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ABSTRACT. In this paper, sufficient conditions are obtained for oscillation of
all nontrivial, prepared, symmetric solutions of a class of nonlinear second order
matrix differential equations of the form
(PO)Y') +QM)F(Y)=0, t>0,
and
Y+ Q#)F(Y) =0, t > 0.
©2007

Mathematical Institute
Slovak Academy of Sciences

1. Introduction

In this paper, sufficient conditions are obtained for oscillation of all non-
trivial, symmetric, prepared solutions of a class of nonlinear second order matrix
differential equations of the form

(POY')Y +Q#)F(Y)=0, t>0, (1.1)

where P(t) and Q(t) are n x n real continuous symmetric matrix functions on
[0,00), P(t) is positive definite, F': M,, — M, and M, is the vector space of all
n X n real symmetric matrices. If P(t) = I,,, n X n identity matrix, then (1.1)
takes the form

Y'"+Q#)F(Y) =0, t>0. (1.2)
The oscillation of Egs. (1.1) and (1.2) must be studied separately since, unlike the
scalar case, there is no oscillation preserving transformation of the independent
variable that allows the passage between the two forms ([1]).
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Some authors ([7], (8], [9]) have obtained sufficient conditions for oscillation ot
solutions of (1.1) and (1.2) employing variational techniques. It seems that the
work of How ard [2] is the first one where the variational method is not used for
the study of oscillation of solutions of (1.2). He has studied o cillatory behavio
of nontrivial, prepared, syimnmetric solutions of (1.2). His major a sumption that

t

K(t) = /Q(s)ds (to > 0)
to
possesses the property D, viz,
irelf(f*l((f)f) — 00 as t — oo,

where £ represents a column vector of unit length, is not easy to verify. It seems
that no example could be given in the paper due to this reason. In this paper
some new and casily verifiable oscillation criteria are given for oscillation of non-
trivial, prepared, symmetric solutions of a class of nonlinear matrix differential
equations.

A solution Y'(t) of (1.1) is said to be nontrivial if det Y (t) # 0 (determinant
of Y(t) is denoted by det Y (¢)) for at least one ¢t € [0,00). A .olution Y ¢) of
(1.1) is said to be prepared or self-conjugate or conjoined if

YH(O)(P@)Y'(1) — (PRY'(2)"Y (1),

that is, if P(¢)Y’(t)Y ~1(¢) is symmetric for ¢ € [0,00). (The tianspose of a ma-
trix A is denoted by A*.) A nontrivial, prepared solution Y (¢) of (1.1) is said to
be oscillatory if, for every tg > 0, there exists a t; > to such that detY(¢;) 0.
that is, det Y (¢) has arbitrarily large zeros in [0, 00); otherwi e, Y'(t) is called
non-oscillatory. It may be noted that oscillation is defined through a prepared
solution because it is possible (see [6]) that a nontrivial, nonprepared, nonoscil-
latory solution of a linear matrix differential equation exists. (The solution mav
be symmetric or not.) Indeed,

cost —sint
u) = [ sint  cost ]
is a nontrivial, nonoscillatory solution (because detU(t) =1 > 0) of
Y'+Y =0, t>0, (1.3)

where Y is a 2 x 2 matiix. Since

" rn cost sint —sint —cost | | 0 1
UrU(t) = [ —sint cost ] [ cost —sint ] - { 1 0

, . | —sint  cost cost —sint | 0 1
') U(t)_[~cosf ~sint][sint cost} {—1 0|’

and
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then U(t) is not prepared. We may note that U(¢) is not symmetric. As a second
example, we may consider

cost sint
= > 0.
40 { sint —cost } ’ t=20

It is a nontrivial, nonprepared, symmetric, nonoscillatory solution of (1.3) be-
cause det V(t) = =1 < 0, t > 0 and

V()V'(t) = [ _01 (1) ] and V' ()V(t) = [ (1) —01 ] .

On the other hand, Eq. (1.3) may admit a nontrivial, nonprepared, oscillatory
solution. Indeed,

VV(t): [ sint cost ’ £>0,

2sint 3cost |

is such a solution of (1.3), because det W (t) = sintcost and

x s | sint 2sint ][ cost —sint
WHBW'(t) = | cost 3cost ] | 2cost —3sint ] (14)
_ [ 5sintcost  —T7sin*(t) (1.5)
| T7cos®’t  —10sintcost 0
and

R [ cost  2cost sint  cost

(W) W(t) = | —sint  —3sint ] [ 2sint 3cost ] (1.6)
[ 5sintcost 7 cos? t

Tl —7sin®t —10sintcost ] (1.7)

imply that W(t) is not prepared. Moreover, Eq. (1.3) admits a nontrivial,
prepared, symmetric, oscillatory solution

sint cost
Y()= { cost sint ] )

It also admits a nontrivial, prepared, nonsymmetric, oscillatory solution

—cost —sint
Y= [ sint cost ]

There are differential equations which admit nontrivial, prepared, symmetric,
nonoscillatory solutions. For example,

vo=[% 8]

is such a solution of the equation

(POY) +Q1)Y =0, t=>0,
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where

2. Oscillation results

Some oscillation results are obtained in this section. We nced the following
condition in the sequel:

(C1) Let P=1(t) > I,,, F(X) be a polynomial in X with real coefficients. Q(t)
be positive semidefinite and F(X)X~! > I,, for every nonsingular matrix
X e M,.

THEOREM 1. Let (Cy) hold. If rither

T/ ot
(C2) Tlgr;o %of (trJQ(s) ds) dt =

or
2

(Cy) lim ({(tri@(s)ds) dt = oo,

T—o0

then every nontrivial, prepared, symmetric solution of (1.1) oscillates.

Remark. If Y (t) is a nontrivial, prepared, symmetric, nonoscillatory solution
of (1.1), then there exists a to > 0 such that det Y (t) # 0 for t > t;. Hence
Y ~1(t) exists for t > to and Y (#)Y "1(¢t) = I,, implies that (Y(£)Y (¢))’ — 0.
Consequently (Y 71(¢)) = =Y ~1(t)Y'(t)Y ~1(¢). Setting

S(t) = —P@)Y'(t)Y 71 (¢), t > to, (2.1)
we obtain
S'(t) = Q()R(t) + S P (1)S(t), (2.2)
where R(t) = F(Y(¢))Y~1(t). From (Cj) it follows that R(t) is symmetric.
Since Y'(t) is prepared, then S(t) is symmetric. Indeed,
S*(t)=—(Y~ @) (PHY'(£)"
(Y)Y OPOY ()Y )
— —POY'(H)Y (1) = S(1).
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Further, Y'(t)P(t) = Y(¢)P(t)Y'(t)Y ~1(t) as Y (t) is symmetric and prepared.
Hence

Y'()P®)) =Y ()P@OY' ()Y (1))
=Y'(O)P@)Y' ()Y (1) + Y(O(P)Y' ()Y (¢))
=Y’ (t)P( Y/ (Y THE) + Y () (PO)Y' ()Y 7 (t)

Y (O POY' ()Y (1)
=Y’ (t)P( Y/ (OYTHE) = Y ()QWF(Y (£)Y (1)
—YOPOY' ()Y I (OY' ()Y (1)
=Y'(OPOY' ()Y (1) - Y(HQMF(Y ()Y (1)
—Y'(O)P@OY' (YY)
= -~ Y(OQOFY®)Y (1)

and ((P()Y'(1)))" = —(QOF(Y (1)), that is, (Y'()P(t))’ = —F(Y(£))Q(t)

imply that
Y()QWF(Y ()Y ™H(t) = F(Y(1)Q(t),
that is, Q(t)F(Y (1))Y (1) = Y_l(t)F(Y(t))Q%t) = FY(£))Y H(t)Q(t) be-

cause F( )Y () =Y ()F(Y(t)). Hence Q(t)R(t) = R(t)Q(t). Consequently,
Q(t)R(t) is symmetric.

We need the following lemmas for the proof of Theorem 1.

LEMMA 2. Let (Cq) hold. Then

T
0< lim [ tr [S(t)P1(t)S(t)] dt < oo, (2.3)

to

where S(t) is defined by (2.1).

Proof. Integrating (2.2) from ¢y to t and then taking trace we obtain

tr S(t) —tr S(to) = /tr(Q(s)R(s))ds—l—/tr(S(s)P_l(s)S(s))ds.

to to
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Further integration from tg to T yields

%/T (/ttT(S(S)P—l(s)S(s))ds> dt :% /Ttr S(t)dt — (1 - t%’) tr S(to)
-7 /T ( / tr(@(s)R(s»ds> at.

to

Since R(t) — I, > 0, Q(t) > 0 and Q(t) commutes with R(t), then Q(t)(R()
— I,) > 0 and hence tr(Q(¢)R(t)) > tr Q(t) for t > t5. Thus

t

/ £(Q(s)R(s)) ds > / trQ(s)ds > 0.

to
Consequently,

—;:/T (/ttr(S(S)P‘l(s)S(s))ds> dt < %/Ttr S(t)dt — (1 - %) tr S(to)-

to to to

(2.4)
As S(t)P~1(t)S(t) > S2(t) > 0 implies that tr(S(t)P~1(t)S(t)) > 0, then

t

/ tr(S(s)P~1(s)S(s))ds

to

is an increasing function of t and hence

i, [ t(8() P (9)8(5)) ds =

where 0 < p < co. If u = o0, then it may be shown that

T t
1 _ .
Jim / ( / tx(S(s)P 1(3)5’(3))ds> dt =

to to

and hence from (2.4) it follows that

T
. 1
to
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T
t
%/trS(t) dt > — (1 - TO) r S(to)
to

for large T'. Then (2.4) yields

T t T
%/ (/tr(S(s)b—l(s)S(s))ds) dt < %/trS(t) dt (2.5)

to to to

Thus

for large T. An application of the Cauchy-Schwarz inequality yields, for 7' >

T > to,
T 2 . T
[% / tr S(t) dt] < |= / (tr S(t))? dt:l {f / 12 dt:\

to to

; Jeson) (1-4)

> / tx(S(E)P1(£)S(2)) dt

AN

IN

IN

Hence, from (2.5) it follows, for T > T} > to, that

T ¢ 2 T
{% / ( / tf(S(S)P_l(S)S(S))ds> dt} < ‘%” / tr(S(H)P~1(t)S(t)) dt. (2.6)

to to

Setting, for 7' > T > to,

T /
H(T) :/ (/tr(S(s)P_l(s)S(s)) ds) dt > 0,

to to

we get

H'(T) = [ te(St)P~*(t)S(t))dt

From (2.6) it follows that
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Integrating the above inequality from 77 to T and then taking limit as 7" — oo
we obtain

! lim 1 T < ! <
00o=— lim In|[ — 00
4n T—oo T ) — H(Tl) ’
a contradiction. Hence 0 < p < co. This completes the proof of the lemma. O

LEMMA 3.
t

T
1
limsup—/ tr/Q(s) ds | dt = ¢
T—o0 T 0 0

T t
1
limsup—/ ter(s) ds | dt = o0
T—o0 T
to to

The proof of the lemma is straight-forward and hence is omitted.

if and only if

Jor every tg > 0.

Proof of Theorem 1. Suppose (Cz) holds. Let Y (¢) be a nontrivial, sym-
metric, prepared, non-oscillatory solution of (1.1). Hence detY(t) # 0 fo
t > to > 0. Consequently, Y ' (t) exists for t > t;. Setting S(t) as in (2.1).
we obtain (2.2). Integrating it yields

— S(tg) = /Q(S)R(s) ds—l—/S(s)P_l(s)S(s)ds.

to

Hence
trS(t) — tr S(ty) = tr/Q de+tr/S( )P~1(5)S(s) ds
¢ t
/tI[Q /trQ )ds,
since R(t) — I, > 0, Q(t) >t(; and R(t)Q(t) = Qt:) R(t). Then
—/trS t)dt — <1— —>t S(to) > %/T /ttrQ(s)ds dt.

From Lemma 3 and the assumption (Csz) it follows that
T

1
lim sup — /trS(t) dt = oc.
T—o0 T

to



OSCILLATION OF NONLINEAR SECOND ORDER MATRIX DIFFERENTIAL EQUATIONS

Hence there exists a sequence {T},} such that T}, — oo as m — oo and
Tm
1
lim — / tr S(t) dt = oo. (2.7)
m—oc Th,

to

The use of the Cauchy-Schwarz inequality yields

T 2 r T, . T
1 1 ,
il - — dt
= / tSOdt| < |7 / (tr S0P e | 7 /
to L to to

INA
2
—

=

)

=

&

| SR
| —

—

|
Hs
| E—

L to
T,
< %/trSz(t)dt

IA

Tm
% / (S P (1)S(t)) dt

since P~1(t) > I,,. From (2.7) it follows that
Tm

lim -Tl— / te(SE)P=1(1)S(8)) dt = oo,

m—00 m

to
a contradiction to (2.3).
Suppose (C3) holds. Then

T 2

t
Th_rgo%/ tr/Q(s) ds| dt =oco.
to

to

Integrating (2.2) from ¢y to t , we obtain

tr S(t) = tr / Q(s)R(s)ds — tr/S(s)P-l(s)S(s) ds + L,
where

L =trS(to) + tr/S(s)P_l(s)S(s) ds

463



N. PARHI — P. PRAHARAJ

and —oo < L < 00, by Lemma 2. As Q(t)(R(t) — 1) > 0, then

0< tr / Q(s)ds < tr / Q(s)R(s) ds

< trS(t +tr/5' YP~1(5)S(s)ds — L
t

2

2
Then <ter(s) ds) < 4(trS(t)? +4 <t1‘tf5(8)P_1(s)S(s) ds) +2L? and

hence

T t 2
1
T (tr/Q(s) ds) dt

T T oo 2
4 2 4 -1 2 to
z =2 P _90)
<2 / (e S()) dt + / (m- / S(s) (s)S(s)ds) dt + 2L <1 T>
to to t
As -
tr/S(s)P”l(s)S(s) ds < oo
to
and
T T ST
/(trS(t))2 dt < n/trSz(t) dt < n/tr(S(t)P_l(t)S(t))dt,
to to to
then
) T
. 2 _
TILIEOT/(trS(t)) dt =0
to
and
T (o) 2
1 _
lim / (tr / S(s)P~(s)S(s) ds) dt =0
to t
Hence

a contradiction.
Thus the proof of the theorem is complete. O
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Remark. In general, the conditions (C2) and (Cs) are independent. However,
if

o0

/qij(t) dt| < oo,

0
where Q(t) = (i;(t))nxn, thcn (Cy) implies (C3). Indeed, Q(t) > 0 and

¢
| fql] ) dt| < oo imply that fQ )ds > 0 for ¢t > 0 and hence tr [ Q(s)ds > 0.
0

Thus
. T t ) T ¢ 2
fo/ (trO/Q(s) ds) dt < TO/ (trO/Q(s) ds) dt

Thus (Cz) implies (Cs).

1/2

Remark. It is possible to find symmetric matrices Yy and 370 such that
Yo(P(to)Yo) — (YoP(to))Yo = 0. If Y(t) is a symmetric solution of the initial
value problem (1.1) and Y (0) = Y; and Y’(0) = Y, and if Y () commutes with
Q(t), then Y (t) is prepared because

Y (&)(P@)Y'(t) — (Y () P(£)Y(t)] =0
implics that
Y(t)(P(Y'(t) - (V' )P@)Y (t) = C,

a constant matrix. The existence of a symmetric solution of (1.1) can be estab-
lished by the suitable choice of fixed point theorems.

In order to obtain an example to illustrate Theorem 1, we consider following
cquations:

y'(t) + () f(y()g(y'(t) =0 (2.8)

and
(r@®)y' (1)) + )y () + a2(t) f(y(t)) = (2.9)
t >ty > 0, where f € C((—00,00), (—00,00)) with ¥ (y) > 0 for y # 0,

g € C((-00,00),(—00,00)) with g(y) > K > 0fory # 0, p, ¢ and ¢ €
C([to,00), (—00,00)) with ¢1(t) > 0 but ¢1(t) # 0 on any ray [t;,00), t; > to
and r € C([tg, ), (0,00)). A solution of (2.8)/(2.9) is said to be oscillatory if
it has arbitrarily large zeros; otherwise, it is called non-oscillatory.

LEMMA 4. (see [5, Theorem 3.5]) If f(y)/y = po > 0 for y # 0, where ug is a
constant, then every solution of (2.8) is oscillatory provided that for each b > tg
and for some X > 1, the following two inequalities hold:

t

1
limsup — e /(9 — b)*K poqi(s) ds >

t—oo
b

/\2
AN—1)
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and t
lim sup 1 /(t — ) K poqi(s) ds > /\72
t—ooo tN 1 4N-1)
b
LEMMA 5. (see [4, Corollary A] and [5]) If
2t
tl_i’rgot/qg(s) ds = a > ag,

t
then every solution of (2.9) is oscillatory, where ag = 3 — 2v/2.
FExample 1. Consider
Y'+Y +Y? 0, t>0. (2.10

In this case, P(t) = Iy, Q(t) = Iy and F(X) = X + X3 for X € M. For a
nonsingular matrix X € My, F(X)X ! = Ir + X? > I, since X? > 0. Henc>
(C1) holds. Further, (Cz) holds because tr Q(¢) = 2. From Theorem 1 it follows
that every non-trivial, symmetric, prepared solution of (2.10) is oscillatory. If
y11(t) and y22(t) are nontrivial solutions of

' +r+a2=0, (2.11
then
yu(t) 0
Y(it) =
®) [ 0 y2(t)

is a non-trivial, symmetric solution of (2.10). Further, Y'(¢) is prepared be-
cause Y (t)Y'(t) = Y'(t)Y(t). Hence Y(t) is oscillatory by Theorem 1, that is.
det Y (t) = y11(t)y22(t) has arbitrarily large zeros. On the other hand. from
Lemma 4/Lemma 5 it follows that y;1(t) and yao(t) are oscillatory solutions
of (2.11).

Ezample 2. Consider

(POY'Y +Y +Y3*=0, t>0, (2.

[N
—_
[\

where

0 paalt)

p11 and p22 € C([0,00), (0 1]). We may observe that P(t) is a symmetric.
positive definite matrix function on [0, 00). Hence P~1(t) exists and is given by

1 0
P 1(1) — l plb(t) 1

P(t) = { pu(t) 0 ] ,

p22(t)
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As p11(t) £ 1 and paa(t) < 1, then P71(¢t) > I,. Thus (C;) and (C3) hold.
From Theorem 1 it follows that every nontrivial, symmetric, prepared solution
of (2.12) oscillates. In particular,

t 0
Y = [ yllo( | y22(t) ]
oscillates, where y11(t) and ya2(t) are nontrivial solutions of
(p1(t)z) +z+2*=0
and
(p22(t)z’) +x+ 2% =0
respectively. On the other hand, y11(t) and y22(t) oscillate due to Lemma 5.

Hence det Y (¢) = y11(t)y22(t) is oscillatory, which confirms the assertion made
above.

Remark. Consider

Y+ QY +Y3) =0, t>0, (2.13)

2 0
-3 5]
We may observe that Q is symmetric but not positive semi-definite because

r*Qr = 2z% — 22. Hence Theorem 1 cannot be applied to (2.13). However, the
following theorem can be applied.

where

THEOREM 6. Let F(X) be a polynomial in X with real coefficients and X F(X)
>0 for X € My,. Let F'(X) > I, where F'(X) stands for the derivative of the
polynomial F(X) with respect to X in the symbolic sense. Let (Cs) hold. If

T
(Cq) Ii:’gninf% J(T = t)P tr Q(t) dt > —oo0,
—00 0

where p > 1 is an integer, then every nontrivial, symmetric, prepared solution
of (1.2) oscillates.

Proof. If possible, let (1.2) admit a nontrivial, symmetric, prepared, non-
oscillatory solution Y (t) on [0,00). Then there exists a to > 0 such that
det Y(t) # 0 for t > to. Hence Y 1(¢) exists for t > to. As det(Y(¢)F(Y (t))) =
detY(t)det F(Y (¢)) and Y (¢)F(Y(t)) > 0 implies that det(Y (t)F(Y(t))) > 0,
then det F(Y (t)) # 0 and hence (F(Y (¢)))~! exists for ¢ > to. Setting

2) = [P (&)Y (s)ds, (2.14)

to
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we obtain
Z'(t) = (F(Y/(£)~'Y'(t).
Hence
Z"(t) = (F(Y ()~ () + [(F(Y ()Y (2)
—(FY(®))T'QMF(Y () + [(F(Y (1) "Y' (t). 2.15
Q(t

)7
As (Y7(t))" =—(Q)F (Y (t)))" implies Y (t) =—F(Y ())Q(t), then
Q)F(Y(t)) = F(Y(t))Q(t). Further,

F(YO)F(Y ()" =1, = [FY(®)(FY ()™ =0.

Hence
[(FQY @)™ = —~(FY@O) T F Y @)Y OFEX )"
Consequently, from (2.15) we have
Z"(t) = =Q(t) = (F(Y(1)) T F'(Y (1))Y'(t)
=-Q(t) - F'(Y()(F(Y($))"'Y'(t)
=—Q(t) - F'(Y (1))(Z'(1))?

because F(Y) is a polynomial in Y and Y commutes with itself imply tha
(Y (O)F(Y (1) = F(Y (1) F/(Y (1)), that is,

Z"t)+ Q)+ F'(Y(t)(Z'(t)?* =0, t > to. (2.16

Since Y (t) is prepared, then Y (t)Y'(t) = Y'(t)Y(¢), that is, F(Y(t))Y"(t)
Y'(t)F(Y (t)) and hence Z(t) and Z’(t) are symmetric. Indeed, from (2.14) it
follows that

Tmz[ﬂﬂﬂwYW%N%=/FHHWWWwF®

=ﬂW@HWW@WWm=/W@wwwwws

t
= /(F(Y(s)))—ly’(s) ds = Z(t).
to
Integrating (2.16) from ¢ to t and then taking the trace we get
t t
/tr Q(s)ds =tr Z'(to) —tr Z'(t) — /tr[F'(Y(s))(Z’(s))Q] ds
to i.‘o

= Cy(t) — tr Z'(t),
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where
t
Co(t) =tr Z'(tg) — /tr[F'(Y(s))(Z’(s))z] ds.
to
We may note that
F'(Y(t)) > I, > 0 and (Z'(t))? > 0 implies tr[F"(Y (t))(Z'(t))?] > 0 for t > t,.
If possible, let

0< / G[FY (Y (8))(Z'(s))2] ds = Ko < oc.

As
F(Y(t)=I,>0 and (Z'(t))?>>0
imply that
tr[F'(Y'(1)(2'(1))°] = tx(Z' (1)),
then
/tr(Z’(s))2 ds < /tr[F'(Y(s))(Z'(s))z] ds < K.
Further,
‘ 2
(/trQ(s) ds) = (Co(t) —tr Z'(t))?
< 2(C3(t) + (tr Z'(t))?]
< 2[C3(t) +ntr(Z'(t)].
Hence

(Co(t)* = {tr Z'(to) - /tr (F'(Y(s))(Z'(5))%) dS}

< 2(tr Z'(tg))? + 2 [/tr (F'(Y(s))(Z'(s))?) ds}

<2(trZ'(tg))* +2K2 =L
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implies that

2 T
(/ttrQ(s) ds) dt < 2L(1 tT) + 2Tn/tr(Z'(t))th

to

ton 2K,
2L(1 _b .
< T) Tt

Thus

. T /¢ 2
im — <
Th—>n;oT/ (/trQ(s)ds) dt < 2L < 0,

However, this is true if and only if (see the remark below)

T

1 P ' ! _
Jim = (T = &)t [F/(Y(1))(2'(+))*] dt = oo

where p > 1 is an integer. Multiplying (2.16) through by (T — )P, to < t < T,
integrating from ¢y to 7' and then taking trace we obtain

T

/(T—t)” trQ(t )dt+/( — )P tr [F/(Y())(Z'(t)?] dt

to

= (T —to)P tr Z'(tp) — /(T — )P~ tr Z/(t) dt (2.17)

to
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An application of the Cauchy-Schwarz inequality yields

T
/(T — )P tr Z/(t) dt

to
T

< /(T—t)P/2|trZ’(t)](T—t)p/z_ldt

0, - 2 o 1/2
/ (T - t)P(tx Z'(1))? dt} [ / (T — t)P=2 dtJ
- T

1/2 1/2
n / (T—t)ptr(z’(t))thJ [ / (T — t)p=2 dtJ

L to to

IA

IN

roT )
- to)”‘l:'l/“

1/2
n/(T—t)Ptr (F'(Y(£))(Z'(1)?) dt} [(Tp_ I

L to

IN

that is,

T

—% /(T — )P tr Z'(t) dt

to

T 12 &
n P ’ , 2 (T—t )p—l 1/2
< [ﬁ /(T—t) tr (F'(Y(£))(Z'(¢t)) ) dtJ [ — IO)TPT]

to

From (2.17) we obtain

|-

D

T
/(T — )P trQ(¢) dt

o)

T
< (1 - %O)ptr Z'(to) — 7% /(T — )P tr[F (Y (£))(Z'(t))?] dt

T 1/2
i _ 4 \p—171/2
v [ﬁ / (T = &) x(F'(Y (1)(Z'())) dt} [%J

to
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Setting

2

T 1
#(T) = {Ti J R ONOR dt}

to
we observe that lim f(7T) = co and
T—o0

%p (T — £ tr Q) dt

g\*ﬂ

2
to\? / 2 1/2 (T —to)? ']
<|(1l—==) trZ(ty) — T T) | ——
<(1-7) w200 - O e A1) |
to\? / - 1/2 1 toy: 1172
<(1-2) twZto) - £(T) | F(T) - — (1-2
<(1-2) o2t - £ ><f( )~ pn <p_1>T(1 ) .
Hence
Ll
h:/l&ioréfﬁ/(T_ P tr Q(t) dt = —oo,
to
a contradiction to (Cy).
Remark.
(i)
JEGCEOAURTE.
to
if and only if
. T
im — Y / TON2Y 34
Th—I»I;o o (T — HPte(F(Y (6))(Z'(¢))?) dt — <.
to
(ii)
. T
lé{gi;éf' T /(T — )P trQ(t) dt > —o0
0
implies that
. T
thlicgfﬁ (T —t)PtrQ(t) dt > —oo for every tg > 0.
to
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Ezxample 3. Consider (2.13). Since F(X) = X+X3 then XF(X) = X?2+X* >0
and F'(X) = I, + 3X? > I,,. Conditions (C3z) and (C4) hold because tr Q =

2+ (-1)=1.1f
_ |y O
Y@ = [ 0 y2lt) ] ’

where y11(t) and y22(t) are non-trivial solutions of z”” + 2z + 22° = 0 and
z" — x — 2% = 0 respectively, then Y (¢) is a non-trivial, symmetric, prepared
solution of (2.13). From Theorem 6 it follows that Y'(¢) oscillates. On the other
hand, from Lemma 4/Lemma 5 it follows that y11(t) is oscillatory. Hence Y (t)
is oscillatory, because det Y (t) = y11(¢)y22(t).

THEOREM 7. Let (Cy) hold. Let g(t) be a positive, differentiable function on

[0,00) such that
t

tlim (9(s))"tds =00

0

| [ (om0 (S ) a0

Then every nontrivial, prepared, symmetric solution of (1.1) oscillates.

and

The proof is similar to that of Theorem 1 and hence is omitted.

THEOREM 8. Suppose that all the conditions of Theorem 6 hold, except (C3)
which is replaced by

T t

lim sup% /tr Q(s)ds | dt = .
0

T—o0
0
Then every nontrivial, prepared, symmetric solution of (1.2) oscillates.

The proof is similar to that of Theorem 6 and hence is omitted.
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