Mathematica Slovaca

Martin Ma¢aj; Milan Pastéka; Tibor Salat; Marek Zabka
On difference sets of sets of positive integers

Mathematica Slovaca, Vol. 53 (2003), No. 2, 129--144

Persistent URL: http://dml.cz/dmlcz/136880

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 2003

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/136880
http://project.dml.cz

Mathematica
Slovaca

T
Math. Slovaca, 53 (2003), No. 2, 129-144 A Acadermy of Scienc

Slovak Academy of Sciences

ON DIFFERENCE SETS
OF SETS OF POSITIVE INTEGERS

MARTIN MACAJ* — MILAN PASTEKA**
— TIBOR SALAT* — MAREK ZABKA*

(Communicated by Stanislav Jakubec )

ABSTRACT. The relation between densities of sets A C N = {1,2,...n,...}
and their difference sets is studied in this paper. Further, using dyadic values of

sets A C N, some properties of difference bases of various types are investigated
here.

Introduction and notation

The concept of a difference set (distance set) of a set was introduced and
studied originally for sets of real numbers (cf. [15]). If A,B C R (or A,B C N),
then we put

D(A,B)={z—y: z€ A, ye B}.
If A= B, then we write D(A) instead of D(A, A).

In [15] a fundamental result for difference sets of sets of real numbers is
proved.

If A C R is a set of positive Lebesgue measure, then the set D(A)
contains an interval of the form (—n,n), n>0.

This result was extended in various directions (see e.g. [5], [6], [8], [9],
[11], [14)).

Difference sets D(A) for A C N are investigated in [13]. It was proved here
that if the upper asymptotic density of a set A C N is greater than %, then
each integer z can be expressed in infinitely many ways in the form z =z — vy,
where z,y € A.

The study of difference sets A C N suggested the introduction of several

types of difference bases (cf. [3], [16]). These bases will be studied in the second
section of the paper.

2000 Mathematics Subject Classification: Primary 11B05, 11B13.
Keywords: asymptotic density, uniform density, difference set.
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As usual we put for A C N:

A(n) = card({1,2,...,n} N 4),
d(A) = liminf Aln) , d(A) = limsup A;n)

n—oo n n—oo

(the lower and upper asymptotic density of A). If d(A) = d(A), then we set

d(A) = d(4) = A(4),  d(A) = lim 2

n—oco n

(cf. [10; p. 70-71]). Observe that all these numbers belong to the interval [0, 1].

We recall the concept of uniform density of a set A C N. For integers ¢, s,
t>0,s>1, weput

At +1,t+s) =card([t + 1,t + s] N A).

Further
a, =liminf A(t + 1,t +s), o’ =limsup A(t + 1,t + s).
t— o0 t—o0
Then there exist
S
u(A) = lim %, u(A) = lim Sl
s—00 8 §—0 §

If u(A) =u(A), then we put
u(A) = u(4) =u(4),
and u(A) is called the uniform density of A (cf. [2]).
For every A C N we have
u(4) < d(A) < d(4) <T(4), (1)

and these numbers belong to [0, 1] (cf. [2]).
If n € N, then interval (0,1] can be expressed as a union of intervals
ik) = (—2’2— k;;l] 0<k<2'—1
(so called the intervals of the nth order).

To every i%k) , a finite sequence

€1,Eg1-+ 1 Ep (2)
o0 .
of 0’ and 1’s corresponds in such a way that if z € i), £ = 3= ¢;279 (non-
=)

terminating dyadic expansion of z), then ¢ =¢€

; (3 =12,...,n). We say
briefly that i(*) is associated with the sequence (2).
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ON DIFFERENCE SETS OF SETS OF POSITIVE INTEGERS

If A C N is an infinite set and

A={a;<a,<---<a,<...},

n
then we put

o(4) =) 27 €0,1].

The number p(A) is called the dyadic value of the set A. (Dualwert der Menge
A, cf. [17]). This number can be written also in the form

o(4d) =) e 27",
n=1

where ¢, is the characteristic function of the set A. (i.e. €, =1 if n € A and
€, = 0 otherwise.)

Denote by U the class of all infinite subsets of N. Then ¢: U — (0,1], (o(4)
is defined before) is a one-to-one mapping of U onto (0, 1].

For § C U we set o(S) = {o(A) : A € S§}. The set o(S) C (0,1] can be
regarded as a means for “measuring” the magnitude of the class S.

In what follows A(M) (for M C R) stands for the Lebesgue measure of M,
and dim M for the Hausdorff dimension of M.

This paper consists of two sections. In the first one we will deal with the
relation between the densities of sets of positive integers and properties of related
difference sets. Among other things, we improve the result of W. Sierpinski
(cf. [13]). In the second section we will investigate the properties of some types
of difference bases of the set N and Z (the set of all integers) and related sets
0(S). S being the class of all difference bases of a given type.

1. Densities of sets of positive integers
and properties of related difference sets

In [1] the following result is proved:

THEOREM B. Let A, B C N. Suppose that one of the following conditions is
satisfied:

(a) d(4) > 3, d(B) > 3,
(b) d(A)>1,d(B)>1.

Then, for every z € Z, there ezist infinitely many pairs (z,y) € A X B such
that z =z —y.

We improve the previous theorem and prove that it is the best in some sense
(see Remark after Theorem 1.1).
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THEOREM 1.1. Let A, B C N satisfy one of the following conditions:

(i) d(A) +d(B) > 1,

(ii) d(A) +d(B) > 1.
Then for every z € Z there exist infinitely many pairs (z,y) € A x B such that
z=xT—Yy.

Proof. Suppose that (i) holds. Then
1-d(B) <d(4),
and so we can choose numbers t,, ¢, such that
1-d(B) <t, <t, <d(A). (3)

We proceed indirectly. Assume that there is a z € Z such that only for a finite
number of pairs (a,b) € A x B we have z = a — b. Then there exists a b, € B
such that

(VbeB)(b>b, = b+2z¢ A). (4)

Let n > by, by <b<n,be B. Then b+ 2z ¢ A by (4). The number of such b’s
is B(n) — B(b,). A simple estimation yields

An+lzl) S n+ 2l = (B(n) — Bby)) - ()

Further by (3) we get d(B) > 1 —t,. From this it follows that there exists an
n, € N such that

(Vn)(n>n1 ————>#>1—t1). (6)

On the other hand (see (3)), d(A) > t,. This yields that an n, can be chosen
in such a way that

b
ny > max{nl, |t2| +t0 } (7)
2 h
and simultaneously
A
Ana) 5, (7)
Ny

Since n, > n,, we get from (6)

B(nQ) 1— t] (7N)
Ny
Summing (7') , (7"") we obtain
A(ny) + B(ny) > ny(1+1t, — 1) (8)
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By a simple estimation we can obtain from (5)

A(ny) < A(”2 + |Z|) <ny + [2] = B(ny) + by,

thus
A(ny) + B(ny) <ny + |2] + b, . (9)
From (8), (9) we have
|z| + b,
ny < t,—1,
contrary to (7).
The case (ii) can be proved similarly. O

Remark. Theorem 1.1 is the best possible in the sense that the equality
d(A)+d(B) =1

is in general not sufficient for every z € Z to be expressed in the form z =z —y
for infinitely many pairs (z,y) € A x B. To see it, we can choose

A=B=1{24,...,2,...}.

Then d(A) 4+ d(B) = 1 and no odd number can be expressed in the mentioned
form.

In [13], the following result is proved:

THEOREM S. If A C N and d(A) > 3, then, for every z € Z, there eist
infinitely many pairs (z,y) € A x A such that z =1z —y.

We will improve this result by replacing d by @ (see (1)).

THEOREM 1.2. If A C N and u(A) > %, then for every z € Z there exist
infinitely many pairs (z,y) € A x A such that z=z —y.

Proof. Weprove the equivalent statement: If A does not have the property
mentioned in Theorem 1.2, then w(A) < % Hence, suppose that thereisan [ € N
and only a finite number of pairs (z,y) € A x A such that | = z —y. Then there
exists an ny, € N such that, for m > n,, at most one of the numbers m, m +1
belongs to A.

Consider the number A(m+1,m+3s) (s € N) of elements of A belonging to
interval [m+1,m+s]. Put s=2ki4+r, k€N, 0 <r < 2l. We can decompose
the sequence m+1,m+2,...,m+ s into the pairs of sequences each having the
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length | and a rest sequence as follows:

m+1,...m+Im+Il+1,..., m+2l the first pair,
m+2l+1,....m+3;m+3l+1,...,m+ 4l the second pair,

' (10)
m+(2k—-2)l+1,...,m+ (2k—1);

m+2k-1)1+1,...,m+2kl
m+2kl+1,...,m+2kl+r

the kth pair,

the rest sequence.

If a number m+14 (1 < i <) belonging to the first sequence of the length [
belongs to A, then m + 1+ (belonging to the second sequence of the length 1)
does not belong to A, and conversely. Thus the number of elements of A be-
longing to the first pair of sequences (10) does not exceed the number [, i.e.

Am+1,m+2l) <.
Similarly

Am+2l+1,m+4l) <1,

A(m+ (2k —2)l+1,m + 2kl) <1,
and trivially
Am+ 2kl +1,m+ 2kl +71) < 2l.

Summing these inequalities we get A(m + 1,m + s) < kl + 21. Thus
a® =limsupA(m+1,m+s) < (k+2)I,
m—o0
and so
(k+2) (k+2)
= 1
s 2kl +71’ (11)

where 0 <r < 2l. If s - o0, then kK — oo, and from (11) we obtain

S
o <
P

N |
u(A) = lim s <75

O

The following example shows that the previous Theorem 1.2 is really an
improvement of Szierpinski’s theorem from [13)].

134



ON DIFFERENCE SETS OF SETS OF POSITIVE INTEGERS

o0

EXAMPLE. Put A = |J{2* +1,...,2% + k}. Then it is easy to check that
k=1

d(A) = 0. Hence Theorem of Sierpiriski cannot be applied to A. But

u(A) = 1 and so by Theorem 1.2 each z € Z can be expressed in the form

z=x—y for z,y € A in infinitely many manners.

In Theorem 1.2 we have applied the concept of uniform density of sets A C N.
This fact evokes the question whether an analogous application of this concept
would be possible also in Theorem 1.1. In what follows we will give an affirmative
answer to this question.

THEOREM 1.3. Let A, B C N satisfy one of the following conditions:
(i) u(A) +u(B) >1,
(ii) u(A)+a(B) > 1.

Then, for every z € Z, there exist infinitely many pairs (z,y) € A X B such
that z =z —y.

Proof. Suppose that (i) holds. Then 1—u(B) < w(A). Choose two numbers
t,,t, such that
1-u(B) <t <t, <u(A). (12)

We proceed indirectly. Suppose that there is a z € Z such that exists only a
finite number of pairs (a,b) € A x B with z = a —b. Then there is a b, € B
such that

(Vo>b)(beB = b+z2¢ A). (13)

From this we obtain for every n > b, + z
An+Ln+s)+Bn—z+1,n—2z+4+3) <s. (14)
Further in virtue of (12) we have u(B) > 1 —t,. Hence
(3sp)(Vs>s5)(3n(s))(Vr>n(s))(B(n+1,n+s) >s(1—t)). (15)
Further by (12) we have @w(A) > t,. This yields
(3s,)(Vs>s,)(Vm)(In >m)(A(n+1,n+s) > st,) . (16)

Choose s > max{s,,sg} and m > max{b, + z,n(s) + z}. Then by (16) we get
for a suitable n’ > m

An' +1,n" +8) > st,, B(n'—z+1,n —z+s)>s(1-1t,).
Summing these inequalities we get
Aln' +1,n +s)+B(n'—z+1,n —2z+3s)>s.
This contradicts (14).
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Let (ii) holds. Let z € Z, then by the previous part we conclude that for
—z there are infinitely many pairs (b,a) € B x A such that —z = b — a, i.e.
z =a —b. The proof is finished. O

We finish this section with discussion about the assumptions of Theorem 1.1
and 1.3 and by showing that these theorems are in fact incomparable.

Choose A = B = {2,4,...,2n,...}. This shows that the strict inequalities
in assumptions of Theorems 1.1, 1.3 cannot be replaced by the symbol >.

It is easy to show that the lower densities in these theorems cannot be replaced
by upper densities. We show this by the following example.

ExamMPLE 1.1. Put
A=J{2" +1,...22"" 1)
k=1

and

Then -
A(22 + ) 222k+1 _ 222k— 2
222k+1 - 222k+1

— 1

as k — co. And so d(A) = 1. Similarly d(B) = 1, hence @(4) = u@(B) = 1
(see (1)). So we get

a(A) +a(B) =d(A) +d(B) =2 > 1,

but D(A, B) does not contain 1, —1.
The question arises whether the assumptions formulated in Theorems 1.1
and 1.3 can be mixed. For instance suppose that

u(A)+d(B) > 1 (a)

or
uw(A) +d(B) > 1 (b)

holds. We ask whether under (a) or (b) every z € Z can be expressed in the
form z=a—b, a € A, b € B infinitely many ways.

In the case (b) we have (see (1)) d(A) + d(B) > 1, and so by Theorem 1.1
the answer to our question is yes.

In the case (a) the answer is no. Choose for instance the set A in such
a way that its characteristic function x, = (e,) can expressed in the form
x4 = (0,0%,0,1%)% | where a* is the block a,q,...,a (k-times).

136



ON DIFFERENCE SETS OF SETS OF POSITIVE INTEGERS

Further put x5 = (0,1%,0,0%)22, . Then it is easy to check that @(A) =1,
d(B) = %, but 1, —1 do not belong to D(A, B). Hence in this case the answer
is negative.

The relation (1) does not enable to compare the condition
u(A)+u(B)>1 (a)
from Theorem 1.3 with the condition
d(A) +d(B) > 1 (b)

from Theorem 1.1. We will construct a pair of sets A, B such that they satisfy
(a) but not (b), and a pair of sets A, B such that they satisfy (b) but not (a).

EXAMPLE 1.2.

a) Choose A, B in such a way that x, = ((01)2k(11)k)211 and B is the
set of all even numbers. Then d(A) + d(B) = 1, hence (b) is not satisfied, but
u(A) +u(B) =1+ 1, hence (a) is satisfied.

b) Put now x, = ((011)2k0k‘)zi1 and xp = ((01)2k0’°)Z°:1. Then u(A) +
u(B) = 0+ § < 1, hence (a) is not satisfied, but the condition (b) is satisfied
since d(4) +d(B) =2 +1>1.

2. Metric and topological properties of dyadic values

DEFINITION 2.1.
a) A set A CN is called a difference basis for N if N C D(A).

b) A set A C N is called a strong difference basis for N if for every n € N
there exist infinitely many pairs (z,y) € A x A such that n =z —y.

c) A set A C N is called a restricted difference basis for N if for every
n € N there exists a pair (z,y) € Ax A such that n =z —y and y < §.

(cf. [3])

The concept of a difference basis enables us to formulate Theorem 1.2 as
follows:

PROPOSITION 2.1. If A C N and u(A) > %, then A is a strong difference
basis for N.
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Remark. Proposition 2.1 gives only a sufficient condition for a set A C N to
be a strong difference basis for N. There exist difference bases for N with zero
densities. Take e.g. an arbitrarily slowly increasing sequence

4 <0y << a, <...

of positive integers, a,,,; —a, > 1, n=1,2,..., and put

A={a;,a,+1,0ay,0,+2,...,0;,,a,+k,...}

(cf. [16]). A little modification of the construction of A gives an example of a
strong difference basis for N with the asymptotic density 0.

In what follows, we denote by D, D*, D, the class of all difference bases,
strong difference bases and restricted difference bases for N, respectively. In this
section, we will deal with the investigation of “the magnitude” of sets o(D),

o(D*), o(D,). According the magnitude of these sets, we can judge about the
magnitude of related classes D, D*, D, respectively.

Since D* C D and D, C D, we have

o(D*) C o(D), o(Dy) C o(D). (18)

In the first place, we will deal with the magnitude of the previous sets from the
metric point of view. For this purpose we shall use the Lebesgue measure A,
Hausdorff dimension and the concept of the Baire’s categories of sets. For this
notions we refer to the classical monographs on the structure of real axis. Remark
that the Hausdorff dimension is usually used as a means for classification of sets

of Lebesgue measure 0 (cf. e.g. [19]). In the following the interval (0,1] will be
recognized as a metric space with Euclidean metric.

THEOREM 2.1. We have A(o(D*)) =1.
Then (18) yields:

COROLLARY. We have A(o(D)) = 1.

Proof of Theorem 2.1. Denote by N(2) the set of all dyadicaly nor-
mal numbers of the interval (0,1]. Let b;,...,b,, (k> 1) be a sequence of 0’s

oo

and 1’s. Such a sequence will be called a block. Let = € N®?) | z = 3 e(z)27/
j=1

be the non-terminating dyadic expansion of z. Put X,, = ¢,(z),...,¢,(z). For

an arbitrary block B, with k terms, denote by N(B,, X, ) the number of oc-
currence of the block B, in X, . Then

i N(B,,X,) 1
n—00 n 2k
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(cf. [10; p. 193]). From this we see that each block B, occurs in the infinite
sequence &,(z),...,€,(x),... infinitely many times. Put

D*={A€lU: o(A) e NP},

We show that
D2 CD. (19)
Let A € D?, m > 1. Consider the block B = 11...1 consisting of m + 1
oo .
ones. If z = o(A) = 3 ¢;277 is the dyadic expansion of o(A4) (i.e. ¢, =1 if

Jj=1
k€ Aand ¢, =0 if k € N\ A), then the block B occurs in the sequence
CpyCoseveyCiynnn infinitely many times. Hence there exists a sequence of positive
integers i, < i, <-- < i <... such that Cijpr = lforr=1,...,m+1,and

j=1,2,.... But then the numbers i; +r for r=1,...,m+1, and j=1,2,...
belong to A, and according to equality

m=i;+m+1-(i;+1),

we see that the number m can be expressed as a difference of two numbers from
A in infinite number of ways. From this A € D* follows. So the inclusion (19)
is established. The theorem follows from it immediately with regard to the fact
that A(N) =1 (cf. [10; p. 193)). o

The previous theorem shows that “almost” all infinite subsets of N are strong
difference bases for N. In what follows we shall see that also from the topological
point of view the class D* can be considered a very rich class of subsets of N.

For § C U weput CS = U\S. Since the mapping ¢ = U — (0, 1] is injective,
we have o(CS) = (0,1]\ o(S). Hence the sets o(CD*) = (0,1]\o(D*), o(CD) =
(0,1]\ o(D) are null-sets by Theorem 2.1, i.e. A(o(CD*)) =0 = A(o(CD)). This
fact evokes the question about the Hausdorfl dimensions of these sets. We will
give only some partial results in this direction.

o0
Denote by D, the class of all sets A C N with k € D(A). Then D= (" D,.
k=1
By de Morgan’s rule, we obtain

CD:GCDk. (20)

k=1

Bodo Volkman in [20] studied the Hausdorff dimension of the sets given by
the g-adic expansion of its elements. Remark that = € o(D,) if and only if the
block 11 does not occur in the dyadic expansion of z, thus directly from [20;
p. 259, Satz 1]) Theorem 2.2 follows.
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THEOREM 2.2. dimo(CD,) = log,(1+5) — 1.

Remark. Observe that log,(1++v5) —1< 1.
Using Theorem 2.2 we can determine dim o(CD). Let D,, CD, have the
previous meaning. Hence

CD,={A€lU: k¢ DA}, k=1,2,....

Thus if z = i ;27" belongs to o(CD,), then ¢, = 1 = Ciqp = 0,0 =
1,2,.... If zﬁ{l)zlls an interval of the nth order, associated to a sequence
E1yerr€ps
then ig) contains an element from o(CD,) if and only if
g, =1= ¢, =0, i=1,...,n—k. (21)

Denote by J* the set of all intervals with the property (21), and denote by
P,(l’“) the number of these intervals. Remark that J* isa 2=" covering of the set

0(CD,). The number P,Sﬁ) denote the number of the sequences

€11+ rEkn

satisfying (21) (where n := nk). Every this sequence consists from the blocks

61’61+k’ e ’€1+(n—1)k y
€0r€a4 k-1 €24 (n-1)k>
Ekr €tk 1 Ept(n—1)k

where each line is a sequence satisfying (21) for k¥ = 1 and we have k lines.
Put P, = P,gl), thus each line can be selected by P, ways, thus we have the
following result.

LEMMA 2.1. For k > 1 there holds PX) = P(¥).

We now deduce a recurrent relation for P, . Observe that P, , can be ex-
pressed as a sum of two numbers. The first of them is the number of the sequences

€1r-1Ep, 0,

where €,...,¢, runs over all the sequences (21) for k = 1. This number is P, .
The second number is the number of such sequences

E1svnrEprEngl
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in which €, , =1, thus ¢, = 0, and so the number of these sequencesis P, _, .

Hence

P11+1:Pn+Pn—1’ 71,22 (22)

Thus P, is the well-known Fibonacci sequence, and we have (see [4] or [18])

2B 148\ 2-vB[1-vB\"
e

Since the second summand on the right-hand side converges to 0 as n — 0o, we

sce that .
Pn:0<<1+2‘/5> ) .

kn
P® — 0 (M) (24)

Lemma 2.1 now yields

2

and so we can prove the following theorem.

THEOREM 2.3. We have
a) dimo(CD,) <log,(1+v5) -1, k=1,2,....
b) dimo(CD) =log,(1+v5) — 1.

Proof. Remark that the part b) we obtain from well-known inequality
dimo(CD) < sup dimg(CD,).
k=1,2,...

Thus it suffices to prove the part a). Clearly o(CD,) C JF . Let n > 0.
Choose n such that 27"% < . Then J¥, is an n-cover of the set o(CDy).
Hence, by definition of the a-dimensional Hausdorff measure, () (see [19]) we

have

1+ \/5 nt 1
K K . onk(log, —1—a
/L,(,]a)(Q(C Dk)) < < 2 ) ) onka +2 Hloga(1+v5)—1 ), (25)

where K is a positive constant from (24).
The inequality (25) holds for each n € N with 27 < 5. Thus by 7 — 00

we get

pgf‘) (o(C 'Dk)) =0 (26)
provided that
log,(1+V5) - 1< a. (26')

141



MARTIN MACAJ — MILAN PASTEKA — TIBOR SALAT — MAREK ZABKA

So from the equality (26) we have
*) (o(CDy)) = Jim, ) (e(CDy)) =

for « satisfying (26’). Then, by the definition of the Hausdorff dimension, we
get

dim o(CD,) < log, (1 + \/5) -

g
We will now study the magnitude of the sets o(D), o(D*) and o(D,) from
the topological point of view.

The first result in this direction is the following theorem showing that the
class D* is very rich also from the topological point of view.

THEOREM 2.4. The set o(D*) is residual in (0,1].
COROLLARY. The set o(D) is residual in (0,1]. (See (18).)

Proof of Theorem 2.4. We shall prove that the set (0,1]\ o(D*) is
a set of the first Baire category in (0, 1].

Denote by S, k € N, the class of all infinite sets A C N such that there is
only a finite number of pairs (z,y) € A x A with k =z —y. Then we have

(o]

(0,1]\ o(D*) = U

Therefore it suffices to prove that each of the sets 0(S,), k=1,2,...,is a set of
the first Baire category in (0, 1]. Denote by S (n > 0) the class of all infinite

sets A C N with the following property: For the number k there exist at most
n pair (z,y) € A x A such that k =z —y. Then

S = U Sk o(Sy) = U o(S) -
n=1 n=1

Thus, it suffices to show that each of the sets o(Sp), n=1,2,..., is a nowhere
dense set in (0,1].

This fact will be proved in what follows using the following test of nowhere-
density: A set M C (0,1] is nowhere-dense in (0, 1] if every non-empty interval
I C (0,1] contains an interval J C I such that JN M =0 (cf. [7; p. 37]).

Let I C (0,1] be an interval. Choose the numbers j, [, j €N, 0 <1 <2/ -1

in such a way that z( ) cT. Suppose that igl) is associated with the sequence
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Construct the sequence

e,...,€,1,0,0,...,0,1,0,0,...,0,1,...,0,0,...,0,1. (27)
This sequence contains n + 1 blocks 0,0,...,0,1 each having k — 1 zeros and

in the last place 1. The number of all terms of the sequence (27) is h =
j+ 1+ (n+ 1)k. Let iglr) (0 < r < 2" — 1) be the interval of hth order
which is associated with the sequence (27). If z € iff), x = p(A), then the
numbers j+1,j+1+k,...,j+1+(n+1)k belong to A. Thus the number & can
be expressed in the form k =2 —y, z,y € A, at least in n + 1 ways. From this

we see that iﬁf) No(S¢) =0, and so o(S}?) is a nowhere dense set in (0,1]. O

The following result shows that the topological structure of the set ¢(D,) is
wholly distinct from that of o(D*).

THEOREM 2.5. The set o(D,) is a nowhere dense set in (0,1].

Proof. We shall use the same test as in the previous proof. Let I C (0, 1]
be an interval. Choose m, s (0 < s < 2™ — 1) such that igfl) C I. Let 1'55) be

associated with the sequence
0

0
€1senrEpy -

Construct the sequence
6?,... €2.0,0,...0

1y Cmo

having 2m terms. Let zgl,)n be the interval of 2mth order associated with this
sequence.

Let A €U, o(A) €il) . Then
m+i¢ A, i=1,...,m. (28)

We will show that the number m cannot be expressed in the form m =a — b,
b<%,abeA.

Suppose in contrary that m = a —b, b < 2, a,b € A. Then a simple
estimation yields m > %, thus @ < 2m. Since @ > m, we have a = m + i,
1 <4 < m. But this is a contradiction to (28). Thus o(D,) N zgl,)n = () and the
assertion is proved. O
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