1, Z?:l fi’f;fl(xj ) can be replaced by

some continuous function f¥1(z*) defined on X*.

4. SOME DEFINITIONS AND AUXILIARY ASSERTIONS

4.1. Multiobjective deterministic optimization

A multiobjective deterministic optimization problem can be introduced as the prob-
lem:

Find
minh; (v), i =1,...s subject to v € K. (4.1)

hy,i=1,...s are functions defined on R™, L C R™ is a nonempty set.

Definition 1. (Geoffrion [8]) The vector v* is an efficient solution of the problem
(4.1) if and only if v* € K and if there exists no v € K such that A} (v) < hf(v*) for
i =1,...s and such that for at least one ig one has hj (v) < hj (v*). We denote the
set of efficient points of the problem (4.1) by the symbol Kg.

First, let us consider a special case when

i.1 there exist deterministic vectors d’° € R™, d; := d*(1 x n1), i = 1,...s, such
that hf(v) =dwv,i=1,...5, ve K, v:=v(ng x1),

i2 K={veR™: Av=">0,v > 0}, where A := A(m X n1), b :=b(m x 1) are a
deterministic matrix and a deterministic vector.

We recall the theorem of Issermann 1974 (for more details see e. g. [6]).

Theorem 1. Let the assumptions i.1 and 1.2 be fulfilled. A feasible v* € K is an ef-
ficient solution of the problem (4.1) if and only if there exists a A = (Aq,..., As) €R?,
A >0,i=1,...s such that

Z)\idiv* < Z)\idiv for every v € K.
i=1 i=1

Evidently, the assumptions i.1, 1.2 correspond to many applications (see e. g. [32]).
However, very often the assumption of the linear constraints is not fulfilled. If at
least the corresponding functions are convex ones, we can obtain (from the numerical
point of view at least approximately) also acceptable conditions determining efficient
points. To this end, first, we recall the definition of properly efficient points.
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Definition 2. (Geoffrion [8]) The vector v* is a properly efficient solution of the
multiobjective optimization problem (4.1) if and only if it is efficient and if there
exists a scalar M > 0 such that for each ¢ and each v € K satisfying h}(v) < h}(v*)
there exists at least one j such that h7(v*) < hj(v) and

hi(v*) — hi(v)
ORI (4.2)

We denote the set of properly efficient points of problem (4.1) by the symbol Kpg.

To recall the next auxiliary assertion we define the set A by the relation:
A= {)\GRS PA= (A, A, M €0, 1), i =18 Y N = 1}.
i=1

Proposition 1. (Geoffrion [8]) Let K be a convex set and let h¥, i = 1,...s be
convex functions on . Then v* is a properly efficient solution of problem (4.1) if
and only if v* is optimal in

néi]rclh**’\(v) for some A€ A with X\ >0,i=1,...,5s

A\ s (4.3)
and h* Mv) = > NhI(v).
i=1

If we denote by the symbols h*(Kg), h*(Kpg) C R® the image of Kg, Kpp C R™
obtained by the vector function h* = (hj,...h¥), then the implication

K closed and convex, h},i=1,...s continuous and convex on K

! (4.4)
= h*(Kpr) C h*(Kg) C h*(KpE)

has been recalled in [8]. The symbol h*(Kpg) denotes a closure of h*(Kpg).

Proposition 1 and the relation (4.4) are very suitable for a determination (or at
least “estimation”) of efficient and properly efficient points as well as their function
value. However, to this end it is necessary to be K a convex set and h},i=1,...s
convex functions. If these assumptions are not fulfilled, then corresponding condi-
tions are more complicated (for more details see e.g. [6]).

Completed this part, we recall an auxiliary assertion that can be very easy proven.

Lemma 1. Let £ C R™ be a nonempty set, b}, ¢ =1,..., s be functions defined
on R™. Let, moreover, the function h*:* be defined by the relation (4.3). We obtain.

1. If h¥,i = 1,...,s are Lipschitz functions on K with the Lipschitz constants L;,
then h**, A € A is a Lipschitz function on K with a Lipschitz constant not
greater then > 7 | L;.

2. If hf,i=1,...,s are bounded functions on KC, (|h}(v)] < M, v € K,
i=1,...,8, M > 0), then for every v, ff‘”\ is a Lipschitz function on A with
a Lipschitz constant not greater then sM.
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4.2. Omne-stage stochastic programming problems

To recall results achieved for one-stage stochastic programming problem let go(z, 2)
be a function defined on R" xR*, £ (:= {(w)) = [&1,...,&), n (=n(w)) = [n1, ..., 0]
be s-dimensional random vectors defined on (2, S, P). We denote by F, G; Pr, Pg;
Zr, Zg the distribution functions, probability measures and probability measures
supports corresponding to £ and n; by F;, G;, i = 1,..., s one-dimensional marginal
distribution functions corresponding to F' and G. Let, moreover X C R" be a
nonempty (“deterministic”) set, Xr, Xg C R™ be nonempty sets depending gener-
ally on F' and G.

A rather general “classical” one-stage stochastic programming problem can be
introduced in the form:

Find o(F) = inf{Epgo(z, &) |« € Xp}. (4.5)

To recall the definition of the Wasserstein metric djy, , let

M) = {veP@): [ [llvtas) <o},

where P(R®) denotes the set of all Borel probability measures on R®, s > 1, || - ||
denotes a “suitable” norm in R*. We denote by |[|-||, ¢ = 1, 2 the norm corresponding
to the space £;, i = 1, 2 in R®. If the Wasserstein metric is determined by || - ||,
then we denote M.(R?®) := M;(R®) and it is possible to employ the approach of
[30]. The following assertion has been proven in [16].

Proposition 2. (Karnkova and Houda [16]) Let Pg, Pg € M;(R?®). If for every
x € X, go is a Lipschitz (with respect to £; norm) function of z € R®, z = (21, ... 25),
the Lipschitz constant L is not depending on x € X. If, moreover, for every x € X
a finite Epgo(z, &), Eqgo(z, n) exist, then

s +oo
|[Ergo(z, §) — Eggo(z, n)| < L Z / |Fi(z;) — Gi(z)|dz; for z € X.
im1 /=0

The following lemma follows from the triangular inequality.

Lemma 2. Let Xp, Xg, X C R" be nonempty, compact sets, go be a uniformly
continuous function defined on X x R%; X, X¢ C X. If, moreover, for every x € X
a finite Epgo(z, &), Eqgo(z, n) exist, then

inf Epg — inf Eqg
Jof Ergo(z, &) — inf Ecgo(x, n)‘

<

a:le%gp Eggo(z, n) — xle%gg Ecgo(z, n)| -

a:le%gp Ergo(z, §) — xlef}g Eggo(, 77)‘ +

Evidently, the assertion of Proposition 2 can be employed for the investigation
of empirical estimates. To this end, let FV denote empirical distribution function
determined by random sample {¢'}Y , corresponding to the distribution function F.
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Proposition 3. (Kaiikovd [20]) Let ¢t > 0, Pr € M;(R®), {£/}5°; be an indepen-
dent sequence of s-dimensional random vectors with a common distribution function
F. If

1. FV is determined by {¢}¥.,, N =1,2,...,

2. Pr,, 1 =1,...sareabsolutely continuous with respect to the Lebesgue measure
on R! (we denote by f; the probability densities corresponding to F}),

3. there exist constants C7, Co > 0 and T > 0 such that

fi(zi) < Cyexp{—Cslz|} for 2z € (—oc0, -TYU(T, ), i=1,...s,

then for i € {1,...s},t >0 and 8 € (0, %) it holds that

P{N@/oo |Fi(zi)FiN(zi)|dzi>t} — 0.

—oo (N—o0)

To introduce the next implication we assume:

A.4 there exist constants ¥;, i = 1,...s and a surroundings U; (kg (o)) of kg, (o)
such that fl(zl) > ; for z; € Ui(k‘pi(ai)),

kr (i) = sup {2 : Pr{z <&} > ai}.
z; ERY

The following implication follows (for ¢ = i,...s) from results presented in [29]:

g N ko (s
Ad = PNk (o) —kpy (o) > 1} — 0 (46)

for every t>0, Be€(0,3).

5. MAIN RESULTS

Let the assumptions A.1, A.2 be fulfilled. Evidently, theosystem F is under the
assumption A.1 determined by the distribution functions F¢ and F¢. Consequently,
if we can assume that the realization £° is known, then F is determined by F*.

To introduce new results of this paper, let us first for kK = 0,...M — 1 define
deterministic multiobjective problems:

Find
minhf“(:ﬁk, zF), i=1,...s subject to zFe XF zFec ZF

(5.1)
with h¥t1 defined by (3.5).

If we define GF+1 A (z#, 2%), KD A(X*, ZF), k=0,...M —1 by

GHUA(ER, ) = YN (R, ), b e XP Zh e 28, de, (5.2)
=1
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KEFL A (XK, ZF) = {x € Xk zk e ZF . GFLA(zR) ZF)

= min{GFFLN(zk, 2F) . gk ¢ Xk ZF c ZF (5.3)
for some A€ A, N\ >0,i:1,..‘s}
and IC?';(U), u € R® by
K;*,i(u) = {mk+1 c Xkt1 . fl’“ﬁrl( k“) <wu,i=1,.. .,s} u=(ug,...,us),
then evidently
K@k, 2%) = K5 (h(ak, 2%)), 28 e X*, 28 e Z*.
If, furthermore,
H§-+17A()_(k, Zk) = {u ER®: u=(uy,...us), uy = W (zk, %),
(5.4)

i=1,...s for some (z*, z¥) € le'H Xk, Zk)}

the symbol I@i—H’A(X’“, 4] ﬂ;ﬂ’A(Xk Z*) denote closures of IC§-+1’A(X’“, R,
H?CH’A()_( k Z¥), then we can introduce stability results. However, first we make the
following remark.

Remark.

1. If, hy(z*, 2%), i = 1,...s are linear functions on X* x Z* and simultaneously
Xk, Z’C are deﬁned by a system of linear inequalities, then it follows from
Theorem 1 that IC?-H’A(X’“, Z¥) is a set of efficient points of the problem
(5.1).

2. If, hi(z*, %), i = 1,...s are convex functions on convex sets, then it follows

from Prop051t10n 1 that IC?-JFL A()_(k, Z¥) is a set of properly efficient points of
the problem (5.1).

5.1. Stability results

Theorem 2. Let the assumptions A.1, A.2 be fulfilled, k € {0,... M —1}, X* ZF
be nonempty convex, closed sets. Let, moreover, F¢, G° be two s-dimensional dis-
tribution functions determining the systems F and G, a; € (0, 1),i=1,...s,
a=(ag,...aq). If

1. there exist finite Ep-e, Eg-e,

2. a. H;,i=1,...s are convex, continuous Lipschitz functions on Z*,
fk+1
1,7

= .8, =1, , k are concave, continuous Lipschitz func-
tions on X
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c. hiti(ak, Z¥) = kpe(a;) + Hy(2F) — zk:fkﬂ( N, i=1,...s,

3. at least one of the following assumptions holds

a. IC?'}IL( ) is a nonempty set for every u € 'H’H'1 A(Xk 7R,
H;H’A(Xk, Z¥) is a compact set,

b. X¥ ZF k =1,...,M are nonempty, convex, compact sets, and, more-
over, IC‘I;_-+}1L(E']€, z¥) is a nonempty set for every (z*, 2) € IC?H’A(X’“7 zk),

4. gM(zM, zM) is a Lipschitz function on XM x ZM

5. there exists a constant Cy, > 0 such that for every z%(i) € X*, z*(i) € Z*,
i=1,2, W1 = (AFT . hEF1) it holds that

A [KE k1), 25 (1), kp=(a)), K5 (2F(2), 25(2), ko= (a))]
< B @), ), Ere (@) - B (aH(2), 24(2), hor(@)]
(k- (@) = (ki (@1), - s (24)), Ko (@) = (hisg (@), - s ()
then there exists constants Cyy, , Cf >0, i =1,...s such that

lpr(M) = g (M)] (

< chl/ IFE(20) — G ()| dzi + S Clcllops (1) — ks (00)]

i=1

2

s )

(@3
ot
=

The proof of Theorem 2 is given in the Appendix.

Remark. It follows from the results of [9] or [11] that the assumption 5 of Theo-
rem 2 is fulfilled (of course under some additional assumptions) if e. g.

e H;, i=1,...s are Lipschitz functions on Z*, k =1,... M,

o f’fj‘l, i=1,...s, j=1,...k are Lipschitz functions on X7,
and, moreover, one of the following situation happen: l.kJ,ngrp i=1,...s are linear,

convex or differentiable functions with the gradients fulfilling some special properties
(for more details see e.g. [9, 11]).

Theorem 2 introduces stability results under the assumptlons that ka,
i =1,...s, j = 1,...k are concave functions and H;,i = 1,...s convex func—
tions. Moreover, to this assertion the assumption 5 has to be verified. The situation
is more simple in the special case when the problem (5.1) is a multiobjective linear
programming problem. In this special case, the assumption 3 can be replaced by one
that can be verified by modified simplex algorithm (for more details see e.g. [6]).
To introduce the corresponding theorem we assume:

i3 H;,i=1,...s, k=1, ..., M are linear functions on Z*,

i.4 fzk';l, i=1,...5,j=1,...k, k=1,...M — 1 are linear functions on X7.
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Theorem 3. Let the assumptions A.1, A.2 be fulfilled, k¥ € {0,...M — 1},
X*. Z* be nonempty convex, closed polyhedral sets. Let, moreover, F, G° be two
s-dimensional distribution functions determining the systems F and G, «; € (0, 1),
i=1,...s,a=(a1,...a5). If

1. the assumptions 1, 4 and 5 of Theorem 2 are fulfilled,

2. the assumptions i.3 and i.4 are fulfilled,
k
3. @, ) = k() + () = L 1@, i =1,

4. K§-+1(ﬂfk7 z¥) is a nonempty set for every (2", 2*) € IC?_LA(Xk’ z"),
,CIJC__JrLA(X"C7 Z’f) is a compact set,

then there exists constants C’{,Vl, C% >0,i=1,...s such that
lpr (M) — g (M) (5.6)

< chl/ IF2(20) — G ()| dzi + S Ccllors () — ke (00)]
=1

The proof of Theorem 3 is given in the Appendix.

Remark. If we compare the assumptions of Theorem 2 and Theorem 3 we can see
that the assumptions 2, 3 (Theorem 2) are replaced by more simple assumptions 2,
3 and 4 (Theorem 3). This assumptions can be verified by a more simple way; this
possibility is guaranteed by Theorem 1.

5.2. Empirical estimates results

To study the empirical estimates ¢z, (M), N = 1,2, ... of the optimal value of
or(M), let {'}22, be a sequence of independent s-dimensional random vectors
with common distribution function F'*. We denote by the symbol F, empirical dis-
tribution function determined by {e?})¥; and the corresponding marginal empirical
distribution functions by the symbols Fy/,i = 1,...s, N = 1,.... Employing the
assertions of the last subsection we can obtain.

Theorem 4. Let the assumptions A.1, A.2 be fulfilled, k € {0,... M —1}, X* ZF
be nonempty convex, closed sets. Let, moreover, F° be a distribution function
determining the system F, a; € (0,1),i=1,...s, a = (aq,...a;). If

1. the assumptions 2, 3, 4 and 5 (for kge (@) € U(kpe(@)) ;U (kps(@)) asurround-
ings of kpe (@) of Theorem 2) are fulfilled,

2. {e}9°, is a sequence of independent s-dimensional random vectors with com-
mon dlstrlbutlon function F*,
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3. Pps,i=1,...s are absolutely continuous with respect to the Lebesgue mea-
sure on R (we denote by f£, i =1,...s the corresponding probability densi-
ties),

4. there exist constants Cy, Co > 0 and T > 0 such that

fi(zi) < Crexp{—Cs|z|} for z € (—o0, -T)U(T, ), i=1,...s,

5. the assumption A.4 is fulfilled,

then
PN lpx(M) — gy (M)] > 1} = 0 for €0, 3).

— 00

Proof. Since the existence of finite Epce follows from the assumption 4, we
can see that the assertion of Theorem 4 follows from the assertions of Theorem 2,
Proposition 3 and the relation (4.6). O

Theorem 5. Let the assumptions A.1, A.2 be fulfilled, k € {0,... M —1}, X* ZF
be nonempty convex, compact polyhedral sets. Let, moreover, F* is a distribution
function determining the system F, «; € (0, 1), i=1,...5, @ = (aq,...a5). If

1. the assumptions 1, 2, 3 and 4 (for kg-(a) € U(kp-(@)), ;U(kp-(@)), a sur-
roundings of kp= (&) of Theorem 3 are fulfilled,

2. {e'}$2, is a sequence of independent s-dimensional random vectors with com-
mon distribution function F*€,

3. Pps, i =1,...s are absolutely continuous with respect to the Lebesgue mea-
sure on R. (We denote by ff,i = 1,...s the corresponding probability den-
sities),

4. there exist constants Cy, Co > 0 and T > 0 such that

fi(z) < Crexp{—Cs|z|} for z € (—oc0, -T)U(T, ), i=1,...s,

5. the assumption A.4 is fulfilled,
then

P{N"Ioz(M) = ¢z (M)| > 1} = 0 for B€ (0, 4).

Proof. Since the existence of finite Epee follows from the assumption 4, we
can see that the assertion of Theorem 5 follows from assertions of Proposition 3,
Theorem 1, Theorem 3 and the relation (4.6). O
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APPENDIX

To prove the assertions of the last section we have to deal with individual objective
functions. However, first, we prove some assertions dealing with individual constraint
sets. To this end we generalize the results of [19].

Part 1. Constraint sets
Let us for k € {0, 1,... M —1} consider the problem (5.1). If we denote by the symbol
KChFL(XF, ZF), ICk+1 p(XF, ZF) C RM x R* the sets of efficient and properly
efficient points (z*, ) of the problem (5.1), then it follows from the relation (3.3)
that for compact sets X%, Z*

KA (zk, 2%)  is a nonempty set for (z*, 2F) € KL (X*, ZF) s.1)
~ _ 1
= K&iF(zF, 2%) is a nonempty set for  (z¥, 2F) € X* x Z*.

Furthermore, if K% (z*, %) are convex functions on convex sets X*, Z*, then it
follows from Proposition 1 for GF+1:2(zF zK) X € A introduced by (5.2) that

(z*, Z¥) s a solution of the problem min{G*+1A(z* zF):
zF e XF ZF e ZF} forsome A€ A, N\ >0,i=1,...5 (S.2)
= (3 2) e KEpp(XF, ZF).
To obtain a relationship between (S.1) and (S.2) we employ the relation (4.4). To
this end let ICI}'H’ AM(X*, Z%) be defined by the relation (5.3) and let H’}H’ MXE, ZF)

be defined by the relation (5.4). If the assumptions of Theorem 2 are fulfilled, then
according to Proposition 1 also

Hk+1 A(Xk ZF) = {u ER: u=(uq,...us), u; = h’?+1(jk ),

~ S.3
i=1,...s forsome (zF zF) ¢ IC?—Jr}lpE(Xk,Zk)} (5:5)

We denote by the symbols KCiTHA(Xk Zk) - HEFLA(XE ZF) and
IC’}JFIIDE(Xk7 Z¥) closures of ICI}'H MXF, ZR), H k+1 A(Xk Z*) and
l??r},_E(Xh Z¥). Evidently, IC}}_'H’A(X’C Zk) = /CkH (X", Z*) and, moreover, if
X k,_Z k are compact, convex sets and hf“, 1 =1,...s continuous, convex functions
on X* x Z* then

HEFLANXF ZF) = {u e R« wy = WY (@, 29),i=1,...s

for some 7% € X% zFe ZF, (zF ZF) € l@’;fl’A()_(k, ZR)Y.

Consequently, if, X*, ZF are compact convex sets, hi—““, ¢+ =1,...s convex, contin-
uous functions on X* x Z* then

KA (%, %) is a nonempty set for every (z*, z) € l€§-+1’A(Xk, ZF) (5.4)
= K§-+1(i‘k, z%) is a nonempty set for every z¥ ¢ X* zF ¢ Z*.
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We have proven the following auxiliary assertion.

Proposition S.1. Let o; € (0, 1), @ = (ay,...a5). If for k€ {1,... M — 1},
1. X7, j=1,...k, Z* are nonempty convex, compact sets,
2. a. H;,i=1,...s are convex functions on Z*,
b. fF i=1,...s,j=1,..., k are concave functions on X*,

1,7

c. hETH(R, 2%) = kpe (aq) + Hi(2%) — z A ad), i=1,...,

3. I@i-H’A(Xk, Z%) is a closure of IC];_-H’A(X’“, Z*) defined by the relation (5.3),
then
KA (zF, 2%)  is a nonempty set for every (z¥, zF) € ICI;_-H’A(Xk, Zk)
= Kit'(zF2*) is a nonempty set for every z* e X%, zF € ZF.

Evidently, the compact prgper‘gy of the set X*, Z* can be replaced by the compact
property of the set Hk+1 (X*, ZF) (defined by the relation (5.4)).

Proposition S.1 introduces sufficient assumptions under which the constraint sets
corresponding to the inner problems in (2.2) are nonempty. It can be rather com-
plicated to verify exactly the assumptions. The exception is only the linear case.
Proposition S.2. Let o; € (0, 1), @ = (ay,...a5). If for k€ {1,... M — 1},

1. X7, j=1,...k, Z* are nonempty convex, compact, polyhedral sets,

2. the assumptions i.3, i.4 are fulfilled,
then

KEFL(Z%, 2%)  is a nonempty set for every (z*, zF) € KhTHA (XK, ZF)

= Kﬁ-ﬂ(sﬁlﬂ zF) is a nonempty set for every zF € X zF e ZF.

Proof. The proof of Proposition S.2 follows immediately from the assertion of
Theorem 1. ]

Evidently, the problem:
Find

min{GFHMNzk ) zh e XF R e ZF) for Ae A N >0,i=1,...5

is (under the assumptions of Proposition S.2) a problem of linear parametric pro-
gramming. A modification of the well known simplex algorithm to solve this problem
can be found in [6].
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Part 2. Objective functions

First, let us generalize and modify the assertion introduced in [14].

Proposition S.3. Let the assumption A.1 be fulfilled, k € {0,... M — 1}. If
1. Pge is absolutely continuous with respect to the Lebesgue measure on R?.
(We denote by f€ the corresponding probability density),

2. a. gitH(@F+1 2841 is a Lipschitz function (with respect to L2 norm)

on Xk+l x Zk+1

b. there exists a finite Ep-e,

then
k+l/-k+1 7k
E periijgemse gy (2571, €87)
is a Lipschitz function (with respect to £ norm) on X**1 x Z%.
Proof. First, since evidently F¢" " '1€"=="

see that

(2FH12F) = Fe (2P — H(2%)) we can

k+1/=k+1 Fk+1
EF§k+1‘gk:3kgf+ ($ * 7§ + )

_ B k41| gk _zk B
— / g§+1(xk+17 Zk+1)dF§ =z (Z’H—l‘zk)
ZF&’““IE’“zE’C

— gl}H(:Ekﬂ, 2k+1) fa(ZkJrl _ H(Zk))dszrl
ZF£k+1|§k:2k

gF @ (FF u+ H(ZR) o (u) du,  2FHE = (2R, AT,
ZFa

where Zpert1er—:x denotes the probability measure support corresponding to
F£k+1 ngzzk )

Now already it follows from the assumption 2 and elementary properties of in-
tegral that gi+!(z#+1, (2%, u + H(2¥)) is a Lipschitz function (w.r.t. £ norm) on
X+l ZF. O

Furthermore, we recall and modify the assertion of [9] (see also [11]).
Lemma S.1. Let k € {0,... M —1}, Xkt Z*+1 be nonempty, compact sets. Let,
moreover, the assumption A.1 be fulfilled. If

1. the assumptions of Proposition S.3 are fulfilled.

2. IC?-H(E"’C, zF) is a multifunction mapping X* x Z* into the space of nonempty,
closed subsets of R™ such that for every z*(i) € X*, zF(i) € ZF, W+l =
(R¥TL ..., hE*1) it holds for a constant Cj > 0 that

A[KRE (@R (1), 25 (1) ke (@), K5H(Z5(2), 2(2), kg (@))]
< Gl ER(L), 28 (1), kpe(a)) — RMHH(ER(2), 24(2), kpe (@) ]2,
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3. for every 7% € X*, zF ¢ ZF,

inf {EngJrl‘gk =k g;fl( k+1, €k+1) |.’L‘k+1 S IC;Jrl(fk, Zk)} > —00,

then g% (z*, 2¥) is a Lipschitz function (with respect to L2 norm) on X* x Z*.
( Al-, ] the Hausdorff distance, for the definition see e.g. [28].)

Proof. Since the assumptions of Proposition S.3 are fulfilled we can see that
D g’j¢+1(§7k+1, €F+1) is a Lipschitz function on X*¥*1 x Z*. The assertion
of Lemma 3 follows then from the assertions of [11] (Lemma 1). 0

Furthermore, it follows from the assumption 2 of Lemma 3 and the relation (3.5)
that under the assumptions A.1, A.2 for % € X* z¥ ¢ Z* there exists a constant
C4 such that

A KN @R 25 kpe (@), KT (%, 28 kg (@))] < clz|ka(ai) — kas(ai)| . (S.5)

i=1

Proof of Theorem 2. First, it follows from Lemma 3 that (under the
assumptions) for k = 0,... M — 1, gk+1( k+1 zk+1) are Lipschitz functions on
XFk+L % ZF+1 Furthermore, it follows from the assertion of Proposition S.3 that
Epekt1igr_zh gitt(zF+1) €k+1) is a Lipschitz function (with respect to £ norm) on
XFk+1 x ZF. However, then according to the assertions of Proposition 2 there exists

a constant Ly such that

k+1( BHL gkl
b

| B pertrigh—zk g (gL, 2 )

k
— Eger+1jen—st g5

k+1|gk_ sk _ k+1|gk_sk _
< u;ff@ﬂf IR - G T () dk
P

for zkFtl ¢ XkHL zk ¢ Zk,

Employing the assertionb of Lemma 2 and the relation (S.5) we can see that there
exist constants Cz CK ,i=1,...s such that for z%¥ ¢ X* zF ¢ ZF

|95 (*, ) — g§(z*, )|

< X On¥ Jor |2 (20) — G5 (20) | dzi + 32 O lkpe (i) — ke (ai)]-

i=1

(S.6)
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and, furthermore, employing the inequality that has been proven (for 2° € XV) in
[12] (see also [15])

\EFsog%(ﬂﬂo, 50) - Ecao g%(x(% 50)\

IN

E inf E ,
| Fe0 1 ek (s0,60) Fel |509F( f)

- E inf E zl €t
Ggoajlel(f}:(wo,fo) F€1\€09F( &l

+ |E inf E inf E 2 ¢2
Eoe Tl eR G (20,£0) petle? a?€KE (2! ,€) reie 9r(®6)

— EGEO inf EGgl‘go inf _ EF§2|§19F( ,€2>|

ot e (@0.e) 2?eKy (a1 8) (S.7)
E inf ...... inf E o
‘ ¢ Oxlelclén(xoafo) mM—lelCM_lln(ng—2 EM—2) e
i EM
acMeIC¥(gl”f—1,EM_1)EFEM“M rgp (@M, €M)=
E inf ..., inf E L
G xlEK;lbn(Ioﬁo) w]g”_l ICM_lln(jMfz EM~2) GeM g2
i cM
mMelcgf(gllvf—l,gM_l)EGﬁM\iM 19a ( ,5 )|
Evidently, if Xk Zk k=1, , M — 1 are not compact sets, then we have

replace the set le'H A(Xk A by the set HIH'1 A(Xk Z* and assume that the set

HI;_-JF}IL A(X k Zk is a compact one. We can see that the assertion of Theorem 2 is
valid. O

Proof of Theorem 3. Employing the assertion of Proposition S.2 instead
of Proposition S.1 in the complete proof of Theorem 2 we can obtain the assertion
of Theorem 3. ]
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