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SPACELIKE SUBMANIFOLDS
IN INDEFINITE SPACE FORM M7?(c)

YINGBO HAN

ABSTRACT. In this paper, we get an intrinsic inequality for spacelike subma-
nifolds in indefinite space form M;,H'p(c)7 (¢ > 0). We also get some rigidity
theorems for such spacelike submanifolds.

1. INTRODUCTION

Let Mg‘“’ (¢) be n + p-dimensional connected semi-Riemannian manifold of
constant curvature ¢ whose index is p. It is called indefinite space form of index
p. Let M be an n-dimensional Riemannian manifold immersed in M7 (c). The
semi-Riemannian metric of M;'*?(c) induces the Riemannian metric of M, M is
called a spacelike submanifold. Spacelike submanifolds in indefinite space form
M;"’p (¢) have been of increasing interesting in the recent years. There are many
results about these submanifolds, for instance, Dong [3], Wu [6, [7], Liu[4]. In [5],
the authors got an intrinsic inequality for spacelike hypersurfaces in de Sitter space
form M{Hl whose index is 1. In this note, we generalize the intrinsic inequality
for spacelike hypersurface of de Sitter space to spacelike submanifolds of indefinite
space form MJ*?(c) with index p > 1. From this inequality, we also get some
rigidity theorems for such spacelike submanifolds.

2. PRELIMINARIES

We choose a local field of semi-Riemannian orthonormal frames {e, ..., ey, ent1,
c s €pyp}in M;“’(c) such that, restricted to M™, eq,...,e, are tangent to M™.
Let wq,...,w, be its dual frame field such that the semi-Riemannian metric of
M]'*P(c) is given by ds® = " ea(wa)?, where ¢, = 1,i=1,...,nand ¢, = —1,
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a=n+1,...,n+ p. Then the structure equations of Mg‘“’(c) are given by
(1) doa=—) epwapAwp, wap+wpa=0,
B
1
(2) dwap = — Z ccwac Awep + 5 Z Kapcpwe Awp ,
c CcD
(3) Kapop = ceaep(dacdpp — 64pdBC) -
We restrict these forms to M™, then
(4) we=0, a=n+1,...,n+p,
and the Riemannian metric of M™ is written as ds® = Y, w?. Since
(5) Ozdwaz—Zw%i/\wi,
i
by Cartan’s lemma we may write
(6) Wai = Y hiw;,  hey =R
J
From these formulas, we obtain the structure equations of M™:
(7) dwi:—Zwij/\wj, wij—i-wji:O,
J
1
(8) dwij = — Zwik ANwgj + 5 Z Rijpiwr N wy,
k k,l
(9) Rijr = c(0ikbji — 6udjn) — (hihG — hiihGy) ,
where R;ji; are the components of curvature tensor of M". We call
(10) h = Zh%wi@)wj ® eq
1,J,a

the second fundamental form of M™. The mean curvature vector is H = 3, | hfieq =
o H%q, where H* = 37, he;. We denote |h]> = 32, (h))?, and |H|* =
> (H*)? We call that M™ is maximal if its mean curvature field vanishes, i.e.
H=0.

Let hj; ) and hf; ., denote the covariant derivative and the second covariant

J
3 3 &% e} — (o]
derivative of h;. Then we have h}; , = hf ; and

higa = h5a = D Wi Rt + D iy Rt + D 1 R
m m m
where R,y are the components of the normal curvature tensor of M™, that is
Rapr = Y _(hShly — hihs) .
i
If Ropri = 0 at point  of M™ we say that the normal bundle connection of M™

is flat at = and it is well known [I] that Ragr = 0 at point z if and only if the
matrix (hg;) are simultaneously diagonalizable at z.
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3. MAIN RESULTS FOR SPACE-LIKE SUBMANIFOLDS

Lemma 3.1 (Cauchy-Swartz inequality). Let ay,...,an; by, ..., by, be real numbers,

then
(San) < (Zat) (£#)

and the equality holds if and only if there exists a constant A such that a; = \b; or
bi:)\ai, 1= 1,...,77,

Theorem 3.2. If M™ is a space-like submanifold of indefinite space form M;+p(c)
(¢ > 0), S and p are Ricci curvature tensor and the scalar curvature of M™,
respectively, then

(11) |S|2 > 2cp(n — 1) — c*n(n —1)2.

Moreover, |S|? = 2¢p(n — 1) — ¢2n(n —1)? if and only if M™ is a spacelike Einstein
submanifolds with S = c¢(n — 1)g, where g is the Riemannian metric of M™.

Proof. From the Gauss equation we get

Sij = ZR’“’W = Z{ c(0kk0ij — 6idjk) Z — hi ?Jc)}

(12) = ZHa hi; +Zhik jk
k,«

So

5= 3285 = 2 {etn - 08 - L aG + S}
72{ (n-1 W(zm 5) + (S
ae(n— 1) ”(Zm %) +2e(n 1) ”(th‘kh 0)
-2 ) (kth )}
a1 X (S )+ 3 (S ioss)’
—20(”‘1)|H|;+2Cn—1(zhl )ﬂ

i k,a

-2y (ZH“h%) (kZhg*k gk)
57 @ ,Q
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and
p:ZS“-:Z{ e(n—1) ZH" Q+Zh o}
en(n—1) — [H* + > (hg;
(13) =cn(n—1) = [Hf + "}J;'; )
So

|S|2:c2n(n—1)2+Z(ZH“ha) +Z(Zh hyk)
—20(7171)\H|2+2c(n71)(p+\H|270n(n71))

23 (o) (o ma)

=2ptn ) enln 124 2 (Sr) 4 (S
22 () (S )

> 2cp(n — 1) = *n(n — 1)? +%:(Z(;Hahc’) +§:(Zh h?k)
-2(S (S am)) (S (D))

17 k,a

=2cp(n —1) = n(n —1)° {(Z(ZHa a)2>1/2
(14) (Z(Zh h;’k) )1/2} > 2cp(n— 1) — ®n(n — 1)%.

The first inequality has used Lemma [3.1]
So we have

IS|2 > 2cp(n — 1) — c*n(n —1)2.

Now we will prove the second part of this theorem.
If M™ is a spacelike Einstein submanifold with S = ¢(n — 1)g, then we have the
following equations:

ISP =n(n - 17, and p=en(n 1),
ie.

IS|? = 2¢cp(n — 1) — *n(n —1)2.
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Conversely, if the Eq. becomes an equality, then all the inequality of Eq.
will become equality. From the Lemma there exist a constant A such that

> HORG =X hGhS,
[ k,a

or

(15) AY CHORY = hghSy, forall i€ {l,...,n}
[e% k,a

and

(16) S (S amng) =X (X))

ij
(I) If A =0, we know that
(17) S HORG =0 or > h§h% =0 forall ije{l,...,n}.
« k,a

then
(18) H=0 or > [h3]>=0

ik,

If H =0, then M™ is maximal. From the Eq. , we have the following
equations:

|S|? = 2¢p(n — 1) — *n(n — 1)* + Z (ZHahZ‘)z + Z (Zh?’chg’“)z
g i ko
Q(Z(;Hah?j)Q)lﬂ(z(%h?k ?k)2>1/2

ij ij
(19) =2cp(n—1) —cn(n —1)* + Z (th‘k j‘k)2 .
17 k,«x

We have that
2
(20) > (D hahs) =o.
i k,a

for i,5 € {1,...,n}. From this equation, we get

(21) > hghG =0 for i=1,...,n.
k,a

So hiy =0, for i,j € {1,...,n} and a € {n+1,...,n +p}, i.e. M" is totally
geodesic.

Ifziﬁ,c’a[hf‘k]2 =050 h; =0, ford,je{l,...,n}and a € {n+1,...,n+p},
i.e. M™ is totally geodesic.

From the Eq. , we know that



84 YINGBO HAN

(II) If A # 0, from the equation }_, H*h{; = A Zk,a .Sy, and equation ,

we have the following equation:
2
(23) =3 (X nahs) | =0,
ij ko
(0% [0 2

then 3, (Zk,a hikhjk)2 =0or A =1. )

I (g hhS)” =0, then (37, | hgh%)” =0 for all 4, j. So hgj = 0, for
,7€{l,...;,n}and a e {n+1,...,n+p}, i.e. M™ is totally geodesic.

If \2=1,then A=1or A=—1.If A = —1, then ) Hhg; = *Zk,a RS,
so we have that H? + |h|? =0, i.e. h =0.If A =1, then ) Hehg =57 hhsy.

From equation , we have the following equation:

([l

Remark 3.3. When p = 1, i.e. M" is a space-like hypersurface, the inequality
given in [5].

Corollary 3.4. If M™ is a mazimal space-like submanifold of indefinite space form
M}*P(c)(c > 0), S and p are Ricci curvature tensor and the scalar curvature of
M™, respectively, then

(25) |S|? = 2¢p(n — 1) — *n(n —1)?

if and only if M™ is totally geodesic.

Proof. If M™ is totally geodesic, then from equations and ,
IS|? = *n(n—1)%, and p=-cn(n—1),

ie.
IS|? = 2¢cp(n — 1) — *n(n —1)2.

Conversely, from equations H = 0, , and , we know that M" is
totally geodesic. O

Theorem 3.5. If M™ is a complete spacelike submanifold with flat normal bundle
and with positive sectional curvature immersed in indefinite space form M;”p(c),
(¢c>0,p>2,n2>2),S and p are Ricci curvature tensor and the scalar curvature
of M™, respectively, then

(26) |S|? = 2¢p(n — 1) — *n(n —1)2

if and only if M™ is totally geodesic.

Proof. If M™ is totally geodesic, then from equations and ,
IS|? = c*n(n—1)%, and p=cn(n—1),

ie.

|S|? = 2¢cp(n — 1) — *n(n —1)2.
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Conversely, from case (I) and case (II) in the proof of Theorem we will prove
that M™ must be geodesic under the conditions: A = 1 and

(27) Y HORG = hihS,
o k,a

fori,j e {1,...,n}.
If H = 0, from Corollary we know that M™ is totally geodesic. Now we
suppose H # 0, and choose e,,11 = % Then, it follows that

(28) H=> hilenyy, and H*=Y h =0, a>n+1.

Since the normal bundle of M™ is flat, we choose ey, --- , e, such that
hi; = A{'6ij, for a=n+1,....,n+p.
From equation , we have the following equations:

(29) [H? = [H"? = [n]*.

Taking the covariant derivative of ( ., we obtain

(30) H'PVHR = " hhg
ijo

and by Lemma we have
(31) [H*IVH[* < [h]*|Vh|*.
Then the Laplacian of |h|? is given by:
A|H|2 VR[> +> " he AR
ija

n n 1 o «
IVh[> +> A H(H +1)+§Rim(xi —\9)?

1
ZA|h?

(32)

We define an operator O acting on any function f by:
Of = Z(Hn+15ij —hi fig
ij
Since (H"*14,;; — h?jﬂ) is trace free, it follows from [2] that O is self-adjoint relative
to L%-inner product of M™, i.e

Mnng:/wng-

DHn-H _ Z(Hn+15ij o hZJrl)H?jJrl
1j

1 n n
(33) = §A|H|2 — [VH]? =Y A (HE)

Thus we have
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From equations ,,,,
n 1 [e3 [
(34) ot > §R””()\z - /\j )2 .
Because S;; = ¢(n—1)d;;, we see by the Bonnet-Myers theorem that M™ is bounded

and hence compact.
Since O is self-adjoint, we have

1 « (0%

Then, by hypothesis R;ji; > 0, so Af = A} for a € {n+1,...,n+ p} and

ije{l,...,n)
From equation (27)), we have

(36) (n— DT = (W22 4+ (A7),
From equation , we have
(37) P2 = = p\TP =0,
then we have
(38) (n— 1?2 =0,
SO ANITL = \nt2 — ... = \"TP — ie. M" is a totally geodesic submanifold.  [J
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