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NEAR LATTICES
DIETMAR SCHWEIGERT

In order to describe the posets by algebraic structures which are similar to lattices
we introduce the near lattices with two binary operations denoted by A and v. In
comparison with lattices only weaker forms of the associative and the commutative
laws hold and also the correspondence between posets and near lattices is not
unique. We discuss the axioms and show that a near lattice is a lattice if and only if
the commutative laws hold. Furthermore we characterize the minimal non trivial
subvarieties of the variety of near lattices. Finally we study the associative
distributive near lattice and describe the simple algebras of this variety.

1. Near lattices and posets

Definition 1.1. The algebra (V; A, v) is called a near lattice if the following
equations are fulfilled :

1) xA(yrz)=(xay)a(yAz) 1) (xyy)vyz=(xyy)v(yvz)
2) xA(xAy)=xAy 2) (xvy)yy=xvy

3) xAx=x 3) xvx=x

4) xAy=xn(yAax) 4') xyy=(yyx)vy

S) xA(xyy)=x 5) xv(xAy)=x

6) (yyx)ax=x 6') (yAx)yx=x

Proposition 1.2. In every near lattice (V; A, v) the following laws 6b)
xA(yvx)=xand 6'b) (xAy)yx=x hold.

Lemma 1.3. To every near lattice (V; A, v) these corresponds a poset (V; =
defined by a=b iff bAa=a.

Proof. Reflexivity a = a because a Aa =a by 3). Antisymmetrya=b and b =a.
We have bAa=a and anb=b;

b=bv(bAa)=bva a=anr(bva)=aAib=b.
Transitivity a=<b and b=c. We have bAa=a, b=cAb
cha=cA(bra)=(cAb)a(bra)=bAa=a.
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Remark 1: We note that baa a iff bya-—b.
Remark 2: As the operations A and v are not commutative one has to define

the antiautomorphism of a near lattice (V; A, v) in the following way: The
bijective map o: V— Vis called an antiautomorphism if a(xAy) a(y)vo(x)and
o(xyy) = o(y)ro(x).

Proposition 1.4. If x Ay <y, then the element x Ay is the infimum of x, y and has
the property x Ay =yAx.

Proof We have yA(xaAy) xAy and by 4) ya(xAy)—ynax. Since
xA{xAny)—xaywehave xAy=xand xayisalowerboundof x, y. If ris another
lower bound, then xAr=r=yar. We have r (xa(ynar) (xAY)A(yAr)

= (xAy)Aar. Therefore r xAy.
We notice that from x < x v y it follows that x v y is the supremum of x, y and has

the property xyy —yvx.
Theorem 1.5. To every poset (V; =) there corresponds a near lattice (V; A, v)
which has this poset as order relation.

Proof:
We define
[y if y=x
XAy { x else
and
f >
xvy={x if x=y
y else

The axioms can be verified by direct computation. We prove here only the axiom 1)
XA(yAz) — (xAy)A(yAz). Consider the cases 1a) yAz—y and xAy =x. Then
A=xA(yrz)=xand B=(xAy)A(yr7) —xay—x.1b)yaz=yand xany=y;
thenA=y=B.1c)yAz=zand xAz—z;then B—zforxay —xorxay—y. 1d)
ynz=zand xAz—x; then B—z for rAy=x. For xAy=y we have z=x and
therefore x =z.

Proposition 1.6. The following weak associative laws hold in a near lattice :

1b) (xAay)az=(xay)a(zax) 1Ib") xv(yvz)=(zvyx)v(yvz)

Proof.
(xay)nz—(xay)AlzA(xAy)] by 4)
—(xANAIzAD)A(xAY)] by 1)
—(xay)a(zax) by 4).

Theorem 1.7. The near lattice (V; A, y) is a lattice if and only if the
commutative laws hold.
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Proof. We have only to show that the associative laws hold

xA(yAz)=(xAy)A(yAz) byl)
=(yAx)A(zAy) by commutativity
=(yAx)Az by 1b)
=(xAy)Az by commutativity

2. Subvarieties of near lattices

Notations. D, is the two-element lattice. By D? we denote the algebra (0, 1;
A, Y) defined by

A 0 1 y 0 1
0 0 0 and 0 O 1
1 1 1 1 0 1
The Hassediagrams are: .
. 1 2‘ o ©
D;: 0 D 01

Theorem 2.1. Every near lattice with more than one element has at least D, or
D? as a subalgebra.

Proof. If (V; A, v) has two comparable elements a, b with a<b, then a,
b generates D,. We have bAa=a, bya=b and aAb=aA(bAa)=a, avb=
(bya)yb = byb=0»b.

If (V; A, v) consists only of incomparable elements, then we consider a, be V.
We have aAb=a and hence aAb=a. Similarly we have bAa=b. We have
b=avyvb and hence b =avyb. Similarly bya=a.

Definition 2.2. A near lattice is called distributive if the following laws hold :

6a) xA(yvz)=(xAy)v(xAz) 6a’) xv(yAz)=(xvy)A(xvz)
6b) (xvy)Az=(xAz)v(yAz) 6b") (xAy)vz=(xvz)A(yvz)

Lemma 23. If (V; A,vy) is a associative distributive near lattice, then
f(x)=(aAx)yb is an endomorphism.

Proof.
fxAy)=[aA(xAy)]yb
=[(aAx)Ay]yd by associativity
=[(aA(xAa)Aylyb  byd)
=[(aAx)A(aAy)]vbd by associativity
=[(aAx)yb]A[(aAy]yb by distributivity
= f(x) A f(y)

f(xyy)=f(x)¥f(y) in a similar way.
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Lemma 2.4. A simple associative distributive near lattice cannot contain a chain
with more then two elements or a chain with two elements a, b and an element
incomparable to a, b.

Proof. Assume that C is a chain with 3 elements @« <b <c¢. The congruence
relation @ defined by (x, y)e@ iff (bax)va = (bAy)ya is not trivial.

Assume that C is a two-element chain a, b and ¢ an element incomparable to a,
b, a<b. Again we have (bac)va = (bva)a(cva) = bA(cva)=hb. On the
other hand we have f(a)—(baa)va=a and f(b)=(bab)ya = bva=b.
Therefore 6 is not trivial

Theorem 2.5. The associative and distributive near lattice V is simple if and only
if V is isomorphic to D, or D,

Proof. Obviously D, and D? are simple. We have to show that D’ is associative
and distributive. As the following equations hold xAy =x and xvy=y, we have
xA(yAz) = (xAy)az. Furthermore xA(yvz) = (xAy)y(xAz) and (xyy)az
— (xAz)v(y Az). On the other hand we have by lemma 2.4 that V is isomorph to
D, if V has two comparable elements. But V is only simple if V has only two
elements.
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MOYTHU PEUIETKH
Our™map llseurept
Pesilome

B cTatbe BBOAMTCA NOHSTHE NMOYTH PELUETKH C ABYMsI GHHApHBLIMH ONepaUHaMu A, ¥ C LENbiO
ONUCaTh YACTHYHO YNOPAAOYEHHbIE MHOXECTBA KaK anreGpanieckHe CTPYKTYPbl, MOXOXHE PelueTKaM.
B n04TH peleTKax HMEIOT MECTO TONBKO Gonee cnabble aCCOUMATUBHBIE H KOMMYTATHBHbBIE 3aKOHDI,
a TAKXE B3aUMHOE COOTBETCTBHE MEXAY YaCTHYHO YNOPSAOYEHHLIMH MHOXECTBAMH M NMOYTH pelleT-
KaMH He OfIHO3HAYHO. Kpome TOro faHa XapakTepH3alius MHHHMANLHBIX HE TPHBHANLHBIX IOAMHOTO-
o6pa3unit MHOrooGpa3ns MOYTH peieToK. TIpHBENEHO TOXe OmMHMCaHWe NPOCThIX anre6p MHOro-

06pa3m| ACCOUHATHBHBLIX ﬂHC’T‘pHﬁy’l’HBHb[X NOYTH PELUCTOK.
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