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On a Generalization of Helmholtz Conditions

Radka Malikova

Abstract. Helmholtz conditions in the calculus of variations are necessary
and sufficient conditions for a system of differential equations to be vari-
ational ‘as it stands’. It is known that this property geometrically means
that the dynamical form representing the equations can be completed to
a closed form. We study an analogous property for differential forms of
degree 3, so-called Helmholtz-type forms in mechanics (n = 1), and obtain
a generalization of Helmholtz conditions to this case.

1 Introduction

This article is a contribution to the study of properties of morphisms in the vari-
ational sequence. The variational sequence, introduced by Krupka in 1989 [8], is
a quotient sequence of the De Rham sequence, such that one of the morphisms
is the Fuler-Lagrange mapping of the calculus of variations, assigning to a La-
grangian its Euler-Lagrange form. The idea of the variational sequence reflects
and further extends a close relationship beetwen the Euler-Lagrange mapping and
the exterior derivative operator, observed earlier by Lepage [17] and Dedecker [3].
The Euler-Lagrange morphism has been recently extensively investigated, and its
properies are very-well known. On the other hand, much less or almost nothing
is yet known about other variational morphisms. Namely, two morphisms in the
sequence, the first one mapping dynamical forms (possibly Euler-Lagrange forms)
to Helmholtz forms, and the next one, are very interesting, since they distinguish
variational equations from the non-variational ones, and it seems that they could
be used to study non-variational equations by variational techniques (see e.g. [12]).
It is known that the kernel of the Helmholtz mapping is the family of differential
(n + 1)-forms which come from a Lagrangian as its Euler-Lagrange forms. The
study of the kernel then provides the solution of the so-called Covariant Inverse
Problem of the Calculus of Variations: necessary and sufficient conditions for a dy-
namical form be variational, called Helmholtz conditions if n = 1. In this paper we
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study for the case of one independent variable (n = 1, ordinary differential equa-
tions) properies of the morphism from the third column of the first order variational
sequence (Helmholtz-type forms) to 4-forms. The result is an explicit character-
ization of the kernel, we obtain a generalization of the Helmholtz conditions to
this case. We also construct a Lepage equivalent of a Helmholtz form which is a
closed 3-form. This new form represents non-variational equations, similarly as the
famous Cartan 2-form (or a symplectic form) represents variational equations.

In Section 2 we recall basic structures and notations: for more details we refer
to [6], [7], [14] or [18]. In Section 3 we briefly introduce the variational sequence,
according to [8], [9]. In Section 4 we present the theorem which is an important
result for variational sequence and the inverse problem of the calculus of variations
[13], [14]. We ask a question on a possible generalization of this result to the third
column of the variational sequence. We show that a Helmholtz-like form can be
completed to a closed form if and only if it is a Helmholtz form, and find the
corresponding necessary and sufficient conditions explicitly.

2 Differential Forms in Jet Bundles

Throughout this article, manifolds and mappings are smooth, summation over
repeated indices is always assumed.

Y is a fibred manifold with base X and projection 7: ¥ — X where dim X =1
and dimY = m + 1, m > 0. A mapping v: W — Y, where W is an open subset
of X, is called a section of the manifold 7: Y — X if 7 oy = idy. Two sections
1,72 defined on an open set W C X are called r-equivalent at a point t € W
if 41(t) = ¥2(t), and if there is a fiber chart around 71 (t) = 72(¢) such that the
derivatives of the components of the sections ; and -5 at the point ¢ coincide up
to the order r. The equivalence class containing a section « is called the r-jet of
v at t and is denoted by J;7y. Denote by J['Y the set of all r-jets at ¢ and put
JY =, J]Y, t € X. Projection m,: J'Y — X has the structure of a smooth
manifold and it is called r-jet prolongation of w. Fibred projection of J"Y onto
JFY 0 < k < r — 1, are denoted by mr%. The mapping ¢ — J/ v is a section of
7 and it is called the r-jet prolongation of the section v and denoted by J"vy. A
section 0 of 7, is called holonomic if there exists a section v of 7 such that 6 = J".
Fibred coordinates on Y are denoted by (¢,q%), 1 <14 < m, associated coordinates
on J"Y are denoted by (t, q,i), 1<i1<m,0<Ek<r. We usually use the notation
w=9¢"a=4"5%=4q 93=7"

A vector field £ on J"Y is called 7,-vertical if Tm, - £ = 0, and 7,.-projectable
if there exist a vector field &y on the base X such that T, - £ = & o 7. In local
coordinates, projectable vector fields have their 9/9t component dependent on ¢
only, and vertical vector fields have this component equal to zero.

Let A2(J"Y), ¢ > 0, denote the module of smooth g-forms on J"Y over the ring
of functions (for ¢ = 0 we have smooth functions on J"Y). A form n € AY(J"Y), is
called m,-horizontal if i¢n = 0 for every m,-vertical vector field { on J"Y. A form
n € AI(J"Y), is called 7, p-horizontal, 0 < k < r, if 4¢n = 0 for every m, y-vertical
vector field £ on J"Y. The module of 7,-horizontal (resp. of 7, y-horizontal) g-forms
on J"Y is a submodule of A9(J"Y") and is denoted by A% (J"Y) (resp. A%, (J7Y)).
We get that 7 is m,.-horizontal if and only if in coordinates it is represented by
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n = fdt, where f = f(t,q",...,q"), mr g-horizontal g-form 7 is expressed by means
of dt,dq’, ..., dq,i only, with the components depend on all the ¢, ¢, .. ., q,i.
Let n € A4(J"Y). There is a unique horizontal form hn € A?(J"*1Y) such that
for every section -y
JT’Y*T] —_ Jr+1,y*h77 .

The mapping h: AY(J"Y) — A9(J"+1Y) is homomorphism of the exterior algebras
and is called horizontalization operator. In particular,
df df of of .. Of ., of
= + ey
aq¢*

hdf = == dt, wh = = , R
f=qpdh where =gt gt Tagd T gt

Let now r > 1. A form n € A%(J"Y) is called contact if
‘]T,}/*n — 0

for every section 7 of m. The form 7 is contact if and only if hn = 0. On our fibred
manifolds every g-form for ¢ > 2 is contact. Contact forms form a closed ideal in
the exterior algebra on J"Y locally generated by the 1-forms

wo=dt, w'=dq' —¢'dt, &'=d¢"—g'dt, ..., wi_,=dq¢'_,—q dt,

and their exterior derivatives.

Let ¢ > 1 and let n € A2(J"Y) be a contact form. We say that 7 is 1-contact if
for every m,-vertical vector field € on J"Y the (¢ — 1)-form 4¢7 is m,-horizontal. We
say that 7 is k-contact, 2 < k < g, if i¢n is (k — 1)-contact. The following theorem
describes the structure of differential forms on fibred manifolds.

Theorem 1. [6] Every g-form n on J"Y, r > 0, admits the unique decomposition

Trp1,e =+ pin+ -+ pgn
where p;n is a i-contact g-form on J'H1Y, 1< i <q.
The form p;n is called i-contact part of n. We shall consider operators
pit AU(JTY) — AY(JTY),

1 <4 < g, assigning to every form its i-contact part. Since we consider the base
manifold one dimensional, we have p;n = 0 for i < ¢g— 1. A contact g-form is called
strongly contact if w7y .n = pgn.

Contact 1-forms can be completed to a basis of linear forms that is well adapted
to the fibred structure. In what follows, we shall often use for a local expres-
sion of forms on J'Y the adapted basis (dt,w?, dq") instead of the canonical basis
(dt,dq?,dq?), and similarly, for forms on J2?Y, the adapted basis (dt,w?, w?, dg")
instead of (dt,dq,d¢’, dg).

The basic objects for the calculus of variations are horizontal 1-forms on J"Y,
called Lagrangians of order r, and 1-contact 2-forms horizontal with respect to
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the projection onto Y, called dynamical forms. In every fibred chart a Lagrangian
A € AY(JTY) and a dynamical form E € A?(J"Y) take the form

A=Ldt, L=L(t¢,§,...,¢),
and ) o .
E:Eiwz/\dta Ei:Ei(t;qjaqja"'aqgﬂ)'

A special case is a dynamical form E) associated with a Lagrangian A, called the
Euler-Lagrange form of A. If X\ is of order r then E) is of order < 2r, and its
components F;(L), called Euler-Lagrange expression, are defined by

) L d" dL

B =5 ~@mag TtV o

The mapping A1(J"Y) > X — E, € A?(J?"Y) is called the Euler-Lagrange map-
ping.

3 The Variational Sequence

A general framework for our exposition is the variational sequence [8], [9].
Let Qf . = {0}, and let Q7 . be the sheaf of contact p-forms, if p < n, or the
sheaf of strongly contact p-forms, if p > n, on J"Y. Set
or = Qr, +doy_ .,

T
p—1l,c

where d€2)_,; . is the image sheaf of {2

exact sequence of soft sheaves

by the exterior derivative d. We get an

0—0] —0; — 05 —- -

where the morphisms are the exterior derivative, i.e., a subsequence of the De Rham
seguence
The quotient sequence

0—»R—>QSHQ?/@{HQS/@QHQQ/@%H

is also exact. It is called the variational sequence of order r on 7, see Figure 1. The
variational sequence is an acyclic resolution of the constant sheaf R over Y. The
quotient sheaves €27 /O are not forms, but classes of (local) p-forms (of order r).
We denote by
Ep: /0, = 1 /04 1
the quotient mapping. The class of a form p € Q] is denoted by [p]. Hence &, ([p]) =
[dp].
The quotient mapping
&:Q1/01 — Q3/0;

then identifies with the FEuler-Lagrange mapping. The quotient mapping
E2: 05/03 — Q5/6}
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is called the Helmholtz mapping. The image of a class [p] € Q5/0%, i.e., the class
[dp] € Q5/0O% is called Helmholtz class.

By exactness of the variational sequence, the condition &£ ([p]) = 0 means that
there exists f € Qf such that [p] = [df]. Hence, we get a (local) function f,
such that & ([df]) = 0. In other words, the class [df] has the meaning of a null
Lagrangian. The condition &([a]) = 0 gives us a class [p] € Q7/O7] such that
[a] = [dp] = &i([p]), ie., [a] is the image by the Euler-Lagrange mapping of a
class [p]. Thus, condition &([a]) = [da] = 0 means that [«] is locally variational.

Classes in the variational sequence can be canonicly represented by source forms
[1], [11], [19]. In the first column the classes are represented by horizontal forms,
i.e., Lagrangians. In the second column the classes are represented by dynamical
forms and in the third column the classes are represented by forms of Helmholtz
type. The corresponding morphisms then take the form & : A — Ey, &: E — Hg,
where A is a Lagrangian, E) is the Euler-Lagrange form of A\, E is a dynamical
form, Hg is a Helmholtz form of E. As shown in [10] we have for Helmholtz
form Hp the following formula

_L(0E: _0F; 1d (0E; OE;N\ ;.
HE‘z(aqj o 2dt<6(jﬂ' aqz’))“’ hetnd

+ ;<8Ei 498 _d (aEi + 8Ej>)aﬂ' Aw' A dt

¢ 8¢t dAt\og | 9§
1(0E; 0B\ .;
2<8dj - 8éji>w Aw" Adt.

A different representation of classes in the variational sequence is realized by
so-called Lepage forms [11]. A g-form p, ¢ > 1, is called Lepage form if p,dp is
a source form. If ¢ is a source ¢-form, we say that p is a Lepage equivalent of o
if p is a Lepage g-form and p,_1p = 0. A Lepage equivalent of Lagrangian X is
defined to be a 1-form p such that hp = X\ and p; dp is horizontal with respect to
the projection onto Y [7]. A direct computation then gives that every Lagrangian
has a unique Lepage equivalent. It is denoted by 6, and called the Cartan form.
In fibred coordinates (if A € A}(J"Y')) one gets

oL
a4t

wt.

0\ = Ldt +
Note that by definition p; dfy = FE.

4 Closed Equivalents of Helmholtz Forms

In what follows, we consider a fibred manifold 7: ¥ — X, dim X =1, dimY = m,
and its jet prolongations up to the third order, with fibred coordinates denoted
(t,q", 4", q",¢"), and with the contact structure generated by contact forms

Wi =d¢' —¢'dt, &'=d§' —g'dt, &' =dg - gl dt.
A second order dynamical form

E = E;d¢* Adt
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(where summation runs over ¢ = 1,...,m) is variational, i.e., E is an Euler-
-Lagrange form of a Lagrangian L, if and only if the components E;(t,q’,¢’,¢")
satisfy the famous Helmholtz conditions [4]

8Ei _ 8Ej -0 % 8Ej _ g(aEz 8EJ) —0
o 9 9@ a¢  dt\og ' o)
8Ei an 1d (8EZ 8Ej>_ 0

O¢f  O¢t  2dt

d¢7 94’

In this case the corresponding (second order ordinary) differential equations
Ei(t,q’(t),¢’ (1), ¢ (1) =0, 1<i<m,
are FEuler-Lagrange equations, i.e.,

oL doL
Y 0q¢t dtogt

It is known that variationality is equivalent with the possibility to complete the
dynamical form E to a closed form (see [2], [5], [6], [13], and [14], [16]). We have
the following result characterizing variational dynamical forms:

Theorem 2. [13], [14] Let E be a dynamical form. The following conditions are
equivalent:

(i) E is locally variational, i.e., around every point, E is the Euler-Lagrange
form of a Lagrangian L.

(ii) The components of E satisfy the Helmholtz conditions.

(iii) There exists a unique 2-contact form F such that the form o« = E + F is
closed.

(iv) There exists a unique 2-contact form F such that p; da = pa d(E 4+ F) = 0.

The 2-form in the above theorem is explicitly expressed by means of the dy-
namical form E. For example, if F is a second order dynamical form then

F—1 0B, _ 9F, wi/\wj—&-1 aEi—i-an w' A!
4\ 9¢  9g PG ‘

The proof of the above theorem gives also necessary and sufficient conditions for a
dynamical form be locally variational (the Helmholtz conditions) [4].

The 2-form « is defined on J'Y, and explicitly expressed by means of the
dynamical form E. It holds

; 1/0E;, O0FE;\ , . 1/0E; OFE;\ . .
= FE,w' ANdt + - A J YN - i J iAo
o=t nane g (G5 - Gt )t n 5 (G + Gt )0

The aim of this paper is to generalize the above theorem from dynamical forms
to forms of degree 3, namely to so-called Helmholtz-type forms, i.e. to the third
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column of the variational sequence. Helmholtz-type forms are 2-contact 3-forms,
belonging to the ideal generated by the contact forms w?, 1 < i < m.

Behind Lagrangians and Euler-Lagrange forms, Helmholtz-type forms are other
important differential forms appearing in the calculus of variations (see [8], [12],
[15]). In particular, to every dynamical form E one assigns a 3-form of this kind,
called Helmholtz form, Hg, with the property that E is variational if and only if
Hpg, vanishes [8], [10].

The following theorem shows under what conditions a Helmholtz-type form H
can be completed to a closed form (3. We find necessary and sufficient conditions
for existence of a closed counterpart of H, generalizing the Helmholtz conditions
to 3-forms), as well as the formula for 3.

We use the following notation: sym(i,j) = & (ij + ji), asym(i, j) = 3(ij — ji),
asym(i, j, k) = & (ijk — ikj + kij — kji + jki — jik).

Theorem 3. Let H be a Helmholtz-type form of order 3. The following conditions
are equivalent:

(i) H is locally Helmholtz, i.e., around every point, H = Hp for a dynamical
form E.

(ii) Components of H, defined by
H=H)w Aw! Ndt+ H}w' A& AdE+ HYw' A7 Adt,

where H); = —HY;, H}; = H};, H}; = —H,, satisfy the conditions

jir ij jir ij Jji?
OH 0, (1)
8.q.k - 9
OH?. 1 9H?
o 1 )
0q 2 0¢J
OH)  OH}
( v "k> =0 @)
Jq 94 asym(j,k)
OHL: 4 OHL
<a..,lf % Z;f) =0 ()
q tOG" ) |sym(ip)
0 2 2 : ;
OHY, + 19Hj; i 1O0Hj 1d 3 2 + OI; =0, (5
5‘qk 9 6qk 2 aql 2dt aqk aqk asym(j,k) ?
OH!; 1d0H} 1 d*0H} 0 6)
dgk  2dt 9gk ' 2dt? 9k aym(i) (
OHY, 1 (9H), 3H§k _i OHy; _ 10H;
oiF 2\ og o 294"
d2 OHY;
— ) - 07 (7>
dt oqk sym(j,k)
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(6H?j 1d aHO 1 42 <8HZOJ 8H3]>
T _

dq* a4 3 3de2\ oGk ' Agk
1 d3 90HO
q asym(j,k)

(iii) There exists a unique 3-contact form G such that the form 8 = H + G is
closed.

(iv) There exists a unique 3-contact form G such that psdf = psd(H + G) = 0.
The form ( has the following coordinate expression:
B=Hjw AN Adt+ Hjw' ANi? Adt+ Hjw' Ai? Adt+
0 0 2 0
! 8]{17 - g a}{ij OH; d O wi AWl A WP
gk ol ol

dae? 9"
(61{% OH3  d OH))

HO
) VAW AP+ Y w/\uﬂ/\w+
q

gk dg At 9gF

1 OH}; N OH? B zaH% B gaH}j

oGk gk ogk  dt ok
OH

1] i - g -k
—w Aw’ ANw".
ogk

)wi/\ol)j/\cbk+

+

Proof. (i) = (ii) is proved by direct computation.

(ii) = (iii) The computations are long but standard, therefore we recall here
only basic steps. Let H be a source 3-form of order 3. Then in fibred coordinates 3
is expressed in the form

B=H+G=H)w' N Ndt+ Hjw' Ao Adt+ HY w' AT A dt+
Gokw AW Aw +G0kw Awd AP +G0kw Awd AR
+ G W AT NG+ GYE W NG NG+ GO AT AR
+ GO N NG+ GRR W N NG+ GROT N DT AR+

Gka NN

We may assume Hj; = —H};, H}; = Hj;, H; = —H3. The condition d3 = 0 is

equivalent with p3dS = pydfB = 0. From p3dB = 0 we get for the components of

o - L2 (U o) | 0t
dt j

k s el
“ aq 8(] aq] dt? aq asym(%,7,k)
001 _ OHY; 1 OH?, B OH, B iaﬂg
ok = 5 o O¢ ) i og"
0
ooz _ 913
ijk a.q.k,
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1 2 0 1
Gout — 1<8Hij N OH;; B 28Hij B daHij>
U 2\ 9§ g+ oGt dt 9GF )| ymiim
1
G2 — OH,;
74]]4; a.q.k,
=GOl =Gl = el = ait =0

and for H’s we get conditions (1)—(8). Finally, one has to check that the relation
padf = 0 is fulfilled identically.

(iii) = (iv) is obvious.

(iv) = (i) We have p3df = ps d(H + G) = 0. It means that [d5] = 0 and there
exists « such that [da] = [6]. From « = ag we obtain H = Hg. O
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