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Natural homomorphisms of Witt rings of orders in
algebraic number fields, II.

Marzena Ciema la

Abstract. We prove that there are infinitely many real quadratic number fields
K with the property that for infinitely many orders O in K and for the maximal
order R in K the natural homomorphism ϕ : WO → WR of Witt rings is
surjective.

For a commutative ring A let WA be the Witt ring of nondegenerate symmetric
bilinear forms on finitely generated projective modules over the ring A. Any ring
homomorphism A → B induces the Witt ring homomorphism WA → WB. In
particular the inclusion of a ring A in B induces the Witt ring homomorphism
WA→ WB which is said to be natural.

It is well known that for the maximal order R of a number field K the natural
ring homomorphism ψ : WR → WK is injective. This was first proved by M.
Knebusch in 1970 (for a proof see [5, p. 93]). On the other hand, for a nonmaximal
order O in K we know very little about the natural homomorphisms WO → WR
or WO → WK. Recall that an order O of K is a subring of R which is a free
abelian group of rank [K : Q] (see [6, p. 72]). We concentrate on the natural
homomorphism

ϕ : WO →WR.

It has already been shown that the kernel of such a homomorphism is a nilideal
([2]) and for some classes of orders the kernel is a non-zero ideal in WO ([3]). A
nonmaximal order O is strictly contained in R, and we cannot in general expect
that ϕ be surjective. However, we have proved in [1] that in every nonreal quadratic
number fieldK there are infinitely many orders O with the property that the natural
homomorphism ϕ : WO → WR is surjective. In this paper we prove a similar
result for orders in real quadratic number fields. We are unable to cover all real
quadratic fields but for any such field with the fundamental unit of norm −1 we show
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that it contains infinitely many orders O with surjective natural homomorphism
ϕ : WO →WR.

Notation. Let K be a real quadratic number field, K = Q(
√
d ), where d > 1

is a square-free natural number and let R = Z[ω] be the maximal order in K. Any
order O in K is of the form O = Z[fω], where f is a natural number. Let d(K)
denote the discriminant of K and p1, . . . , pt be all, pairwise distinct, prime divisors
of d(K). We agree that p1 = 2 whenever d ≡ 3 (mod 4).

When −1 ∈ N(K) and d 6≡ 1 (mod 8), the Witt group ψ(WR) ⊆ WK is
additively generated by the following set

(1) S = {〈1〉, 〈p1〉, . . . , 〈pt−1〉, 〈b〉},
where b ∈ K has negative norm and ordpb ≡ 0 (mod 2) for every prime ideal p in
R (see [4]). Hence, if the fundamental unit ε has norm −1, we can take b = ε in
(1).

The following theorem gives a sufficient condition for surjectivity of the natural
homomorphism ϕ : WO →WR.

Theorem 1. Let O = Z[fω] be an order in real quadratic field K and let ε be
the fundamental unit in K. If εn ∈ O for some odd natural number n and if
gcd(d(K), f) = 1, then the natural homomorphism ϕ : WO →WR is surjective.

Proof. Since ψ : WR → WK is injective and ψ(WR) is additively generated by
the set S in (1), to prove the surjectivity of ϕ it is enough to show that the image
of ψϕ contains S.
It is clear that 〈1〉 belongs to the image of the homomorphism ψϕ.
If p is a prime dividing the discriminant d(K), then gcd(d(K), f) = 1 implies p - f
and we have 〈p〉 ∈ imψϕ by [1, Lemma 3].
It remains to show that 〈ε〉 also lies in the image. Since εn belongs to O and εn

is an invertible element in O we can consider the class 〈εn〉 in the Witt ring WO.
Since n is odd, it is clear that ψϕ〈εn〉 = 〈ε〉K .

Thus all generators in the set S are in the image of the homomorphism ψϕ :
WO →WK, as desired. �

Theorem 1 applies to orders in a real quadratic field K containing an odd
power of the fundamental unit of K. We now show that there are infinitely many
such orders in K. This follows from the following Lemma. As usual, we say that a
prime number p divides the sequence (sn) if there exists a natural number n such
that p | sn.

Lemma 2. Let K be a real quadratic field with maximal order Z[ω] and let ε = r+sω,
where r, s ∈ Z, be the fundamental unit in K. Let

εn := rn + snω, rn, sn ∈ Z.

There are infinitely many prime numbers dividing the sequence (s2n+1)∞n=1.

Proof. Write

εn+1 = (r + sω)(rn + snω).

Then

rn+1 = arn + bsn, sn+1 = csn + ern
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for some integers a, b, c, e. A simple elimination yields

rn+1 = (a+ c)rn + (be− ac)rn−1, sn+1 = (a+ c)sn + (be− ac)sn−1.

Thus the sequences (rn) and (sn) are recurrent sequences of rank 2.
According to a classical theorem of M. Ward ([8]), there are infinitely many

primes dividing the sequence (sn). But we need to prove that the subsequence
(s2n+1) also has infinitely many prime divisors. For this it is sufficient to observe
that the sequence (un), where un = s2n+1, is recurrent of rank two, and again
invoke Ward’s theorem. We write

un = s2n+1 = As2n +Bs2n−1, wn = s2n = As2n−1 +Bs2n−2,

where A = a+ c and B = be− ac and hence

un = Awn +Bun−1, wn = Aun−1 +Bwn−1.

Similarly as above for (rn) and (sn) we conclude that the sequence (un) is recurrent
of rank 2. Hence by Ward’s theorem there are infinitely many primes dividing the
sequence (s2n+1). �

Theorem 3. Let K = Q(
√
d) be a real quadratic field such that the norm of its

fundamental unit is −1 and d 6≡ 1 (mod 8). Then there are infinitely many natural
numbers f such that natural homomorphism WZ[fω] → WR is surjective.

Proof. By Lemma 2 there exist infinitely many prime numbers dividing the sequence
(s2n+1). Hence there are infinitely many natural numbers f such that f divides
(s2n+1) and gcd(f, d(K)) = 1. One can choose for f all sufficiently large prime
divisors of the sequence (s2n+1). Now it follows from Theorem 1 that the natural
homomorphism WZ[fω] →WR is surjective. �

We conclude with recalling that there exist infinitely many quadratic fields
satisfying the assumptions of Theorem 3. For take K = Q(

√
t2 + 4 ) with t an odd

integer. Then the diophantine equation

X2 − (t2 + 4)Y 2 = −1

has infinitely many integral solutions and the fundamental unit in K has norm
−1. This can be seen from the continued fraction expansion of the number

√
t2 + 4

which is periodic with the period of length 5 (see, for instance, [7, p. 287]) and
hence the equation above has infinitely many integral solutions (by [7, p. 302]).
Moreover t2 ≡ 1 (mod 8) and thus t2 + 4 6≡ 1 (mod 8).

Hence there are infinitely many real quadratic fields K with the property that
for infinitely many orders O in K the natural homomorphism WO → WR is
surjective.
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