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Abstract. Let K be a nonempty closed convex subset of a real Hilbert space H such
that K + K C K, T: K — H a k-strict pseudo-contraction for some 0 < k < 1 such that
F(T)={x € K: x =Tz} # (. Consider the following iterative algorithm given by

V1 € K, zpt1 = anyf(zn) + Bnzn + (1 — Bn)I — anA) P Szn, n>1,

where S: K — H is defined by Sz = kz + (1 — k)T'z, Pk is the metric projection of H
onto K, A is a strongly positive linear bounded self-adjoint operator, f is a contraction.
It is proved that the sequence {z»} generated by the above iterative algorithm converges
strongly to a fixed point of 7', which solves a variational inequality related to the linear
operator A. Our results improve and extend the results announced by many others.

Keywords: Hilbert space, nonexpansive mapping, strict pseudo-contraction, iterative
algorithm, fixed point

MSC 2010: 4TH09, 4710

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we use F(T') to denote the fixed point set of the mapping
T and Pk to denote the metric projection of the Hilbert space H onto its closed
convex subset K.

Recall that a self mapping f: K — K is a contraction on K, if there exists a
constant « € (0,1) such that

(1.1) [f(@) = FWIl < alle —yl, Vo,ye K.
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We use IIx to denote the collection of all contractions on K. That is, Il = {f; f:
K — K a contraction}. An operator A is strongly positive if there exists a constant
¥ > 0 with the property

(1.2) (Az,z) > 7|z||?, Vz € K.

Recall that a mapping T: K — H is said to be a k-strict pseudo-contraction if
there exists a constant k € [0, 1) such that

(1.3) |1 T2 = Tyll* < llo = yl* + k| (I = T)z — (I = T)y]?

for all z, y € K.
Note that the class of k-strict pseudo-contractions strictly includes the class of
nonexpansive mappings which are mappings 7" on K such that

(1.4) [Tz =Tyl < [lv —yll, Vz,yekK.

That is, T is a nonexpansive mapping if and only if T" is a O-strict pseudo-contraction.
It is also said to be a pseudo-contraction if K = 1. T is said to be strongly pseudo-
contractive if there exists a positive constant A € (0,1) such that T + Al is pseudo-
contractive. Clearly, the class of k-strict pseudo-contractions falls between the classes
of nonexpansive mappings and pseudo-contractions. We remark also that the class of
strongly pseudo-contractive mappings is independent of the class of k-strict pseudo-
contractions (see, e.g., [2]-[4]).
It is very clear that, in a real Hilbert space H, (1.3) is equivalent to

1-k
(1.5) (Tz —Ty,z —y) < |z —yl* - —5 I =Tz~ (I~ Tyl

for all x,y € K. T is pseudo-contractive if and only if
(1.6) (Tz - Ty,z —y) < | —yl*.

T is strongly pseudo-contractive if and only if there exists a positive constant A €
(0,1) such that

(L.7) (Tz —Ty,z —y) < (1= \)llz -yl

for all z,y € K.

One classical way to study nonexpansive mappings is to use contractions to ap-
proximate a nonexpansive mapping (Browder [3]). More precisely, take ¢ € (0,1)
and define a contraction T3: K — K by

(1.8) Tix=tu+(1—1t)Tz, =€k,
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where v € K is a fixed point. Banach’s contraction mapping principle guarantees
that T} has a unique fixed point x; in K. It is unclear, in general, what the behavior
of x; isast — 0, even if T has a fixed point. However, in the case of T having a fixed
point, Browder [3] proved the following well-known strong convergence theorem.

Theorem 1.1. Let K be a bounded closed convex subset of a Hilbert space H, T
a nonexpansive mapping on K. Fix u € K and define z; € K as z; = tu+ (1 — )Tz,
fort € (0,1). Then {z} converges strongly to a element of F(T') nearest to u.

For a sequence {a,} of real numbers in [0,1] and an arbitrary v € K, let the
sequence {z,} in K be iteratively defined by

(1.9) 20 €K, Tpt1=anpu+ (1—an)Tz,, n=0.

The recursion formula (1.9) was first introduced in 1967 by Halpern [5] in the frame-
work of Hilbert spaces. He proved the strong convergence of {z,} to a fixed point
of T where a,, =n~?.

In 1977, Lions [6] improved the result of Halpern [5], still in Hilbert spaces, by
proving the strong convergence of {z,,} to a fixed point of T" where the real sequence

{a,} satisfies the following conditions:

oo
(C1): lim a, =0, (C2): Zan =00 and (C3): lim w = 0.

It was observed that both Halperns and Lions conditions on the real sequence
{an} excluded the canonical choice {a,,} = (n+1)~!. This was overcome in 1992 by
Wittmann [11], who proved, still in Hilbert spaces, the strong convergence of {z,}
to a fixed point of T if {«,} satisfies the following conditions:

(C1): lim ay, =0, (C2): Zan =oo and (C4): Z lant1 — ap| < 0.
n=1 n=1

In 2002, Xu [14] (see also [13]) improved the result of Lions. To be more precise,
he weakened the condition (C3) by removing the square in the denominator so that
the canonical choice of {a,,} = (n+ 1)7! is possible.

More recently, Xu [15] studied the following iterative process by so-called viscosity
approximation which was first introduced by Moudafi [9].

(1.10) xo=x €K, Tpt1=anf(zn)+ (1 —an)Tr,, n>0.

Xu [15] proved the following theorem in Hilbert spaces.
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Theorem 1.2. Let H be a Hilbert space, K a closed convex subset of H, T: K —
K a nonexpansive mapping with F(T) # 0, and f: K — K a contraction. Let {z,}
be generated by (1.10). Then under the hypotheses

(C1) nlLII;O oy =0;

(C2) ioz Q, = 00;
n=1

o)
(C5) either > |ap+1 — ap| < oo or lim (apt1/an) =1,
n=1 n—00

{x} converges strongly to a fixed point of T, which is the unique solution of some
variational inequality.

Very Recently, Marino and Xu [14] improved the result of Xu [15] by introducing
the following iterative algorithm

(1.11) xo € H, zpy1=anyf(zn)+ U —anA)Tz,, n>=0.
To be more precise, Marino and Xu [8] obtained the following theorem.

Theorem 1.3. Let H be a Hilbert space, K a closed convex subset of H, T: H —
H a nonexpansive mapping with F(T) # (). Let A be a strong positive bounded
linear operator with coefficient ¥ and f: H — H a contraction with the contractive
coefficient (0 < «a,, < 1) such that 0 < v < 5/a. Let {z,} be generated by (1.11).
Then under the hypotheses (C1), (C2) and (C5), {x,} converges strongly to a fixed
point of T', which is the unique solution of some variational inequality related to the
linear operator A.

In this paper, motivated by Browder [3], Halpern [5], Witmann [11], Moudafi [9],
Xu [12]-]15], Marino and Xu [7], [8] and Zhou [16], we introduce a general iterative
algorithm and prove strong convergence theorems for a k-strict pseudo-contraction.
Our results improve and extend the corresponding ones announced by many others.

In order to prove our main results, we need the following lemmas.

Lemma 1.1 ([13], [14]). Assume that {«,} is a sequence of nonnegative real
numbers such that
ant1 < (1 —yp)an + dn,
where 7y, is a sequence in (0,1) and {4, } is a sequence such that

(i) i::l Tn = 03

&)
(ii) limsup dp/yn <0 or 3 |0,] < 0.
n=1

n—oo

Then lim «, = 0.
n—oo
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Lemma 1.2 ([8]). Assume that A is a strongly positive linear bounded operator
on a Hilbert space H with the coefficienty > 0 and 0 < o < ||A||~!. Then ||[I—0A| <

1 - o7.

Lemma 1.3 ([8]). Let H be a Hilbert space. Let A be a strongly positive linear
bounded self-adjoint operator with coefficient ¥ > 0. Assume that 0 < v < J/a. Let
T: H — H be a nonexpansive mapping with a fixed point x; € H of the contraction
x = tyf(x)+ (1 —tA)Tx. Then {x:} converges strongly ast — 0 to a fixed point T
of T', which solves the variational inequality

(A=~f)z,z—7) <0, Vze F(T).

Lemma 1.4. In a Hilbert space H, there holds the inequality

lz+y)® < |z)|* + 2{y, (z +y)), z,y€H.

Lemma 1.5 ([16]). IfT is a k-strict pseudo-contraction on a closed convex subset
K of a real Hilbert space H, then the fixed point set F(T') is closed convex so that
the projection Pp(r) is well defined.

Lemma 1.6 ([16]). Let T: K — H be a k-strict pseudo-contraction with
F(T) # 0. Then F(PxT) = F(T). Define S: K — H by Sx = Az + (1 — N1z
for each x € K. Then, as A € [k,1), S is a nonexpansive mapping such that
F(S) = F(T).

Lemma 1.7 ([10]). Let {x,} and {y,} be bounded sequences in a Banach space
X and let 3, be a sequence in [0,1] with 0 < liminf §8,, < limsup f,, < 1. Suppose

n—oo

i1 = (1 = Bn)Yn + Bnay for all integers n > 0 and

limsup((|gn+1 = ynll = |Zn41 = zal]) <O.

n—oo

Then lim ||y, — x| = 0.

2. MAIN RESULTS

Theorem 2.1. Let K be a nonempty closed convex subset of a real Hilbert space
H such that K £+ K C K and T: K — H a k-strict pseudo-contraction for some
0 < k < 1 with a fixed point. Let A be a strongly positive linear bounded self-adjoint
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operator on K with the coefficient 5 and f € llx a contraction with the contractive
coefficient (0 < aw < 1) such that 0 < v < ¥/a. Let {x,,} be a sequence generated by
the following manner:

Ver € K, Zny1 = anyf(@n) + Bnxn + (1 = Bp) — an A)Px Sz, n =1,

where S: K — H is defined by Sx = kx + (1 — k)Tx. If the control sequences {o, }
and {f,} satisfy the following conditions:
(i) lm a, =0;

n—oo

o0
(i) 3 an = oo

n=1
(iii) 0 < liminf 8, < limsup S, < 1,

n—oo

n—oo

then {x,} converges strongly to a fixed point q of T', which solves the following
variational inequality

(vf(q) — Ag,p—q) <0, Vpe F(T).

Proof. We divide the proof into three parts.
Step 1. First, we show the sequence {x,} is bounded.

From Lemma 1.6, we see that S: K — H is a nonexpansive mapping and F(S) =
F(T). By our assumptions on T, we know F(T) # () and hence F(S) # 0. By
Lemma 1.6, we see thatF(PgS) = F(S) # 0. Since Px: H — K is a nonexpansive
mapping, we conclude that PxS: K — K is nonexpansive. From the condition (i),
we may assume, without loss of generality, that o, < (1 — 3,)[|A||~* for all n > 1.
Since A is a strongly positive bounded linear operator on K, we have

[All = sup{[{(Az, )[: 2z € K, ||z = 1}.
Observe that
(1 =8I —anA)z,z) =1 -6, —an(Az,x2) 21— 6, — a,||4] =0,
that is, (1 — ,)I — ap A is positive. It follows that
11 = Bl — anAll = sup{{((1 — Ba)] — an A, 2): @ € K, lal) = 1}
=sup{l — B, — ap(Az,x): z € K, ||z|| =1}
<1 —=0n—an?.

Therefore, taking a point p € F(T), we obtain

[Zn+1 = pll
= [lan(vf(zn) — Ap) + Bn(zn —p) + (1 = Bn)I — an A)(Pr Sz — p)|
< (1= Bn — V)| P Szn — pll + Bullzn — pll + an v f(22) — Ap||
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< (1= Bn — anV) |z = pll 4 Bullzn — pll + anyallz, — pll + anllvf(p) — Ap||
=1 —an(¥ —y)]l|rn — pll + anlvf(p) — Ap|.

By simple inductions, we have

] | Ap — v f(p)|l }

7—9a nel

e = pll < max { o — p|

)

which gives that the sequence {x,} is bounded.
Step 2. In this part, we show that lim || PxSz, — z,| = 0.
n—oo

Put I, = (@ny1 — Bnan)/(1 — Br). That is,
(2.1) Tnt1 = (1 = Bp)ln + Brnn, n =1
Now, we compute [,,+1 — l,,. Observing that

ant1Vf (@nt1) + (1 = Brg1)I — ant1A)Pr STy

l -1, =
n+1 n 1_ 6n+1
_ Oén’}/f(xn) + ((1 — 6%)1 — anA)PKSJJn
1- ﬂn
_ any1(Vf(@ny1) — AP Sy 41) B an(vf(2n) — AP Sxy)
1- ﬁn+1 1- Bn
+ PKanJrl - PKS{En,
we have
Qn41 Qn
HlTl+1 - ln” < 7”7f(£n+1) - APKSfEnJrl” + ”APKS:En - ’)/f(xn)H
1—Bnt1 1—0n
+ ||PKS£L'n+1 — PKS{EnH
Qn 41 Qn
< ——— |V f(@ny1) = AP Stnia|| + ——5 | APk Szn — v f (20) ||
1- Bn—i-l 1- ﬁn
+ [Znt1 — @all-
It follows from the conditions (i) and (iii) that
limsup{[|ln+1 — lnll = [Zn+1 — 2a|} <O.
n—oo

From Lemma 1.7, we have

(2.2) lim ||, —,] = 0.
n—oo
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Observing (2.1) again, we have

[Znt1 — znll = (1 = Bn)l|lzn — lnll-
From the condition (iii) and (2.2), we have
(2.3) nlirrgo |z, — Tnt1]| = 0.

Notice that

|Tn — Tppa|| + || Tnp1 — PrSy||

<
<@ = Tppa || + anllvf(2n) — APk Szl + Bulln — PreSznll,
which yields that
(1= Bu)llen — PrSnll < [|#n — Tntrl| + anllvf(zn) — APk Say|.
It follows from the conditions (i), (iii) and (2.3) that
(2.4) lim ||, — PxSz,| =0.
n—oo
Step 3. Finally, we show that x, — ¢, as n — oo.

First, we claim that

(2.5) limsup(vf(q) — Aq,zn — q) <0,

n—00

where ¢ = }irr(l) x¢ with z; being the fixed point of the contraction
x—tyf(x)+ (I —tA)PgSx.

Then x; solves the fixed point equation x; = tvf(x:) + (I — tA)Pk Sz, where t €
(0,min{1,]|A[~"}). Thus we have

lze = @nll = (I — tA) (P Szt — @n) + t(yf(2e) — Azn).

It follows from Lemma 1.4 that

(2.6) e — 2n|l* = |(I — tA) (P Sz — zn) + t(vf (1) — Azy)|?
< (1= 5% Prc Sy — wall? + 20 (7f (21) — Ay — )
< (=29t + (7)) ||we — zall® + fult)

+2t(v f(x¢) — Axe, 2p — ) + 2t{Azy — Ay, 24 — T00),
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where

2.7 fu®) = Qllze — znll + |2n — PxSzn||)||2n — PxSzs| — 0, asn — 0.
Observing A is linear and strongly positive and using (1.2), we have

(2.8) (Azy — Axp,xp — x0) = (AT — Tp), Tt — Tn) 2 7|2 — xn||2
Combining (2.6) and (2.8), we obtain

2t(Axy — v f(x4), ¢ — Tn)

< (38 = 270)llw = wall® + fult) + 2t(Aze = Awn, 20 — )

< (7 = 2)(A(ze — 20), 20 — 2n) + fu(t) + 26(Azy — Avp, 30 — 37)
ST (A(@e — xn), 30 — 2n) + ful).

It follows that

7t 1
(2.9) (Aze =7 f(we) w0 = 20) < 5 (e = Az, 2 = n) + 5 fa(l)-
Let n — oo in (2.9) and note that (2.7) yields

t
(2.10) limsup(Az; — v f(21), 2 — x5) < §M1,

where M7 > 0 is an appropriate constant such that My > §(Ax; — Az, xr — ) for
all t € (0,1) and n > 1. Taking ¢ — 0 in (2.10), we have

(2.11) lim sup lim sup(Az; — v f(x), 2 — x,) < 0.

t—0 n—oo

On the other hand, we have

(vfla) = Aq,zn — q) = (vf(@) — Ags v — @) — (V[ (@) — Ag,Tn — T4)
+ (vf(q) — Agsxn — 1) — (v f(q) — Az, 20 — 24)
+ (vf(@) — Az, zn — @) — (Vf(@0) — Axgy 20 — 74)
+ (v f(xe) — Az, 2 — 24).

It follows that

limsup (vf(q) — Aq, x, — Q)
n—oo

< vfle) = Adllllze = all + [|Allllz =gl lim [Jzn —

+yallg =z lim [lo, — @ +limsup(y f(z) — Az, 2 — 4).
n—oo
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Therefore, from (2.11), we have

lim sup(yf(q) — Ag, z, — ¢)

n—00

= hmsup limsup(vf(q) — Aq, n, — q)

n—oo

\lnnsupHWf(q)—x4ﬂHh%—-ﬂl+ihnsupHAﬂth—-qHlgﬁ [E—

+ hmsup’yqu — | hm |xn — x| + limsup lim sup(y f (@) — Axy, T — x¢)
t—

t—0 n—oo

<0.

Hence, (2.5) holds. Now from Lemma 1.4, we have

(2.12) [#ns1 = qll?
= (1 = Bu)] = anA)(Pk S — q) + Bu(wn — p) + an (v (xn) — Ag)||®
< (1 = Bu)T — an A) (P Stn — q) + Bl — p)|?
+ 200 (vf(20) — Ag, Tt — q)
< (1= an¥)?zn = gl* + anyallz, — al* + [lzns1 —gl?)
+ 200 (v f(q) — Aq, Tpi1 — q),

which implies that

(2.13) 21— qll®
(1 _an7)2 + apyo 2
< n— — Aq, Tpi1 —
T——— lon = all” + == {1f(@) = Ag @nt1 — @)
200, (7 — ay
<[o- 2=y, g
— apya
200, (7 — ay) [ 1 an'_y2
- @) —Agznp1 — )+ 5 ———— }
1 —apya W—ONW() #1=4) 27 —ay)

where M, is an appropriate constant such that My > sup{||z, — ¢||*}. Put j, =
n=1

200, (F — ay) /(1 — ayry) and

P y4 =Ty
= — Aq, Tpq1 — — M.
0= 5oy (10~ Ag T — ) + G Mo
That is,

(2.14) lmis =gl < (L= jn)lln = all + st

It follows from the conditions (i), (ii) and (2.5) that hm Jn =0, E Jn = 00 and

n=1

limsupt, < 0. Apply Lemma 1.1 to (2.14) to conclude that Tn — ¢, as n — oo. This

completes the proof. O
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3. APPLICATIONS
As applications of Theorem 2.1, we have the following results immediately.

Theorem 3.1. Let K be a nonempty closed convex subset of a real Hilbert space
H such that K + K C K and T: K — H a nonexpansive mapping with a fixed
point. Let A be a strongly positive linear bounded self-adjoint operator with the
coefficient ¥ and f € Ilx a contraction with the contractive coefficient (0 < oo < 1)
such that 0 < v < 7/a. Let {x,,} be a sequence generated by the following manner:

Voey € K, Zny1 = anyf(@n) + Bnxn + (1 = Bn) — anA)PxTx,, n>=1.

If the control sequences {«.,,} and {8,} satisfy the following conditions:
(i) lim o, =0;

n—oo

o0
(il) > anp = oo

n=1
(iii) 0 < liminf 8, < limsup S, <1,

n—00 n—00

then {x,} converges strongly to a fixed point q of T', which solves the following
variational inequality

(vf(q) = Ag,p —q) <0, Vpe F(T).

Taking A = I, the identity mapping and v = 1 in Theorem 3.1, we have the
following.

Theorem 3.2. Let K be a nonempty closed convex subset of a real Hilbert space
H and T: K — H a nonexpansive mapping with a fixed point. Let f: K — K be
a contraction with the contractive coefficient (0 < a < 1). Let {z,} be a sequence
generated by the following manner:

Vo1 € K, py1 = anf(zn) + Bntn + (1 — B — an)PxTx,, n =1

If the control sequences {ay,} and {f3,,} satisfy the following conditions:
(i) lim a, =0;
n—oo
o0
(i) 3 an = oo
n=1

(iii) 0 < liminf f3,, < limsup G, < 1,

n—oo
then {z,} converges strongly to a fixed point q of T, which solves the following
variational inequality

(fl9) —q,p—q) <0, Vpe F(T).
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