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ABSTRACT. A finite group G whose irreducible characters are rational valued 
is called a Q-group. In this paper we will be concerned with the structure of 
a finite Q-group that contains a strongly embedded subgroup and the structure 
of a finite Q-group satisfying the property that none of its sections is isomorphic 
to § 4 . 
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1. Introduct ion 

Let G be a finite group and x be an irreducible complex character of G. The 
field generated by all x(x)> x £ G is denoted by Q(x)- By definition a complex 
character x is called rational if Q(x) = Q > where Q denotes the field of rational 
numbers, and a finite group G is called a rational group or a Q-group if every ir
reducible complex character of G is rational. Finite Q-groups have been studied 
extensively, but classifying finite Q-groups still remains an open research prob
lem. It is easy to prove that a finite group G is a Q-group if and only if for any 
x G G of order m the elements x and xn are conjugate whenever n and m are 
relatively prime. Therefore the symmetric group Sn is an example of a Q-group. 
Other examples of Q-groups are the Weyl groups of the complex Lie algebras, see 
[2]. By [5] the prime divisors of the order of a finite solvable Q-group can only 
be 2, 3 or 5. It is shown in [4] that the only non-abelian simple Q-groups are the 
groups SPQ(2) and 0g~(2). In [1, pp. 59-62] solvable Q-groups with certain Sylow 
2-subgroups are classified. It is shown that if a Sylow 2-subgroup of a Q-group 
G is abelian, then G is a supersolvable {2,3}-group. It is also shown that 
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if G is a solvable non-nilpotent Q-group with a Sylow 2-subgroup isomorphic to 
ihe quaternion group Qs, then G=E(3n) : Q$ or G=E(5n) : Q8 where : denotes 
ihe semi-direct product of groups and E(pn) is an elementary abelian group of 
order pn. 

In [3] we described the structure of all Frobenius Q-groups. In this note we 
first find all of Q-groups that contain strongly embedded subgroups and usin°" 
1 his, we classify Q-groups that no section of them is isomorphic to the symmetric 
group on four letters, i.e. §4. All groups considered in this paper are finite and all 
characters are complex. The semi-direct product and central product of groups 
H and K is denoted by H : K and H o K, respectively. Also, if p is a prime 
number, E(pn) denotes the elementary abelian p-group of order pn. Finally, we 
write Qs for the quaternion group of order 8. Our main result is the following. 

M A I N THEOREM . If G is a finite Q-group in which no section of it is isomorphic 
to the symmetric group of degree four, then either G~P:7j2orG~ E(pn) : Q§. 
where n G N, p = 3 or 5 and P is the Sylow 3-subgroup of G. 

2. Q-groups with strongly embedded subgroups 

First we will recall the following concept which is taken from ([8, Vol. 2, 
p. 391]). 

DEFINITION 1. A subgroup if of a finite group G is said to be strongly embedded 
in G if the following two conditions are satisfied: 

(1) if is a proper subgroup of even order, 

(2) For any element x E G — H, the order of H D Hx is odd. 

In the following we will find the structure of a Sylow 2-subgroup of a Q-group 
having a strongly embedded subgroup. 

LEMMA 1. Let G be a finite Q-group having a strongly embedded subgroup. Then 
a Sylow 2-subgroup of G is isomorphic to Z2 or Qs-

P r o o f . By [8, Vol. 2, p. 391] every Sylow 2-subgroup of G contains exactly one 
element of order 2. Thus a Sylow 2-subgroup P of G is either a cyclic group 01 
a generalized quaternion group Q2n- If a Sylow 2-subgroup of G is the cyclic 
group Z2™ of order 2 n , then n — 1, because by [7], Z(P) is elementary abelian 
and hence P=%2. Otherwise, P = Q2™ that is, 

P= (a, 6 I a2""' - 1, b2 -a2" \ bab'1 =a 1 ) . 
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From what we mentioned in the introduction we deduce that G is a Q-group 
if and only if C

G\^1 is isomorphic to Aut((x)) for any arbitrary element x 
of G. Hence [NG((a)) : CG((a))] = tp(0(a)) = 2n~2 where NG((a)) and 
CG((a)) denote the normalizer and centralizer of a in £?, respectively. There
fore | NG((a))\ = 2n-2 |C7G((a))| > 2n~20(a) = 2 2 n " 3 . But Q2n is a Sylow 
2-subgroup of G. Therefore 2n — 3 < n, it follows that n = 3 and P = Q$. • 

Now we can use [6] to determine the structure of finite Q-groups having a 
strongly embedded subgroup. 

THEOREM 1. Let G be a finite Q-group with a strongly embedded subgroup. Then 
G is isomorphic to one of the following groups: 

(a) G=G' : Z2, where G' is a 3-group. 

(b) G=E(pn) : Q8, where p = 3 or 5. 

P r o o f . By Lemma 1 a Sylow 2-subgroup P of G is isomorphic to Z2 or Qs. If 
P - Z 2 , then by [6] case (a) holds. If P = Q 8 , then by [7, p. 35], case (b) holds. • 

-groups with strongly closed subgroups 

In this section we will obtain the structure of Q-groups with no section iso
morphic to §4. First we recall the following concept. 

DEF IN ITION 2. Let P be a p-subgroup of a group G. A subgroup T of P is said 
to be strongly closed subgroup of G if for any element t of T and any element g 
of G, t9 G P implies that t9 £ T. Also T is said to be a weakly closed subgroup, 
if for any g eG,T9 C P implies that T9 = T. 

It is easy to see that a strongly closed subgroup is weakly closed. 

Before stating the next theorem, we will mention some well-known results. 
The proofs can be found in [8, Vol. 2, p . 601]. G l a u b e r m a n proved the 
following theorem. 

T H E O R E M A . ([8, Vol. 2, p. 601]) Let G be a group in which no section is 
isomorphic to the symmetric group of degree four. Then G contains a strongly 
closed abelian 2-subgroup. 
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DEF IN ITION 3. Let G be a p-group. For each natural number n we define 
nn(G) = (x\xeG, xPn = 1). 

If G is an abelian p-group, then Qi (G) is the set of elements of order at most p. 
But, if G is not abelian, the statement is not necessarily true, it may happen 
that f-i(G) contains an element of order larger than p, for example consider 
G = Dg, the dihedral group of order 8. 

THEOREM B . ([8, Vol. 2, p. 590]) Let S be a strongly closed 2-subgroup of G, 
and let H be the subgroup of G generated by all the conjugates offli(S). Let 
I(S) denote the set of all involutions of S. Then we have one of the following 
two cases: 

(1) H C (CG((s)) | s € I(S)). 

(2) The group H contains a strongly embedded subgroup. 

Let us fix the notation of Theorem B and let T be a Sylow 2-subgroup of G 
such that S CT. Since H < G, we have T n H E Syl2(I7). So, for any g e G. 
there is an element h of H such that £li(S)9h C T n H. Since S is strongly 
closed, we get fti(S)-* C S. This implies that Sl^S)9* = tti(S). It follows that 
H = (fti(S)H). Thus for the proof of Theorem B it is enough to assume G = H 
as indicated in [8]. 

Goldschmidt proved the following theorem ([8, Vol. 2, p. 586]). 

THEOREM C. Let S be a strongly closed abelian 2-subgroup of a group G such 
that S 7̂  {1}. Let K be the normal subgroup of G generated by all the conjugates 
of S, and set K = Q ^ . Then, 

(1) K is the central product of a semi-simple group and an abelian 2-group 
and each component of K is a quasi-simple group associated with one of 
the simple groups in the following list: 

PSL(2,2n), PSU(3,2n), ^ ( 2 n ) , 

PSL(2,q) (q = ± 3 (mod 8)), Ji, or 

The simple group of Ree type. 

(2) S = 0 2 (K ) f i i (T) for some T G S y ^ ) . 

Now we state and prove our main theorem. 
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M A I N THEOREM. Let G be a finite Q-group such that no section of it is iso
morphic to the symmetric group §4. Then we have one of the following cases: 

(1) G c± G : Z2. where G' is a 3-group. 

(2) G ~ E(pn) : Qs where n is a non-negative integer and p = 3 Or 5 . 

P r o o f . By Theorem A, G contains a strongly closed abelian 2-subgroup S. On 
the other hand by Theorem B, if H is a subgroup of G generated by all the 
conjugates of ili(S), then either H C (CG((s)) \ s G I(S)) or H contains a 
strongly embedded subgroup. But, we may suppose that G = H. To prove 
this theorem, it is enough to show that G 7-- (CG((s)) \ s G I(S)). Suppose 
G = (CG((s)) I 5 G I(S)), then since S is abelian, tt^S) = I(S) U {1} implying 
fti(S) C S. Thus, by Theorem C, G = (tt(S)g | g G G) = (CG((s)) s G I(S)) 
implying that G C K, therefore G = K = (S9 \ g G G). Let G = -^L- ~ 
/4oB , where A is semi-simple, B is an abelian 2-group and o denotes the central 
product. By [8, Vol.1, p. 137], AC\B = Z(A)r\B and Z(AoB) =_Z(A)oZ(B) = 
Z(A)oB. Since the quotient group of a Q-group is a Q-group, —S=r is a Q-group. 

But 
G . . AoB „ ^ „ ÃŔШ . . A 

Z(G) ' Z(AoB) ~ ^ B - _z^_ - Z { A ) 

and -ZTA) ls a direct product of non-abelian simple groups listed in Theorem C. 

We see that none of them is a Q-group. By [4] the only non-abelian simple 

rational Q-groups are SPQ(2) and Og~(2). But -=S=r is a Q-group and therefore 

we reached a contradiction. Therefore G contains a strongly embedded subgroup. 

Therefore by Theorem 1 the conclusion follows. • 
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