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Abstract. We prove the existence and uniform decay rates of global solutions for a
hyperbolic system with a discontinuous and nonlinear multi-valued term and a nonlinear
memory source term on the boundary.
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1. INTRODUCTION
In this paper we are concerned with the existence and uniform decay rates of
solutions of a hyperbolic system with a differential inclusion and a memory source

term on the boundary of the form

v’ —div(aVu) + Ju["u =0 in Q x (0, 00),

[N
G

u=0onT; x (0,00),
(aVu) - v+u' + == /t h(t — 1) f(u(r))d7 on Ty x (0, 00),
0

w(x,0) = ug, v (z,0) =wuy in Q,

[SAN

AA/_\/_\A
—_ =

w
o D = ~—

E € o(u(z,t)) ae. (z,t) € Ty x (0,00),

where  is a bounded domain in R™ (n > 2) with sufficiently smooth boundary
I' = 90 such that T = Ty U1, Ty NT; = @ and Ty, I'; have positive measures,
' = Ou/ot, u"'" = 0*u/dt?, a € C1(Q), f is a nonlinear function, v is the unit
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outward normal to I' and ¢ is a discontinuous and nonlinear set valued mapping
arising by filling in the jumps of a function b € L{}.(R). In the rest of the paper let
us assume that

2 2
—— <y —— ifn>3
n n—2

and
v>2 ifn=2.

The precise hypotheses on the above system will be given in the next section. Re-
cently, a class of viscoelastic problems has been studied by many authors [2], [3], [10],
[13]. M. Aassila [1] investigated the global existence of a solution to a system (1.1)
and (1.4) with damping terms and the Dirichlet boundary conditions when a(z) = 1.
M. M. Cavalcanti et al. [3] studied the existence and uniform decay of solutions of the
damped semilinear viscoelastic wave equation with the Dirichlet boundary conditions
of the form

u” — Au+ au + Bl |2 + 0|ul®u + fot h(t — 7)Au(r)dT =0 in £ x (0, 00),
u(z,0) = ug, u'(z,0) =wuy in Q,

where 2 is any bounded or finite measure domain in R™ and the constants «, 3, o and
0 are positive and satisfy some conditions. Motivated by their works, we consider
more general problems (1.1)—(1.5) with a discontinuous and nonlinear multi-valued
term ¢ and a nonlinear memory source term on the boundary. The background of
these variational problems is in physics, especially in solid mechanics, where non-
monotone and multi-valued constitutive laws lead to differential inclusions. We refer
to [5], [11], [12] to see the applications of such differential inclusions. In this paper
we prove the existence of solutions of the variational inequality problems (1.1)—(1.5).
Moreover, the uniform decay of the energy

B() = 51w O + 5 [ a@)Vu@ )P o+ =137

2 2

is proved by assuming that u (see assumption (A3)* below) is sufficiently small and
the kernel A in the memory term decays exponentially. At this point it is important
to mention that such differential inclusions were studied by some authors [4], [8],
[9], [14], [15], but, as far as we are concerned, a differential inclusion acting on the
boundary has never been considered and no decay rates in the present paper were
obtained as in literature. Our paper is organized as follows: In Section 2, we give
assumptions and state the main results. In Section 3, we prove the existence of
solution of the problems (1.1)—(1.5) by using the Faedo-Galerkin method. Finally, in
Section 4, we prove the uniform decay of energy by using the Lyapunov functional
developed by Kormornik and Zuazua [6].
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2. ASSUMPTIONS AND MAIN RESULTS

Throughout the paper we denote
V={uc H(Q): u=00onT}, (u,v)= / u(z)v(z) dz,
Q
(o), = [ wle)o@)dr, Julfr, = [ fuo)?dr
Fo FO

Let us denote by V* the dual space of V', by || || the norm of V* and by (-, ) the dual
pairing between V' and V*. For simplicity, we denote || - || L2(q), || [| r() (1 < p < o0)
and || - |
positive constants such that

ar by || - Il 1l - I, and || - ||y, respectively. Let Ag and A be the smallest

(2.1) lul®* < Mol Vall?,  Jullf, < AMVul?, VueV.

We formulate the following assumptions:
(A1) Assumptions on a
Let a € C*(Q) satisfy a(z) > ag > 0 in Q for some a.
n

For short notation, define a(u,v) = 3 [, a(x)du/0x;0v/dx;dx. By the above
j=1

assumption on a, we have
aol|Vul|* < a(u,u) < a1||Vu||?, Yu € V for some a; > 0.

(Ag) Assumptions on b
Let b: R — R be a locally bounded function satisfying

|b(s)| < po(1+1s|) Vs € R for some g > 0.

In order to get the uniform decay rates for the solutions of problem (1.1)—(1.5) we
shall use the following stronger hypothesis:
(A2)* |b(s)| < pls| and b(s)s = p1s%, where g3 > 0and 0 < p < 1.
The multi-valued function ¢: R — 2® is obtained by filling in the jumps of the
function b: R — R by means of the functions b., b.,b,b: R — R as follows:
b.(t) =ess inf b(s), bo(t) =ess sup b(s);
ls—t|<e |s—t|<e

b(t) = lim b_(t), b(t) = 11161+ be(t);

e—0t+

p(t) = [b(t), b(1)].
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We shall need a regularization of b defined by

—m [ bt~ r)otmn)

where o € C§°((—1,1)), 0 > 0 and fil o(r)dr =1.

Remark 2.1. It is easy to show that b is continuous for all m € N and
b.,be,b,b,b™ satisfy the same condition (As) or (As)* possibly with different con-
stants if b satisfies (Az) or (Ag)*. So, in the sequel, we denote the different constants
by the same symbols as the original ones.

(A3) Assumptions on f
Let f: R — R be a continuous function satisfying

If(s)] < (1 +s]), Vs € R

for a positive constant a.
(A4) Assumptions on the kernel h
Let h: Ry — Ry be a continuously differentiable function verifying

=& h(t) < B/ (t) < —=&h(t), VE >ty

for some &; > 0, & > 0, tg > 0, where h(0) =0 and 1 — \ap~* fo s)ds=1>0.

Definition. A function u(z,t) is a solution to problem (1.1)—(1.5) if for every
T > 0, u satisfies

u € L°(0,T;V), v € L>®(0,T; L*(Q)) N L?(0,T; L*(Ty)), u" € L*(0,T;V*),

and there exists Z € L?(0,T; L?(T)) such that the following relations hold:

T
/O {{u",v) + a(u(t), v) + (Ju@®)] u(t), v) + (W' (), v)r, + (5, v)r, } dt

/ / (t —7)(f(u(r)),v)r, drdt, Yv €V,
E(z,t) € p(u(x,t)) ae. (x,t) € Ty x (0,T),

u(z,0) =g, u (x,O) =y on Q.

Now we are in a position to state our results.
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Theorem 2.1. Assume the conditions (A1)—(A4) hold. Then for every (ug,u1) €
)

V x L?() there exists a solution of problem (1.1)—(1.5).

Theorem 2.2. Assume the conditions (A1), (A2)*, (As) and (A4) hold and
(uo,u1) € V x L*(2). Then, if we assume ||Val||oo/ao < p and consider ||h| 1(0,00)
and p (given in (Az)*) sufficiently small, the energy determined by the solutions of
problem (1.1)—(1.5) decays exponentially, that is,

2
E(t) < Cyexp ( - gCQt) ae. t > 1o,

for some positive constants Cy and Cj.

3. PROOF OF THEOREM 2.1

In this section we are going to show the existence of solutions to problem (1.1)-
(1.5) using the Faedo-Galerkin approximation. To this end we represent by {w;};>1
a basis in V which is orthonormal in L?*(Q2). Let V,, be the space generated by
W1, Wy We may choose (uom,) and (u1,y,) in V,, such that

Uom — Up in V and w1, — uq in LQ(Q).

Let

0= gt

be the solution to the Cauchy problem

(3.1) (U%( ) w) + aum(t), w) + ([um (8] um (t), w)
U (£), w)r + (0™ (um (1)), w)r,

/ h(t — 7)(f (um (7)), w)r, d7, Yw € Vy,
(3.2) m = UOm, ulm(o) = Uim-
By standard methods of differential equations, we can prove the existence of a solu-

tion to (3.1)—(3.2) on an interval [0, ¢,,). Then, this solution can be extended to the
closed interval [0,T] by using the a priori estimate below.
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Step 1: A priori estimate.
Replacing w by u},(t) in (3.1) and noting that h(0) = 0, we get

(33)  S{Gh01 +

lum (BITE2 + /Qa(x)|Vu'm(a:,t)|2dx}
+ [, ()17, + (0™ (wm (1)), up, ()1,
d t

= a ; h(t — T)(f(um (7—)); Um, (t))FO dr

v+2

¢
= [ =)o) O)r,
Assumption (As) and Eq. (2.1) yield that

(3-4) = (0 (um (£)), (81, < %Ilu'm(lf)ll%0 +CA+ [[Vum (B)]?).

Here and in the sequel C' denotes generic constants independent of m. By assumption
(As3) and Eq. (2.1), we get

(f (7)), tum (8))r < C(L+ [Vum (7|2 + [V (8)]%).

Thus

(35) - / Bt = 7)(f (i (7)), 1 (£) )y

0

t
< c(uh'nm,w) s [ =l T (] a7 + ||h'||L1<o,oo>||Vum<t>||2).

Combining estimates (3.3)—(3.5), integrating over (0, t) and noting that ag < a(z) <

a1, we get
1 / 2 y+2 ag 2 /
2 lum @1 + 7JFQHum(lﬁ)ImzwL < Vum@I” + H (s)7, ds
1 a
< 5 lwamll® + leoml353 + = I Vtom +/ h(t = 7)(f (um (7)), um (t))r, dr
2 v+ 2 2 0

+ c/ot (1 + |Vt () ||* + /0 |n' (s — T)||vum(T)|2dT) ds

Since
t
/ Bt = 7)(f (tm (7)), e (£)) g I
0
1 1 [t ) )
<O Llhllsriome + = [ Bt = 2| Vam () dr 4 1]l 110,00 [ Fatn ()12 V.
2n 2n Jo
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choosing 7 sufficiently small and employing Gronwall’s lemma we conclude that

t
(3.6) i D17 + N (333 + 1 Vam ()12 +/0 5 ()11, ds < L1,

where L, is a positive constant independent of m € N. Moreover, from assumptions
(A2)-(A3) and Eq. (2.1) we get

(3.7) | uns12, ds+ [ (a2, ds < o

where Lo is a positive constant independent of m € N.
Next, taking into consideration that the injection V — LQ(VH)(Q) is continuous
and using Eq. (2.1), we obtain from (3.1), (3.6) and (3.7) that

%/* ds < Lg,

(3.8) / lu(s)]

where L3 is a positive constant independent of m € N.

Step 2: Passage to the limit.
From the a priori estimates (3.6)—(3.8) we have subsequences (in the sequel we
denote subsequences by the same symbols as the original sequences) such that

(3.9) Um — u  weakly star in L>°(0,T; V),
(3.10) ul, — v’ weakly star in L>(0,T; L*()),
(3.11) ul, — v’ weakly in L(0,T; L*(Ty)),
(3.12) u!, —u”  weakly in L*(0,T; V™),

(3.13) f(um) — x1 weakly in L?(0,T; L*(To)),
(3.14) V™ () — E  weakly in L*(0,T; L*(T)).

Using (3.9) and the fact that the imbedding V «— L20+1D(Q) (0 < v < 2/(n — 2) if
n > 3 and v > 2 if n = 2) is continuous, we get

T
|||U'm|’yum|‘%2(0,T;L2(Q)) = /0 /Q |U'm(t)|2(’y+1) dxdt < C.
This implies

(3.15) [t | U, — X Weakly in L2(0,T; L*(Q)).
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On the other hand, considering that the imbedding V — L?(Q) is compact and
making use of the Aubin-Lions theorem [7], we arrive at

Um — u  strongly in L2(0,T; L*(Q)).
Then up, (x,t) — u(z,t) a.e. in Q x (0,T) and thus |wm, (z, )| Yum(z, t) — |Ju(z, )7 x
u(z,t) a.e. in Qx (0,T). Therefore we conclude from (3.15) that x(z,t) = |u(z, )7 x

u(z,t) a.e. in Q x (0,T). Now, we can take the limit m — oo in Eq. (3.1). Therefore

we obtain
(3.16) /O {(@”,v) + a(u(t),v) + (Ju®)[ u(t),v) + (u'(t), v)r, + (E,v)r, } dt

T
= / / h(t —7)(x1,v)r, dT dt, Yv e V.
o Jo

Step 3: (u, x1,Z) is a solution of problem (1.1)—(1.5).

First, we show that f(u) = x1 in L?(0,T; L?(Ty)). Considering that the imbedding
V « L%*Ty) is continuous and compact and using the Aubin-Lions compactness
lemma, we get from Egs. (3.9) and (3.11) that

Uy — u  strongly in L2(0,T; L*(T)).
Thus, um,(x,t) — u(z,t) a.e. on Ty x (0,7). Since f is continuous, we get
flum(z,t)) — fr(u(z,t)) ae. onTyx (0,7).
Combining this result and (3.13), we conclude that
flum) — f(u)=x1 weakly in L?(0,T; L*(To)).
It remains to prove that = € p(u(z,t)) for a.e. (z,t) € 'y x (0,T). Since un(x,t) —
u(zx,t) a.e. on g := Iy x (0,7, using the theorems of Lusin and Egoroff, for a given

7 > 0 we can choose a subset w C ¥y such that meas(w) < n and u,, — « uniformly
on Yo \ w. Thus, for each ¢ > 0, there is an N > 2/e such that

(3.17) |t (, £) — u(z, )| < g Y(z,t) € S0 \w, ¥m > N.
By the definition of 0™, we have

ess inf b(t—s) <b™(t) <ess sup b(t—s).
Is|<1/m ls|<1/m
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So, we get from (3.17)

b™ (um(z,t)) <ess  sup  b(s)<ess sup b(s)
[ —s|<1/m |um —s|<e/2

<ess sup b(s) = be(u(z,t)), ¥Ym > N, Y(z,t) € Ty \ w.

|lu—s|<e

Similarly, we have
b (um(x,t)) = be(u(x,t)), Ym > N, V(z,t) € Xo \w.

Let ¢ € L*(Xy), ¢ > 0. Then

/ b (u(z, )z, ) T dt < / b7 (i (2, 1)) o, ) AT dlt
So\w

Zo\w

< / b (u(, 1)) (z, £) AT d.
Zo\w
Letting m — oo in (3.18) and using (3.14), we obtain

(3.19) /Z\ l_)e(u(x,t))ap(x,t)dfdtg/z\ E(z, t)p(x,t)dT" dt

g/ b (u(z,t))p(x, t) dT dt.
So\w
Letting ¢ — 0" in (3.19), we infer that
E(x,t) € p(u(x,t)) a.e.in Xp \ w,
and letting 7 — 07 we get
H(z,t) € p(u(z,t)) a.e. (x,t) € .

The proof of Theorem 2.1 is completed.
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4. ENERGY DECAY OF SOLUTIONS

In this section we prove Theorem 2.2. The existence part of solutions in Theo-
rem 2.2 is a consequence of the proof of Theorem 2.1. Thus, we prove the uniform
decay for solutions of (1.1)—(1.5). For the rest of this section, let o be a fixed point
in R™. Then, consider

B(x) =x —xy, R =max|z —zo
e

and a partition of the boundary I" into two pieces
IFp={xzeTl: B(z) -vx) 20>0} and T;={zel: pz)- v(z)<O0}.

Furthermore, we assume that ||Val|e/ao < p, where p is the constant satisfying
(A2)*. We define the energy E(t) of the problem (1.1)—(1.5) by

—lu' 2,1 a(z)|Vu(z, t)? dz
(4.1) Bt) = S @I + /Q ()| Vu(z, )" dz +

y+2
: 5l

To prove the decay property, we first establish uniform estimates for the approxi-
mated energy

_ 1 u! 2,1 a(z)| Vi, (z,t)|? dz
(4.2) Em(t) = 5llum @17 + /Q (@) |V (2, 1)]" dz +

Y42
: L O] k8¢

and then pass to the limit.
Direct computation and the fact 2(0) = 0 show that

(4.3) Ep,(t) = = lup@OlF, — (0™ (um(#)), up, ())r,

- %(h O wm)'(t) + %(h’ 0 um)(?)

raa ([ s lumtoz, } - Saclum o,
where .
Dm0 = [ = D)~ w0,
Define the modified energy by

1 1

_ - / 2 - 2 1 v+2
(44 en(t) = Sl + 3 / (@) [V (2, O o+ — ()73

_ %( / “hs) ds)|um<t>|%o-
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Then, it is easily shown that
(4.5) En(t) <1 ten(t), Vvt =0.

Indeed, by virtue of Eq. (2.1), for 0 < [ < 1 and a(z) > ag, we have

ent®) > 301 + 5 (1- 2 / T(6)ds) [ o) T

+ lum (D342 = 1Bm (1)

v+2

Therefore it is enough to obtain the desired exponential decay for the modified en-
ergy e, (t), which will be done below. On the other hand, considering assumptions
(A1), (A2)*, (Ag) and (A4) it follows from (4.3)—(4.5) that

) = — N DIR, = (7 (1)), () + 5 (8 D) (1) — 2 ) (1),
< = 0= By (01, + BT ) - © S (b D ) (1) — Zh(0) (07,
S ||r0+—/ )|Vt (@ t>|2dx—5—<hmum><t>
< O en(t) = 3l DI, — 20 D ) 1), 1 > 1o,

where C'(u) = (A/ag)p. For every € > 0 let us define the perturbed modified energy
by
eme(t) = em(t) + e (1),

where ¥, (1) = 2(uy, (t), (8- Vum)(#)) + (n — 1) (uz, (8), um(t)).
Proposition 4.1. There exists C, > 0 such that for each € > 0,
leme () — em ()] < eCren(t), ¥t = 0.

Proof. Applying Eq. (2.1), Cauchy-Schwarz’s inequality and inequality (4.5),
we have

2Rty () Ve (D) + (1 = 1) [z, ()] [ (D)
Cllun, O Vum @) < CI em ().

[t (t)]

NN

Taking C; = Cl~!, we have

leme (t) — em ()] = eltbm (t)] < eCren(t).
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Proposition 4.2. There exist Co > 0 and €1 > 0 such that for each € € (0,&1],

el (t) < —Caep(t), Vt = to.

Proof. Using problem (1.1)—(1.5) and Eq. (2.1), we calculate

U (t) = 2(us (£), (8- V) (£)) + 2(u, (8), (8- Vi, ) ()
+ (= 1) (up, (£), um (1)) + (n = 1), (6)]
= 2(div(aVum (1)), (8 - Vum)(1)) = 2(um ()] um(t), (5 - Vum ) (1))
+ 2(up (), (8- Vg, ) (1) + (n = 1)(div(aVum (£)), um (1))
= (n = 1)(Jum () um (), um () + (0 = 1), ()]

Now, we analyze the terms on the right hand side of (4.7).
We have

(4.8)  2(div(aVum), (8- Vup))
= v - (aVuy)(B - Vun, — | a(B - v)|Vum|?
*Q/F (V1) (B - Vi) dT /Fw ) [Vt 2 T

+(n—2)/a|Vum|2dx+/(ﬂ'Va)|Vum|2dx,
Q Q

(4.9) —2((ttm[Tttm, (B - Vi) = g 112 — —

St o tmlly2 = 27 po(ﬂl/)lumI”“dT

2n +2
< m”umﬂjﬁz,

where we have used that 3-v > 0 on I'y,

(4.10) 20 (8- Vi) = nli |+ [ (8- 0)lu [ ar
To

and

(4.11) (n —1)(div(aVum), tm)

<(n-1) / Bt = 7)(f (s (7)), g 7
—(n—1) /Q a| Vi, |? dz — (n — 1)(ul,,, Um)ry s
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where we have used assumption (Az)*. Combining (4.7)—(4.11), we obtain
(4.12)
Vin(t) < = /

Q

2n
V(1) dz = i, O = (= 1= 55 )l ()13

—I—/Q(ﬁ-Va)|Vum(t)|2 da:+2/ru- (aVum)(t)(B - Vum)(t)dl
- / a(B - )|V (1) 2T + / (8- v)lul (B)]? dT

To
= (n = 1) (), tm () + (n = 1)/ h(t = 7)(f (Um (7)), um (t))r, d7.
0
Since 3+ Vi, = (8- v)0Uun /O, [Vum|? = (Qumy,/0v)? and 3-v < 0 on I'1, we have
v (aVum)(B - Vun, — [ a(B-v)|um|?
2 [ v @V, ) (3 T 0 = [ (B ) ar
= _2/r um(ﬂ.Vum)dF—2/Fo b (U ) (B - V) AT

+2/0 Bt — 1) (F(m(7))s (B - V) dT—/ a(B - 1)|Viuy 2 T

To

Thus we get
(@13) (1) < —rl em(t) + / (8- Va)| Vi (1) da
Q

—2/F u;n(t)(ﬂ~Vum)(t)dI‘—2/F B™ (i (£)) (B - Vit ) (£) dT

0

2 / Bt = ) (f (7)), (B - Vet )()ry dr
0
- / a(2)(8 - )|V (B)? dT + / (8- 1)Vl (£)? T
To

= (n = D)(tg, (1), tm ()ry + (0 — 1)/0 h(t = 7)(f (um (7)), um (t))r, dr,

where 7 = min{2, (y+2)(n — 1) — 2n} > 0. Next, we are going to analyze the terms
on the right hand side of (4.13).

Estimate for It := [,(8 - Va)|Vuy(t)* dz
Since a(x) > ap > 0 on Q, we have

R
11 < o [Vl | a@) Vi () do < 280 e (1),
0 Q
where we used our assumption ||Val||s /a0 < p.
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Estimate for I := =2 [;, up, (t)(8 - Vuy)(t)dl
Using the inequality ab < na? + b? /47, we have

12| < — [l (D)7, + 1l Vet (£)][7, -

Estimate for I3 := 2 fg Rh(t —7)(f (um (7)), B - Vum(t))r, dr
Analogously, we have

2

|Is|<%( | =, dT) V@],

Estimate for Iy == =2 [ 0™ (um(t))(8 - Vup)(t) dT
Using assumption (As)*, we get

RQ/J/Q

1] < 2Rp [ (8) [V (5] T <
To

lum@®F, + 1 Vem @)][F,-

Estimate for I := — [.. a(z)(6 - v)[Vup,(t)[*> dT
Using a(z) 2 ap >0on Q and 8-v > > 0 on I'y, we have

Is < —a05||Vum(t)||%0.

Estimate for I == [ (8- v)|ul, (t)|? dl’

Is < Rllup, ()],

Estimate for I7 := —(n — 1)(ul,(t), um(t))r,
Using a(x) = ag > 0 on Q and Egs. (2.1) and (4.5), we obtain

(n—1)2)\ ’ 2 / 2
I < —— t m()]d
< C P2 O, 40 [ @) T @) o
n—1)2\ B
< D 13, + 20 e (0.

4dnag

Estimate for Ig :== (n —1) fg h(t — 7)(f (um (7)) um (t))r, AT
Similarly, we obtain

13| < %(/{) h(t — ) f (wn (7))l dr) +77/Qa(a?)|Vum(t)|2 da
(n—1)2\ t 2 )
s 4777&0(/0 h(t = 7)1 (um (7))l dr) + 20l Len (t).
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Combining (4.13) and the estimates for Iy — I, we obtain

(4.14)
Pl (1) < =171 (r = 2Rp — 4n)en (t) — (aod — 30)||Vum ()II7, + Mi(n)[|u, (t)]12,
RQMQ t 2
+ l[um ()12, +M2(ﬂ)</ h(t — 7)1 f (wm(7)lIro dT) :
n 0
where
_(n—1)2x R? _ (n—12x  R?
Mi(n) = 4777@()—!-}%4— ? and Ms(n) = W_‘_?'

We use the estimate

(/oth“—ﬂifwmmnpo dT)
< 2||h||L1<o,oo>{<h O um)(t) + (/Ot h(t—1) dT) |um(t)|1%0}

2

to get

U () < =171 (r = 2Rp — 4n)en(t) — (a0d — 30)[[Vum ()|1F, + Mi(n)|uy, (9)]F,

R2M2
(= 20l 10,00 M) )l ()13, + 210,000 Ma 1) (5 1) ().

Applying the relation

A -
lum @)IIE, < = /a(x)IVum(t) doe < =17 lem(t)
0 JQ

to (4.15), we obtain

_ 22X
Uhat) € =17 {r = 2R —dn = 22 (4 20l 0,00y Mo0) fm (1)

= (a0d = 3n)[Vum |7, + Mi(n)us, (B)IE,
+ 2[[AllL1(0,00) M2 (m) (h O ) (1)

R2M2
n

Choose 1, ||h||£1(0,00) and p sufficiently small such that agd — 31 > 0 and
2\ ( R?p?
L=7r—2Ru—4n — - (T“ + 2||h||2Ll(O,OO)M2(n)) > 0.
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From (4.6) and (4.16), we have for all ¢t > to

e (1) = alt) + 2000 (1) < ~17 (L — e () — (3 — D0 (0) I (),
(8~ 2l 30y Ma) ) (h D) 1),

Define 1 = min{1/(2M1(n)), &2/ (4[|h]| 11 (0,00)M2(n)) } and choose p sufficiently small
such that Cy :=[7!(eL — C(p)) > 0. Then for each ¢ € (0, 1] we have

el (t) < —Caep(t), Vt = to.

me

O

Proof of Theorem 2.2 continued..
Let g = min{1/(2C1),e1} and let us consider € € (0, gg]. As we have ¢ < 1/(2C}),
we conclude from Proposition 4.1

(4.17) %em(t) < eme(t) < ;em(t).

By virtue of Proposition 4.2 we get

2
el _(t) < —Caep(t) < —5026m5(t), Yt >t

me

and

d
dt
Integrating (4.18) we obtain from inequality (4.17) that

(4.18) {ems(t) exp (gcgtﬂ <0, V>t

(4.19) em(t) < 3em(0) exp ( - %CQlf), Yt > to.
Hence (4.5), (4.19) and the fact that e, (0) = E,,(0) yield
Ep(t) <1 tem(t) < 3B (0) exp ( - %CQlf), Vit > to.
On the other hand, from (3.9)—(3.11) it is easy to obtain
Um(t) — u(t) weakly in V for a.e. t >0,

and
ul (t) —u'(t) weakly in L?(Q) for a.e. t > 0.
Thus, we finally conclude that
o 2
E(t) < liminf E,, (t) < C5exp ( — gCgt) a.e. t > .

m— 00

This completes the proof of Theorem 2.2. O
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