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Abstract. We consider the initial-boundary value problem for first order differential-
functional equations. We present the ‘vanishing viscosity’ method in order to obtain viscos-
ity solutions. Our formulation includes problems with a retarded and deviated argument
and differential-integral equations.
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1. INTRODUCTION

Let 2 C R™ be any open bounded domain. For given constants 7' > 0, ag,rg = 0
we define

Oy ={z € R™: dist(z,Q) < 1o}, Q2=02,\Q, 6=(0,T)xQ,
Oy = [—GQ,O] XQrm 0p0 = (O,T) Xa()Q, F=@0Ua()@, E=Tu®6.

Let D = [—ao, 0] x B(rg), where B(rg) = {z € R": |z| < 1o} and | -] is the norm
in R™. For every z: £ — R and (t,2) € © we define a function z(,): D — R by
2(t,2)(8,y) = 2(t + 5,2 +y) for (s,y) € D. We call the restriction operator z — z )
“the Hale operator” (see [9] for ordinary differential equations).

Throughout the paper C(A) stands for the space of all continuous functions w:
A — R with the supremum norm || - || 4.

Supported by KBN grant 2 PO3A, 01811.
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Suppose that f: © x R x C(D) x R* — R of the variables (¢, z,u,w,p) and
U: I' — R are given function. We will consider the initial-boundary value problem
(IBVP)

(1) Dtu(tvx) = f(ta z, u(tvx)vu(t,x)v Du(tvx)) in @a
(2) u(t,x) = U(t,x) in T

We write Du for the spatial derivative D u.

Definition 1.1. A function v € C(FE) is a viscosity subsolution (resp. superso-
lution) of (1), (2) provided for all p € C(©) if u —  attains a local maximum (resp.
minimum) at (to, o) € © then

(3) DtSO(tO; J)O) < f(t(), Zo, U (t(), mO)’“’(to,wo)v DSO(twaO)) (resp. “> ”)
(4) u(t,z) < U(t,z) inT, (resp.“>=")

Definition 1.2. A function v € C(FE) is a viscosity solution of (1), (2) if u is
both a viscosity subsolution and supersolution of (1), (2).

We denote by SUB(f, ¥), SUP(f, ¥), SOL(f, ¥) the sets of all viscosity subsolu-
tions, supersolutions and solutions of problem (1), (2).
The following remark is immediate.

Remark 1.1. If u € C(E) N CYO) then u € SOL(f,¥) (u € SUB(f,¥),
SUP(f,¥)) if and only if u is a classical solution (subsolution, supersolution) of

1), (2).

The notion of viscosity solution was first introduced by M. G. Crandall and
P.L.Lions in [8], [15] for first order differential equations. The best general ref-
erences for the second order equations (not considered here) are [2], [7].

The existence of classical solutions for first order partial differential-functional
equations was considered in [3] (equation with a retarded argument) and in [4] (equa-
tion with operators of the Volterra type). The paper [12] is devoted to classical and
Carathéodory solutions for a Hale type model of functional dependence in equations.
This model is also studied in [20] where vanishing viscosity method is applied to the
Cauchy problem. It is worth manthionig here that some expict estimates that leads
to the convergence of vanishing viscosity method (for the Cauchy problem) are given
in [11] for Bellman-Isaacs differential-integral equations.

The method presented in this paper (interesting in itself) is not the only one that
gives existence of a viscosity solution for our problem. We believe that the existence
result can be obtained also as a particular case of the theorem for a second order
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degenerate parabolic problem. This can be done by generalizing results obtained
in [2], [7]. This problem for integro- PDE which has many applications in optimal
control jump-diffusion processes was discussed in [1] for second order equation and
in [16] for first order equations. Both of them deal with the Cauchy problem. Fixed
point techniques combined with a results obtained for nonfunctional case can be used
also to prove the existence. (see [10], [21]).

Problem (1), (2) contains as a particular case equations with a retarded and de-
viated argument and differential-integral (integro- PDE) equations. This can be
derived from (1), (2) by specializing the function f.

Indeed, let us consider two examples,

Example 1.1. Let g: O XRXxRXxR™ — Rand p: ® — R, v: ©® — R” be given
functions such that

(5) t—ap < pt,z)<t, |v(t,z)—z|<ry for(t,z)€O.
Consider the equation

(6) Diu(t,x) = g(t, x,u(t, z), u(u(t, ), v(t, ), Du(t,z)) in ©,
with an initial-boundary condition (2). It is easy to verify that putting
(7) f(tx,u,w,p) = g(t, @, u, w(p(t, x) —t,o(t, z) — x),p)
for (¢t,x,u,w,p) € © x R x C(D) x R™ we can obtain problem (1), (2).

In Section 3 we present the theorem on the existence of viscosity solution for (6),

(2).
Problem in the form (1), (2) can be obtained also by transformation of the
differential-integral equation.

Example 1.2. Let D ;) = {(t+t,z+2'): (¢',2') € D} and h: O XRxRxR" —
R and K: © x ©® x R — R be given functions.
Consider the equation

(8) Du(t,z) = h<t’ z,ult, z), /D(t,z)

Define f: © x R x C(D) x R — R by

K(t,z,s,y,u(s,y))dsdy, Du(t, x)) in O.

f(t,x,u,w,p) = h(t,x,u, K(t,(E, 37y7w(s - tay - l’)) ds dy7p>

Dt,z)

By the above formula it is evident that (8), (2) can be treated as a particular case

of (1), (2).

929



2. AUXILIARY THEOREMS
In this section we will be concerned with the problem,
(9) Dtu(ta (E) - €Axu(ta (E) = f(tv €T, u(ta (E), U(t,z)> Du(ta (E)) in 97

(10) u(t,x) = V(t,z) inT.

0) N C(E). We will write
(ie. ue. € CH*(E) and u.

Let C1%(0) denote the space of all functions u € C’(@) such that Dyu, Du, D2u
exist and are continuous in ©. Write CL2(E) = C12(
CSL(f, U,¢) for the set of classical solutions of (9), (10)
satisfies (9), (10)).

The reason why we consider (9), (10) together with (1), (2) is the following. In
order to obtain viscosity solutions of (1), (2) we apply the vanishing viscosity method
(see [13] for entropy generalized solutions and [8], [15] for viscosity solutions, both
for the nonfunctional case).

Proposition 2.1 (vanishing viscosity method). Let u. € CLS(f., V., ¢). Assume
that f. — f in C(© x R x C(D) x R™) (on bounded subsets) and ¥. — ¥ in C(T).
Ifu. — u in C(F) as € — 0 then u is a viscosity solution of (9), (10).

The idea of the proof is similar to the nonfunctional case (see [8]).

To apply this method we need a theorem on global existence of classical solutions
for (9), (10). This subject (for nonfunctional case) was investigated in the classical
monograph [14]. The functional case was studied in [5], [6] for a special type of
functional dependence. The problem for an arbitrary linear parabolic operator with
a Hale’s type functional dependence was considered in [19]. We wil present later a
set of assumptions giving existence of classical solutions for (9), (10) (proved in [19]).

A function w: Ry — Ry is called a modulus if w is nondecreasing and w(0+) =0.
Let K(R) = {w e C(D): ||lw|p < R}. We write Gt = {(s,z) € G: —ag < s <t} for
any G C R™*1,

Definition 2.1. Let M > 0 and o: [0,T] x R} — Ry. We will write o € Oy if

(i) o is continuous and nondecreasing with respect to both variables,
(ii) the right-hand maximum solution of the problem

(1) S =olt,2(0),  2(0)=M

exists in [0, 7). (We will denote this solution by p, (-, M).)

Definition 2.2. Let M > 0,0 € Op. We will write f € X, if
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(i) for every (t,z,u,w) € O x R x C(D)
ft 2, u,w,0) sgn(u) < ot max (|ul, [[w]|p);

(ii) for every R > 0 there exists a modulus wg such that

|f (&, 2, u,w,p) — f(t, 2, u,w,0)] <wgr(lp]) in© x[-R,R] x K(R) x R™.

Define

(12) R(o, M) = i, (T, M).

Proposition 2.2. Suppose that f € X, v, ||U|r < M and u € CLS(f, T, ¢)

(u € SOL(f,%¥)). Then

(13) lulle, < po(t, M) < R(o,M) forte0,T].

This proposition is proved in [18] (Theorem 2).
The following corollary is easily seen.

Corollary 2.1. Ifo(t,z) = C1 4+ Cs2z for C1, C2 > 0 in Proposition 2.2 then,

(14) lullz, < e (||¥||r, + Cat)  fort € [0,T).

Definition 2.3. Let (X, || -||) be a real normed space and R > 0 any constant.

We define Ig: X — X by

T, if ||z < R;
(15) Irlw) = H%”R if ||z > R.

It is evident that

(16) g ()| = min (||zf|, R),  |[Ir(z) = Ir(y)l] < 2[lz—y[ in X.

For any function f: © x R x C(D) x R™ — R and R > 0 we define fr: © x R x

C(D) x R" — R by
(17) fR(tvxvuawap) = f(t,fE,IR(U),IR(U)),p).

By Proposition 2.2 we have

931



Remark 2.1. Let ||¥|r < M,0 € 0y If f € X, ps then for every R > R(o, M),

(1) fR S XU,Ma
(i) SOL(f, V) = SOL(fr, ¥),
(iii) CSL(f,¥,e) = CSL(fr, ¥,¢).
Let, A C R'™™. Define C,(A) C C(A) as the set of all lipschitz in = continuous
functions. Put

lu(t, z) —u(t, z)|  (tx), (t,7) € A,z # J?}

Lzlu] = sup {

|z — 7

For a fixed L > 0 we write C1,(A; L) = {u € C(A): L.[u] < L}.

In the following C'*te/22+t(A) C*/%%(A) stand for the Holder spaces which
are considered in the classical theory of parabolic equations (see [14]). We write
C/%(D, q) for the ball in C*/2(D).

Assumption 2.1.

Let o € (0,1). Suppose that
1) |¥|lr < M, and there exists 0 € Oy such that f € X, ar;
2) there exists a nondecreasing function ¢o: Ry — R4 such that

|f(t 2, u,w, p)| < o(max (Jul, [w]o) (L + [pf*)

in ® x R x C(D) x R™;
3) for every R, L > 0 there exists a constant C(R, L) > 0 such that

|f(taxau7va) - f(taxaﬂava” < C(Rv L)(|’LL - ﬂ|a + Hw - WHD + |p _p|)

in © x [-R, R] x K(R) x B(L);
4) for every R,q, L > 0 there exists a constant H(R, ¢, L) > 0 such that

|f(t,:c,u,w,p) - f(fajvuawap)| < H(RaQ7L)(|t - {|a/2 + |(E - f|a)

in © x [-R, R] x C*/>%(D, q) x B(L);
5) there exists U € C'1T2/22t2(@) N C*/%*(E) such that U =1

Definition 2.4. We will say that IBVP (9), (10) satisfies the compatibility con-
dition if

(18) Dt\I/(Oa (E) - EAI\I/(Oa (E) = f(Ov z, \II(Ov LE), \II(O,x)a D\I/(O, x))

for x € 092.

We base on
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Theorem 2.1. Assume that 9 belongs to class C**®, problem (9), (10) sat-
isfies (18) and f, VU satisfy Assumption 2.1. Then (9), (10) has a solution u €
C«1+a/2,2+a (@) N Ca/Q,a(E).

This is a simplified version of Theorem 2.1 [19].
To prove convergence of the vanishing viscosity method we need
Assumption 2.2. Suppose that,

1. ||¥|r < M and there exists ¢ € Ops such that f € X, p. Put R = R(o, M).
2. There exists a modulus wr and a constant Cr > 0 such that

[f(t, 2, u,w,p) = f(t, 2, 0,0, p)| < Cr max(|u — al, [|w — @[|p) + wr(|p — pl)

in © x [-R, R] x K(R) x R™.
3. There exists C’R > 0 such that

[f (82, u,w,p) = f(t,y, u,w,p)| < Cr(1 + max (L [w], [p]))|x - y|

in ® x [-R,R] x K(R)NCr(D) x R™.

4. There exists Ly > 0 and ¥ € CpL(E, L) such that, \I~l‘p =",

The fact that we take the space C(D) in 3) allows us to apply our results not
only to differential-integral equations but to equations with a retarded and deviated
argument as well (see the last paragraph). It would not be possible if we took in 3)
C(D) in place of CL(D) (without L,[w] on the right). Of course the assumption
would be stronger in that case.

Remark 2.2. In view of Proposition 2.2 and Remark 2.1, without loss of general-
ity we can assume that Cr = C, Cr = C, wg = w i.e. 2.) and 3.) of Assumption 2.2
are global.

Definition 2.5. We will say that f € Y (0, M, C, C) if f satisfies Assumption 2.2
in global sense (i.e. Cr = C, Cr = C, wg = w).

Remark 2.3. Let |U|r < M,0 € Oyp. If f satisfies Assumption 2.2 then for
every R > R(o, M), fr € Y(o, M,C,C) where C' = 2Cg, C = Cg.

Put v = | f(-,-,0,0,0)|/g. Corollary 2.1 implies

Remark 2.4. Let f satisfy Assumption 2.2 and let v € CLS(f,¥,¢) (u €
SOL(f, ¥)). Then

(19) Jullz, < e (|¥|r, +71t), te0,T)
To make our notation shorter we introduce
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Definition 2.6. We will say that a family (fe, U.)e>0 has the B-property if

there exists Lo > 0 independent of € such that | Duclljo,r)xs50 < Lo, for every u. €
CSL(f., ¥, e).

The following lemma says when the B-property is global. It is crucial in our
method.

Lemma 2.1. Let ||¥.||r < M and let u. € CSL(fe, ¥.,€), € > 0. Suppose that
(i) there exist C,C,M,Ly > 0, ¢ € Oy such that f. € Y(o,M,C, C’), U, €
CL(E, Ly) for every € > 0;
(i1) (fe, Pe)eso has the B-property.
Then there exists L > 0 independent of € such that || Duc|lg < L.

Proof. Of course we can assume that || Ducl[jo,71x50 < Lo, where Ly < L.
Define Q(0) = {x € Q: dist(z, R" \ Q) > §},0(5) = (0,T) x Q(9), E(9) = {(¢t,z) €
E: dist(z,R™\ ©,,) > 6}, T'(d) = E(S) \ O(J), where €, is defined in the first

section.

Fix 0, > 0 sufficiently small. Let £ € R™ such that |{| < 6. Put @.(t,x) =
uc(t,x + &) for (t,7) € E(§) and fo(t,z,u,w,p) = fo(t, + & u,w,p). Write L§ =
max(||Du€H@t,f/o). It is easy to check that @, satisfies

Dtu(ta J)) - EAx’U,(t, J)) = ?E(ta T, U(t, J?), U(t,x)s D’U/(t, .1?)) =0 in @(5)
Put
g(tv z,z, va) = TE(tﬂ z,z+ ue(ta (E), w + Ue(t,x)s P + Dus(tv LE))

- fs(ta T, Ue (tv LE), Ue(t, ) Dus(tv x))

Of course u. — u. satisfies

Dtu(tvx) - EAzu(tvx) = g(tvxvu(ta (E), U(t,z) Du(tvx)) =0 in @(5)

and

lg(t, 2, 2,w,0)| < |fe(t,x + & 2 + ue(t, 1), w + Ue(t,2), Due(t, 7))
— fe(t, o + & uc(t, ), Ue(t,0), Duc(t, )|
+ | fe(t, o+ & uc(t, ), ue(r,ay, Duc(t, x))
— fe(t,m,us(t, ), ue(r,z), Duc(t, )|
< C(max (|ul, [[wllo)) + C(1 + L) €]
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Thus by Corollary 2.1 (for E(d)) we get
lue = e o5y < € lllu — allr, ) + O (1 + L) [€]]

and
max (|| Duc g4, » Lo) < ' (max(|| Du®[|, 5, Lo) + Ct(1 + L§)].

Letting § — 0 (note that u. € CL%(E)) we conclude that
L5 < %Ly + Ct(1 + L))

Let m € N be such that 1 — Che®® > 0 for h = T/m,t; =ih,i=0,1,2,...m, LS =
L7.. Aa analysis similar to the above shows that

Lf <ePMLE, + hC(1+ LE)] fori=1,2,...m,

7

which yields

eCh

Li < ———— (L, + Ch).
7 1—C’heCh( 1 )

Writing a(h) = e /(1 — Che®") we get

(20) LF =L, <a™(h)Lo+ ChY_o*(h) < a™(h)(Lo + CT).
k=1

Since a™(h) — e(CHOT a5 b — 0 it is easily seen that
LF <O (Lo + CT) = L,

which proves the lemma. ([

Now we will specify some conditions under which the B-property holds. For the
sake of simplicity we consider a constant family (f,0).

Let o(z) = dist(x,00). Put Q% = {z € Q: o(x) < 5} for § > 0. We define

©°%, I, E°, 9,00, @8, 90° in the same way as O, T, E, 8oQ, Og, 9O.

We define the upper and lower (classical) solution of (9) in a standard way. We
will need
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Lemma 2.2. Consider problem (9), (10) in the set E° (E). Suppose that f
satisfies Assumption 2.2 1) 2) and is nondecreasing with respect to w. Let u be a
lower solution and @ an upper solution of (9). Then u < @ in T° (T') implies u < @
in E° (E).

The proof is a simple application of Theorem 3 in [18].

Write CL2(E%) = ¢12(@°) N O(F’). Put

P.[z](t,x) = Diz(t,x) — eDgz(t,x) — f(t, 2, 2(t, 2), 24,2y, D2(L, 7).

Lemma 2.3. Suppose that
(i) f satisfies Assumption 2.2 and is nondecreasing with respect to w,
(ii) f(¢,2,0,0,0) > 0 for (t,x) € O,
(iii) there exist 6 > 0 and ¢ € C+*(E%) such that, ¢ = 0 in 8,0° N O, p(t,z) >
ytet in 9y0° \ 0pO, ¢ > 0 in O and

(21) Dt@(ta (E) - f(tv €, Qo(ta (E), P(t,z)> Dso(tv CL')) >0 in 96'
Then (f,0) has the B-property.

Proof. Letu® € CLS(f,0,¢). From (i), (ii) and from Lemma 2.2 we have u® >
0 in ©° (0 is a lower solution). On the other hand, u® < ¢ in T'° (see Remark 2.4))
and
P.lp](t,x)) > Ao —App > Xg/2>0 in O°
for some A\g > 0 and ¢ sufficiently small. Thus ¢ is an upper solution of our parabolic
problem in E°. By Lemma 2.2 this gives u¢ < ¢ in ©°. Finally,

0 < u(t,x) — uf(t,x0) < (t,x) — p(t,20) for zo € OQ, x € Q°
since u®(t, zo) = ¢(t,x0) = 0 and D¢ is bounded. This completes the proof. O

To illustrate the above lemma we will give the following examples.

Example 2.1. Let 9Q € C2. Then ¢ € C?(%) and |Do(z)| > 3 for some § > 0.
Let b > 0 be such that §e?(+1) > 4£eCt. Then there exists ¢ € C1?(E®) such that
©>0,0=0in 00, ¢(t,z) = o(x)e’ ™) in ©° and et < p(t,r) < 25e*+Y in
200° \ 9yO. Assume that there exists \g > 0 such that for z € 99, t € [0,T]

limsup f(¢,Z,0,k,p) < —Xo <0if rg >0,

|p|—o00,k—00
limsup f(¢,%,0,0,p) < —=Ag < 0if 1o =0
|p[—o0
where k denotes any constant function. (Recall that 7o = 0 means that there is no
functional dependence in x in the equation). It is easy to check that ¢ satisfies (iii)
in Lemma 2.3 for some b.
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We will verify inequality (21). For (¢,z) € ©% and some T € 9 we have
b@( )" D — £tz 0(2)e” ), o0, De(a)e V)
(.23 b(t+1) _ (t z, Q(J?)eb(tJrl),(P(t,m),DQ(J?)eb(tJrl))
+ f(t z,0, P(t,x) DQ( ) b(t+1)) - f(ta z, 0, P(t,x)» Dg(x)eb(t+1))

> bo(z)e" ) — Co(w)e" ™) — f(t,2,0,¢(.4), Do(w)e” ™)
> bo(x

f(t z 07 P(t,x) DQ( ) (t+1)) - f(ta z, Oa P(t,x)s Dg(x)eb(tJrl))
> bQ(J? b(t+1) _ CQ( ) b(t+1)

(1 + ||D(Q||Qéeb(t+1))|x z| — f(t7j;,07<p(t’m),DQ(x)eb(t+l))
>bg(x b(t+1) C’g( ) b(t+1)
_ C‘(l + eb(t“))g(x) _ f(t, z,0, 25eb(T+1),Dg(x)eb(t+1))
(t,j,0725eb(T+1)’Dg(x)eb(t+1)) S 2> 0

Je
)
)e? Y — Co(x)e" ) + f(1, 2,0, 0(1,2), Do(x)e" D)
Je
Je

for b sufficiently large (notice that ¢ .y < < 20e*T+1), The case rg = 0 we treat in
a similar way (see the next lemma).

Now we will present another set of assumptions which yields (ii) of Lemma 2.1

Lemma 2.4. Suppose that 0f) is analytic, f satisfies Assumption 2.2, is nonde-
creasing in w and there exists py > 0 such that for every z € 0, t € [0,T] and a
constant function k € C(D)

(24) f(t,2,0,k,p) =0 for |p| = po, ifro >0
(25) f(t,2,0,0,p) =0 for [p| > po, ifro =0

Then (f,0) has the B-property.

Proof. Since 01 is analytic, by the Cauchy-Kowalewska theorem there exist
§ >0 and p € C?(9?) such that

Ap=0inQ° ¢=0indQ, d,p=1indN

where 0, denotes the normal interior derivative of ¢. Of course without loss of
generality we can assume that |[Dy| > 1 in Q. Moreover, we can also assume that
©>01in Q°\ Q and consequently

_ 1 _
(26) p(z) = lp(@)] = lo(z) — (@) 2 Sl — 2|
for some 7 € 9Q and x € Q°.
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Put do = ||¢llags > 0 and 01 = 8n{gi\rdl ¢ > 0. The maximum principle implies
Q9\0Q

that ¢ < o in Q°. Let ¢ € CH?(E%) be such that ¢ > 0, ¢ = 0 in 0% N HO,
Y(t, ) = (x)e+D) in ©% and yteCt < (L, ) < 260e’*H) in 9,0° \ 9O where b
is such that yte®*t < §;eb(t+1),

We will show that v is an upper solution of the problem

(27) Dyu(t, ) — eAgu(t, ) = fo(t,z,u(t, ), U ), Du(t,z)) in o°,
(28) u(t,z) = 0 in Y.

Indeed, since ¢ is harmonic , by Assumption 2.2 we have

P[] (t, 2) = bp(x)e? D) — eV Ag(a) — f(t, 2, p()e? D 4y 4, Dp(a)e? D)
= bgo(x)eb(tJrl) _ f(t7x7(p(x)eb(t+1)7w(t7x)7Dw(x)eb(tJrl))
+ f(t,z,0, Y(t,z) D(p(x)eb(tJrl)) — f(t, z,0, D(t.z)s Dgo(l‘)eb(tJrl))
> bip(a)e! D) — Cop(a)e! D — f(1, 2,0,y 0y, Dep()eb 1))

and by the monotonicity of f

Poy)(t,x) > bip(2)e” D — Cp(a)e’ D — f(t,2,0,280e" "+, Dp(a)e’ D)

> bp(z)e
> bip(2)e D) — Cop(x)e? D — F(t, 2,0, 260"+ | D ()b D)
4t 7,0, 280e" D Dip(2)e DY — f(2, 7,0, 260e" D | Dip()eb D)

for some Z € 0N satisfying (26). This implies in view of Assumption 2.2 3.)

P.[Y](t, ) = bp(x)e?tHD — Cip(x)ebt+D)
— C(1+ "Dyl |z — 2| — f(t,2,0,280" "), Dp(x)e? 1))

and by (26) we obtain

P.[y](t,x) > bp(a)e" Y — Cp(a)e’ T+ —2C (1 + V| Dl g5 ) o ()
— f(t,z,0, 260e? ), D@(x)eb(ﬂ'l))
> (b— A)w(x)eb(tﬂ) — f(t,z,0, 25Oeb(t+1)’D(p(x)eb(t+1))7

where A = 2C(1 + || Dyg||qs). This yields (see (24))
P.[](t,z) > 0 for b sufficiently large.

In a similar way we can show that — is a lower solution of problem (27), (28) for
b large.
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In view of Lemma 2.2 we have —¢(t,z) < u®(t,z) < ¢(t,z) for (t,z) € O, for
some b and since (¢, x0) = u°(t,zo) = 0 for xg € 9, we have

u (t, ) — us(t,20)| < [¥(t,2) = 9(t,z0)| for o € 8Q, x € O,

which gives the desired conclusion.
The proof for g = 0 is similar. The only difference is that in this case [|1)(;4)/p <
@(x)e®™*1) (this is not necessarily true for ro > 0) and we can treat the functional

and nonfunctional arguments similarly. O

3. THE VANISHING VISCOSITY METHOD

In the proof of the next lemma we will apply the following property of viscosity
inequalities,

Proposition 3.1. Let ¢ > 0 and h, H € C([0,a]). Assume that h is a viscosity

solution of h' < H (i.e. h is a viscosity subsolution of ' = H) in (0,a). Then

t
h(t)gh(s)—l-/H(T)dT for 0 <s<t<a.

The proof can be found in [8], p. 12.

Lemma 3.1. Suppose that the hypotheses of Lemma 2.1 are satisfied. Then there
exist K > 0 and Ry, L independent of € and €y > 0 such that

(29) lue = uxlle < K(VE+ Vi + [We = Uellr + 1 fe = fxlla)
for e,k > €9 > 0 where A = © x [—Ry, Ro] x K(Ro) x B(L).

Proof. Fix e,k > 0. Put for simplicity u = u.,v = u,. Define

m(t) = sup{|u(r,z) —v(r,z)|: 0< 7 <t,x € Q}, t €[0,T).

Put Ry = R = R(o,M) and let L be defined as in Lemma 2.1. Then of course
lu|lz, lv|e < Ro and L is a lipschitz constant in x for u,v.

Put R=5(Ro+1), h = e+ k.

Set Bn(2) = B(z/h), B € C(R™), 0< B <1, Bz) =0for [2] > 1, B(2) = 1—|z[?

for |2] < v/2/2, B(z) < 1/2 for |z| > v/2/2.
Define

(30)  M(t) =sup{|u(t — s,x) —v(t — s,9)|
+ Re“'Bp(x —y): 0<s<t, [z —y| <Lh? z,ycQ}.
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It is important that m and M are not defined here in the same way as in the
classical theory of viscosity solutions. We must take the supremum also for the past.
This makes the proof much more complicated.

We see at once that

(31) M(t) > sup{|u(t — s,z) —v(t —s,2)| + Re“': 0<s<t, z€Q,}
which yields
(32) M(t) > m(t) + Re“.
Let K = 2L2. If
M(T) < K (Ve + VE) + [|We = Wy Ir + ReT

then by (32)
m(T) < K(\/g"‘ \/E) + ||\I/€ - \I/,{HF,

and the proof is complete.
Suppose that

M(T) > K(\e +VE) + ||V — U, |r + ReCT.

Since M (0) < (Lh)? + ||¥. — ¥,.|Ir + R there exists t, such that

(33) M(t.) = K(Ve+ VE) + [ We = Wllr + Re**
and
(34) M(t) > K(Ve 4+ VE) + ||, — U] + ReCt for t € (t,,T].

We will show that there exists K7 > 0 such that
(35) M'(t) < CM(t) + K1(Ve + VE + (|0 = Uulr + || fe = falla)

in a viscosity sense for t € (t.,T).

Let n € C*((t*,T)) and suppose that M — 1 has a local maximum at ¢ € (¢, 7).
Of course we can assume that 7/(£) > 0. It follows from Lemma 1.4 of [8] that we can
find a function 7 € C([t*,T]) such that 7/ (f) = n’(f) and (M — 7)(to) > (M —7)(t)
for t # to. To simplify notation we continue to write 7 for 7.
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Set A = {(t,s): t € [t*,T], 0< s<t}. Let ®: A x Q x Q — R be given by
(36)  Blts,a,y) = ult — 5,2) — o(t — 5,9)| + RS Bule — ) — ().
Let (to, 50,%0,%0) € A x Q x Q be such that
(37) ®(to, 50, T0,Y0) = sup{®(t, s, z,y): (t,5,7,y) € A x Qx Q}.
We proceed to show that
(38) |0 — yo| < Lh*.
We first prove that
(39) 00— ol < L.
Indeed, since ®(to, S0, x0,¥y0) = P(to, s, z,x) we get

2P + ReC* 3y, (zo — Yo) = ReCto

which yields
Br(wo —yo) = (3P +5)/(5P +5) >1/2

and finally leads to (39).
We will show that

(40) u(to = s0,20) = v(to = 50,50)[ > [| Ve = ¥y[r-

On the contrary, suppose that |u(tg — so,zo) — v(to — S0, %0)| < ||¥e — Vs|lr.
Since ®(to, S0, T, yo) = ®(to, s,7,y) we obtain for s < tg, |x —y| < Lh?,

W — U, |[r + ReC™ By (20 — yo) = |ulto — s,2) — v(to — 8,y)| + Re“" By (z — y)

and consequently, |[¥. — W, |r + Re®* > M(ty) which contradicts (34).
Thus we can assume that u(to — so,z0) — v(to — So,¥0) > ||¥e — Uy|lr. The case
u(to — S0, o) — v(to — S0, %0) < —||¥e — ¥,|Ir we treat analogously. Since

(41) ®(to, s0,0,Y0) = P(to, 50,7, Y0)
it follows that

u(to — so,20) — v(to — s0,Y0) + Re“™ B (z0 — yo) — n(to)
> u(to — s0,7) — v(to — S0, Y0) + Re“™ By (z — yo) — n(to),
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hence
ReC™ (B, (x — yo) — Bulzo — yo)) < ulto — s0,20) — u(to — so,z) < L|z — xo|.

This together with (39) gives (38).
Our next claim is that ¢ = t. Indeed, it follows from (37) that

u(to — so,20) — v(to — 50, Y0) + Re By (zo — yo) — n(to)
>u(t —s,x) —o(t — s,y) + Re“ B (z — y) — n(t)

where 0 < s < ¢, ||z —y|| < Lh%

This in view of (30) and (38) gives M (to) — n(tg) = M (t) — n(t). Putting t = t we
obtain by the property of 1 that ¢ = t,.

Observe now that we may assume zg,yo € €. Indeed, suppose that zy € 6. An
analysis similar to the above (for ¢ = #) and the inequality

|u(to — s0,20) — v(to — s0,%0)| < || Ve — Vyllr

imply
W, — W, |lr + Llzo — yo| + Re®™ > M(to)

which leads to
[We — W |lr + 2L7(VE + /) + ReC* = M(to).

This contradicts (34).
Similarly we can show that sg # tg. The equality sg = tg implies

[u(0, 20) — v(0,y0)| + Re™ By (w — ) — n(to) < M(to) — n(to)

and the same reasoning leads to a contradiction.
Notice that the function

t — (u(t — s0,w0) — v(t — s0,90)) + Re“ B (z0 — yo) — n(t)
for max(t., so) <t < T attains its maximum at ¢9. Thus
Dyu(to — so0,20) — Dyv(to — s0,40)) + CRe“ By (0 — yo) = 1/ (to).
Moreover,

x — u(ty — S0, ) + ReCtop3, (r —yo) has a maximum at z(, and

y — v(to — 50,y) — Re“ B3y, (zo —y) has a minimum at yo.
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This gives
Du(to — so,0) = Dv(to — s0,Y0) = po

and

)

Azu(ty — so,T0) + ReCtOAﬁh(mo —140) <0
> 0.

Agv(to = s0,90) = Re“" AB (0 — yo)
By assumption,

Dyu(to,w0) — eAu(To,20) = f2(T0, o, u(T0, T0), U(ry,20)» Pu(70, Z0)),

DtU(TO7 yO) - /@A'U(T()a yO) = ff'i(TO? Yo, U(TOa x0)7 U(To,yo)a DU(TO7 yO))

where 19 = tg — sg. This implies

1 (to) — CRe“™ By, (z0 — yo) + (€ + k) Re“™ ABy (20 — yo)
< fE(TO) Zo, ’U,(T(), $0), u(To,zo)7p0) - fR(TOa Yo, U(TOa y0)7 U(To,yo)ap())
< fe(70, 20, u(T0, 20) s U(rg,20), P0) — f2(T0, 0, V(T0,Y0)s V(ry,y0)» P0)

+ f=(70, 20, v(70, Y0), U(ro,y0)> P0) — f= (70, Y0, V(T0, Y0), V(ro,y0)> P0O)
+ f€(7-07 Yo, U(TOa y0)7 U(‘ro,yo)7p0) - fﬁ(TO) Yo, ’U(7-07 yO)a U(To,yo)ap())

and by Assumption 2.1
1 (to) — CRe“™ < Cllt(ry,m0) = Vro o) |0 + Cp(1 + L)lao — yol + [|fe — fulla-

Since
Hu(m,xo) - U(T(),yo)H[D < ”\I]E - \IIK”F + m(to) + L|£E0 - y0|
and ABy (2o — yo) = 2nh~2 < 2n(y/€ + /& we conclude (see (38), (32)) that
7' (to) < CM(to) + K1(Ve + Ve + |[We = Wellr + || fe = frlla)

where K7 > 0 is a constant independent of .
Thus (35) is proved. Applying Proposition 3.1 (for H(t) = CM(t) + K1(y/e +
VE+ e = Uilr + [ fe = frlla)) we get (see (33))

t
M(t) < Ko(VE + A+ [We — Uullr + [1fe — fulla) + ReC + / CM(s) ds
Ty

for t € [ty,T], K2 > 0.
Hence Gronwall’s inequality and (32) yield

m(t) < K(\/E+ \/E"’ ||\Il€ - \IIH”F + ”fe - fKHA)

in [t.,T] for some K > 0, and the proof is complete.
In view of the above result we can state
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Theorem 3.1. Suppose that there exist f. € Y (o, M,C,C), V. € Cr(E, Ly) for
e >0 and 0, M,C,C, Ly independent of ¢ such that (f., V. ). has the B-property,
(feyUe) = (f,¥) ase — 0 and CSL(f., U.,e) # 0. Then there exists u € SOL(f, V)
such that u = lim._,oue where u. € CSL(f¢, U,,¢)

The formulation of this theorem is very general. It shows the method rather then
any particular existence result.
Now we will present one of these results.

Suppose for simplicity that ¢y = 0. Assume that Assumption 2.2 holds and
(42) £00,2,0,0,0,) =0 for € ON.

Let n. € C*(R) be such that n.(s) = 0 for |s| < e, n(s) = 1 for |s| > 2¢ and
0<n. <1. Let R > R(o,M). Put

fR7L(t,J),’LL,U},p) = f(t,.l?,IR(U),IR(U)),IL(p)).

Define

fe(ta z,u, va) = ns(t)ne(g(x))nequfRl/e(ta z,u, va)

and

fE(tvxvuawap) = W; *Wg *Wg * f~6('a LU, w, )(t,l’,p)

where w? € C°(X), [wZ = 1, suppw? C K(0,¢), X = R,R", z = t,z,p. We
can verify that f. € Y (o1, My, C, C’) for some M;,C,C > 0 and o1 € Oy, and
f=(0,2,0,0,0,) = 0 in 09 for € sufficiently large. Moreover, for every L > 0 we have
fe—= fin © x [-R, R] x K(R) x B(L). Since f. is bounded for each ¢ and lipschitz
continuous (global in all variable) the assumptions of Theorem 2.1 are satisfied. Thus
CLS(fe,0,¢) # 0.

The problem we face here is how to learn whether the family (f.,0)cp>0 has the
B-property, or whether there exists a family satisfying the above condition which has
the B-property. We do not know the answer to this question in general, i.e. without
additional assumptions about f (in comparison to the Cauchy problem (see [11],
[20]) where B-property is trivial). Such conditions are proposed in Example 2.1 and
Lemma 2.4. We are aware of the fact that they may not be optimal. Nevertheless
we can formulate an existence theorem,
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Theorem 3.2. Suppose that 0Q € C?** for a € (0,1), f is nondecreasing in
w and satisfies Assumption 2.2 and (42). Assume also that one of the following
conditions holds:

(i) f(t,2,0,0,0) > 0 in © and f satisfies (22) (or (23) if ro = 0); or
(ii) Of) is analytic and f satisfies (24) (or (25) if 1o =0)

Then there exists a viscosity solution of (1), (2), obtained by the vanishing viscosity

method.

Proof. In view of the above consideration it is enough to notice that f. satisfies
(22), (23), (24), (25) with Ao, po independent of e. O

4. FIRST ORDER IBVP WITH A DEVIATED ARGUMENT

In this section we will look more closely at Example 1.1. The only restriction is
that now p does not depend on z, i.e. u(t,z) = u(t). Recall some notation.

Let g: OXRXRXR" - R, u: [0,T7] = R, v: ® = R™ and ¥ be given function.
Suppose that condition (5) is satisfied. In this section we will consider problem (6),
(2). To have the “vanishing viscosity method” working in this case we need

Assumption 4.1. Let ||¥|r < M. Suppose that
1) there exists o € Opr such that

g(t,x,u,r,0)sgn(u) < o(t,max (Jul,|r])) in © xR xR;

2) for every R > 0 there exists a modulus wg and positive constants Cg, C‘R >0
such that

|g(t,x,u,r,p) - g(t,m,u,r,ﬁﬂ < WR('p _ﬁDa
|g(t,x,u,r,p) - g(tvxvﬂafap” < CRmaX(|u - ﬂ|a |7“ - FD;
| <

|g(t,x,u,r,p)—g(t,y,u,r,p) R(1+|p|)|x_y|

in © X [-R, R] x [-R, R] x R™;
3) Ve CL(@7R)a
4) there ares Ly > 0 and S CL(E, Lo) such that, \Illp =V,

We will say that IBVP (6), (2) satisfies the compatibility condition if
(43) DU(0,z) —eA,U(0,2) = g(0,2,9(0, ), ¥(u(0,z),v(0,z)), DU(0, x))

for z € 09.
In view of the result obtained in Section 2 and recalling Example 1.1 we can
formulate
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Theorem 4.1. Suppose that 9Q € C*+*, Assumption 4.1 is satisfied, g is nonde-
creasing in r, g(0,2,0,0,0) = 0 in 0f). Assume that one of the following conditions
holds:

(a) ¢g(t,2,0,0,0) >0 in © and

limsup g(t,2,0,k,p) < —XAg <0 ifry >0,

|p|—00,k—00
limsup g(¢,2,0,0,p) < =X <0 ifrg=0
|p[—o0
or
(b) 0 is analytic and

(46) g(t,z,0,k,p) =0 for|p

| 2 Po, ifTo > Oa
(47) g(t,%,0,0,p) =0 for |p| > po, ifro=0.

Then problem (6), (2) (» = 0) has a solution.

Proof. In view of Theorem 3.2 it suffices to show that f given by (7) satisfies
its hypothesis. We will show only Assumption 2.2 3), which is not only the most
complicated but also closely related to the functional dependence in the equation.
Let w € C(D), |ul, |Jw||p < R. Recalling formula 7 we can write

|f(t, 2, u,w,p) — f(t,Z,u,w,p)|
< g(t,x,u,w( (t) —t,v(t,z) — x),p) - g(t,f,u,w(u(t) —t,v(t ),p )
g(t,x,u,w( (t )—t,l/(t,x)—x),p) —g(t,f,u,w(u(t)—t,l/ ), p )
+9(t, 7, u, w(u(t) — t.v(t,z) —2),p) — g(t, 7, u,w(p(t) - t, V( ) 7),p)
Cr(1+ |p)|z = 2| + Crlw(u(t) — t,v(t, ) — ) — w(p(t) — t,v(t,7) - 7)|

<
< Cr(1+ |p))|z — Z| + CrL,(w) Ly (v)|z — T

which gives 3) of Assumption 2.2. The other items are easy to demonstrate, so we
will not present them here.

Using similar argument it is also possible to obtain a theorem on existence and
uniqueness of viscosity solutions for the differential-integral problem. We will not
present it here, as it seems to be easier to transform this problem into (1), (2) than
to the problem with a deviated argument. In Assumption 2.2 3) for instance we
don’t need to use the space Cr(D).

It must be mentioned also that Assumption 2.2 guarantees the uniqueness of the
viscosity solution for problems considered. See [17]. O
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