Czechoslovak Mathematical Journal

Roman Koplatadze

On asymptotic behavior of solutions of n-th order Emden-Fowler differential equations
with advanced argument

Czechoslovak Mathematical Journal, Vol. 60 (2010), No. 3, 817-833

Persistent URL: http://dml.cz/dmlcz/140606

Terms of use:

© Institute of Mathematics AS CR, 2010

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/140606
http://dml.cz

Czechoslovak Mathematical Journal, 60 (135) (2010), 817—-833

ON ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF n-TH ORDER
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Abstract. We study oscillatory properties of solutions of the Emden-Fowler type differ-
ential equation

u™ (1) + p(t)u(o(t))| sign u(o () = 0,

where 0 < A <1, p € Lioc(R4;R), 0 € C(Ry;R4) and o(t) >t for t € Ry.

Sufficient (necessary and sufficient) conditions of new type for oscillation of solutions of
the above equation are established.

Some results given in this paper generalize the results obtained in the paper by Kiguradze
and Stavroulakis (1998).

Keywords: proper solution, property A, property B
MSC 2010: 34K15, 34C10

1. INTRODUCTION
This work concerns the study of oscillatory properties of the differential equation
(L.1) u (1) + p(t) [u(o (1)) signu(o (1) = 0,
where p € Lioe(R4; R), 0 € C(Ry;R4) and
(1.2) 0<A<l, o(t)>t forteRy.
It will always be assumed that either the condition

(1.3) p(t) =20 forte Ry
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or the condition
(1.4) p(t) <0 forte Ry

is fulfilled.

Let to € Ry. A function w: [tg,4+00) — R is said to be a proper solution of
Eq. (1.1) if it is locally absolutely continuous along with its derivatives up to the order
n — 1 inclusive, satisfies (1.1) almost everywhere on [to, +00) and sup{|u(s)|: s €
[t,+00)} > 0 for any t € [tg, +00).

A proper solution u: [tg,+o0) — R of Eq. (1.1) is said to be oscillatory if it
has a sequence of zeros tending to +oo. Otherwise the solution wu is said to be
nonoscillatory.

Definition 1.1 ([2]). We say that Eq. (1.1) has Property A if any of its proper
solutions is oscillatory when n is even and either is oscillatory or satisfies

(1.5) WD) 10 ast]+oo (i=0,....,n—1)

when n is odd.

Definition 1.2 ([1]). We say that Eq. (1.1) has Property B if any of its proper
solutions either is oscillatory or satisfies (1.5) or

(1.6) ‘u(i)(t)H—l—oo ast] 400 (1=0,...,n—1)

when n is even, and either is oscillatory or satisfies (1.6) when n is odd.

A number of survey papers and monographs have been devoted to various aspects
of oscillation of nonlinear differential equations (see, for example, [3]-][10]).

Some results analogous to those of this paper are given without proofs in [11]-[13].

2. SOME AUXILIARY LEMMAS
In the sequel, Coc([to, +00)) will denote the set of all functions u: [tg, +00) — R

absolutely continuous on any finite subinterval of [tg, +00) along with their deriva-
tives of order up to and including n — 1.
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Lemma 2.1 ([1]). Let u € C-*([to, +0)), u(t) > 0 for t > to, u™(t) # 0 in

loc

any neighborhood of +o0 and u(™(t) < 0 (u'™(t) > 0) for t > to. Then there exist
t1 > to and 1 € {0,...,n} such that l +n is odd (I + n is even) and

(2.1)) u(t) >0 (i=0,...,1—1) fort>t,
t

(D)D) >0 (i=1,...,n—1) fort>t.

In the case | = 0 we mean that only the second inequality in (2.1;) holds, while if
I = n only the first holds and (™ (t) > 0.

Lemma 2.2 ([14]). Let u € Cioc([to, +00)), u(™(t) < 0 (u™ () > 0) and (2.1;)
be satisfied for somel € {1,...,n — 1}, wherel+n is odd (I + n is even). Then

+o0o
(2.2) / " HuM ()| dt < +oc.
to
Moreover, if
+oo
(2.3) / ™ ()| dt = +oo,
to

then there exists t, > to such that

u(d () u(d () )
(2.4) T L0, S T (i=0,.,0- 1),
tl_l
(2.5) u(t) > —- u=V(t)  fort >t,
and
—+oo

(2.6) u=V(t) > f / s”_l_1|u(")(s)‘ ds

(n=0!J;

1 t
+ (7”'/ s"*l|u(")(s)| ds fort >t,.
n—10"J,,

3. NECESSARY CONDITIONS FOR EXISTENCE OF SOLUTIONS OF TYPE (2.1;)

The results of this section play an important role in establishing sufficient condi-
tions for Eq. (1.1) to have Properties A and B.

Let to € R4+. By U4, we denote the set of all solutions of Eq. (1.1) satisfying the
condition (2.1;).
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Theorem 3.1. Let the conditions (1.2), (1.3) ((1.4)) be fulfilled, | € {1,...,n—1}
with | +n odd (I + n even) and

+oo
(3.1)) /0 " (o)) |p(t)] dt = +oo.

If, moreover, Uy 4, # () for some to € Ry, then for any § € [0,\] and k € N we have

(3.21) / m £ (1) (g, (0(8)) p(1)] At < oo,

where

1

_ t ptoo 1 T—x
(3.3) gl,l(w—(“(ln—fm /0 / 5"—1—1(0@))““’|p<f)|d5ds) ,

t “+o0
(3.41) o0, = ﬁ/o /S gnflfl(g(g)))\(lfl)
% (02 (0(€)) p(€)| dEds, k=2,3,...

Proof. Letty€ Ry and Uy, # 0. By definition of the set Uj,, Eq. (1.1) has
a proper solution u € Uy, satisfying the condition (2.1;). By (2.1;) and (3.1;) it is
clear that the condition (2.3) holds. Thus, by Lemma 2.2, (2.4)—(2.6) are fulfilled

and

+oo
(3.5) () > >!/t S p(s) w0 (s)) ds

(n—1

1 t
+m/ 5" Up(s)|ut(o(s))ds  for t > t.,
A

where t, is a sufficiently large number.
According to (2.5), from (3.5) we get

“+oo
u(lfl)(t) > (n%l)'/t sn—171|p(s)|u>\(a(s))ds

t +o00
e R G NGRS
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t

+oo
- /t 1 ()| w (o (s)) ds

+oo
o) ROl e g

+oo
ot [ e e a
+oo  ptoo
e [ e o) s

t prtoo
s | [ oI o) acas

t  ptoo
> 16T / [ e e e

X (u(l*l)(a(f)))A d¢ds for t > t..

Therefore, by (1.2) and the second condition of (2.4) we have

W=D () oo .
60 0z [ e @) el ds for e,

where

t —+oo
68 o= [ [ €T 0 e©) o) ag s

Thus, according to (3.6) and (3.8), from (3.7) we get

x)‘ +o0o B
70> 7 (”l), /t e o(@) V)l de for ¢ >t

\n—=1)

Therefore,

+oo ﬁ
(l' n—1)! // & |P(£)|d£d8) for t > t,.

Hence, according to (3.6) and (3.8), we have
(3.9) u=V(t) >0, ,,(t) fort>t,,

where

1

+oo T—x
(3.10) gt*,l,1—<l.n_l // & o “l‘”|p<£>|d£ds) .
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Thus, by (3.6), (3.9) and (3.10), we get

(3.11) u=V(t) =0, (1) fort>t., k=2.3,...,
where

1 Y AR A1)
612) =g [ [ € @) e

x (Qt*,l,k—l(g(g))))\dfdsy k=2,3,....

On the other hand, by (1.2), (2.1;), (2.5) and (3.11), from (3.5) for any 0 € [0, \] we

have

+oo
B13) w00 > el [ o) e o) (o)

x (w0 () ds for £ > 4, k=1,2,.

If 6 = A, then from (3.13) we get

+oo
(3.14) / ()M (0,10 (0(5))) M Ip(s)| ds
<U(n—1 '“(l_:)(t ) k=12

1 T4 A— -1
(= ;gds)*‘s > @y T o)

% (0r. 1, (@)’ [p(8)] for t > t.,

where

315) o) =" o) V)0, . (1) (D (1))

Thus, from the last inequality we get

y(t) ds ¢ -
10 _/yu*) 5 2 G / S (o) Y
% p(s)|(e,. .. (0(s)))’ ds,
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where

(3.17) v = [ e)as
Therefore,

318 [ P 06) V)l (o, o) ds

Ty
s Y0 g
< (U —1)) /O e

By (3.17), without loss of generality we can assume that y(¢,) < 1. Thus from (3.18)
we have

/t gn—l—14+2=8 (U(S))Ml_l) [p(s)] ((Q,,*,l,k (U(S)))é ds

ds (I(n —1HA—?

1
U = for t > t,.
((n - 1)) /OSH UL o

Passing to the limit in the latter inequality, we obtain

(U(n — DIA?

+oo
(319) /t SnflflJr)\f(S (U(S)))\(lil) (Qt*,l’k (U(S)))6|p(8)| ds < T " 5

According to (3.14) and (3.19), for any d € [0, A] and k € N we have

e 14A—s Al-1) 5
G2y [ o) o (o6) (o) s <
ty
On the other hand, since
i 2@

t—-+4o0 Qt Ik

by (3.20) it is obvious that (3.2;) holds, which proves the validity of the theorem. O
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4. SUFFICIENT CONDITIONS OF NONEXISTENCE OF SOLUTIONS OF TYPE (2.1;)

Theorem 4.1. Let the conditions (1.2), (1.3) ((1.4)), (3.1;) be fulfilled, | €
{1,...,n—1} with I +n odd (I + n even), and assume that for some ¢ € [0, \] and
keN

+oo
any [ e ) o, o 0) o)t =+,

where o, , is defined by (3.3;) and (3.4;). Then Uy, = ) for any to € R.

Proof. Assume the contrary. Let there exist ¢y € R4 such that U, # (. Thus
Eq. (1.1) has a proper solution u: [tg,+00) — (0,400) satisfying the conditions
(2.1;). Since the conditions of Theorem 3.1 are fulfilled, (3.2;) holds for any ¢ € [0, A]
and k € N, which contradicts (4.1;). The obtained contradiction proves the validity
of the theorem. O

Theorem 4.2. Let the conditions (1.2), (1.3) ((1.4)) be fulfilled, € {1,...,n—1}
with [ +n odd (I +n even), and for some v € (0,1) let

+oo
(4.2;) lim inf ¢7 / s (o)) MV p(s) ] ds > 0.
t

t——+o0
If, moreover, for some § € [0, A]

3(d—v)

(4.3) / o (o) (o) )t = +ox,

then Uy, = 0 for any to € R4.

Proof. Clearly the condition (3.1;) is fulfilled by virtue of (4.2;). On the other
hand, according to (3.3;) and (4.2;) there exist ¢ > 0 and ¢; € Ry such that

Qz,l(t) > ctTX  for t >t

Therefore, for k = 1 (4.1;) follows from (4.3;), and all conditions of Theorem 4.1
hold, which proves the validity of the theorem. ([

In a similar manner one can prove the following theorem.
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Theorem 4.3. Let the conditions (1.2), (1.3) ((1.4)) be fulfilled, | € {1,...,n—1}
with | +n odd (I + n even), and

T i1 N
(4.4;) lim inf t/ s o(s)) |p(s)|ds > 0.
¢

t——+oo

If, moreover,

too Al-1) 2
@s) [ e ) Y (o) )] ds = +ox,
0
then Uy, = 0 for any to € R.

Theorem 4.4. Let the conditions (1.2), (1.3), ((1.4)) and (4.2;) hold, | €
{1,...,n— 1} with [+ n odd (I + n even) and for some a € (1, +00) let

(4.6) lim inf % > 0.

t——+o0

If, moreover, at least one of the conditions:
(4.7) aix>1

or a\ < 1 and for some € > 0
Foo n—l—14+220-9 _ A(l-1)
(4.8) / s = (o (t)) [p(t)] dt = 400
0

holds, then Uy, = 0 for any tp € Ry.

Proof. Tt suffices to show that the condition (4.1;) is satisfied for some k € N
and o = A. Indeed, according to (4.2;) and (4.6) there exist a > 1, v € (0,1), ¢ >0
and t; € R4 such that

T i1 D
(4.9) 7 s (o(s)) [p(s)|ds = ¢ fort >ty
¢
and
(4.10) o(t) = ct® fort>t.

By (3.3;) and (4.2;), it is obvious that . ligrn 0,,(t) = +oo. Therefore, without loss

of generality we can assume that g,  (t) > 1 for ¢ > ¢;. Thus, by (4.9) from (3.4;) we

get
c

0,,(t) > m /t1 s 7ds = m(tl—v _ t%*v).
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We can choose t5 > t1 such that

ctt=7
0,,(t) = 200 (n =0 (1 —7)

for t > to.

Thus, by (4.9) and (4.10), from (3.4;) for k = 3 we have

1+A
C

s tA=0+ad)  for ¢+ > ¢

Qz,s( ) (2[!(71—1)!(1_7)) " ;

where t3 > t5 is a sufficiently large number. Therefore, for any ky € N there exists
ty, € R4 such that for t > tg,,

n—DI(1-7)

Assume that (4.7) is fulfilled. Choose ko € N such that (1 —~)(ko —1) > 1/A. Then
according to (4.10) and (4.11) we have

(A=) (I+ad+. A+ (a0 —2)

>1+/\+...+/\’“0_2

(411) o, (t) > (2“(

gl)‘ko (t) =2 cot fort > ty,,

where ¢g > 0. Therefore, by (4.9) and (4.10) it is obvious that (4.1;) holds for § = A
and k = ko. In the case when (4.7) holds, the validity of the theorem has been
already proved.

Assume now that (4.8;) is fulfilled. Let € > 0 and choose ko € N such that

1 €
l—aX (1-=7)a’

T+ar+... 4 (a2 >

Then from (4.11) we have
1—v e
014, (1) = cotT=ox " for t > t,,
where ¢g > 0. Therefore, by (4.10)
aA(l—~

E )
Ql)?ko (U(t)) et mex TF fort > ty,,

where ¢; > 0. Consequently, according to (4.8;) it is obvious that (4.1;) holds for
k = ko and § = . The proof of the theorem is complete. O

In a similar manner one can prove the following theorem.
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Theorem 4.5. Let the conditions (1.2), (1.3), ((1.4)) and (4.4;) be fulfilled,
le{l,...,n—1} withl+n odd (I + n even), and let there exist o > 0 such that

(4.12) liminf t~% Ino(t) > 0.

t—+o0

Then U, = 0 for any to € R4.

5. DIFFERENTIAL EQUATIONS WITH PROPERTY A AND B

Theorem 5.1. Let the conditions (1.2), (1.3) ((1.4)) be fulfilled and for any
le{l,...,n—1} withl4+n odd (I+n even) let (3.1;) as well as (4.1;) hold for some
0 € [0,A] and k € N. Let, moreover,

+oo
(5.1) /O t"p(t)| dt = +oo

when n is odd (n is even) and

(5.2) /;OO ()" VIp(t)| dt = +o0

in the case when (1.4) holds. Then Eq. (1.1) has Property A(B).

Proof. Let Eq. (1.1) have a proper nonoscillatory solution u: [tg,+00) —
(0,400) (the case u(t) < 0 is similar). Then by (1.1), (1.3) ((1.4)) and Lemma 2.1,
there exists [ € {0,...,n} such that I+n is odd (I4+n is even) and the condition (2.1;)
holds. Since the conditions of Theorem 4.1 are fulfilled for any [ € {1,...,n — 1}
with I +n odd (I + n even), we have | & {1,...,n — 1}. Therefore, n is odd (n is
even) and [ = 0, or (1.4) holds and [ = n. Let [ = 0. Then we will show that the
conditions (1.5) hold. If that is not the case, there exists ¢ > 0 such that u(t) > ¢
for sufficiently large t. According to (2.1p), from (1.1) we have

n—1 t
Z(n —i— 1)!t§|u(i)(t1)| > c)‘/ s"p(s)|ds fort >ty
i=0 t

where ¢; is a sufficiently large number. The latter inequality contradicts the condition
(5.1). Thus, (1.5) is fulfilled.

Now assume that (1.4) holds and I = n. To complete the proof, it suffices to show
that (1.6) is valid when [ = n.
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From (2.1,,) we have u(o(t)) > c(o(t))""! for t > t;, where ¢ > 0 and ¢; is a
sufficiently large number. Therefore, by (1.4), (5.2) and (2.1,), from (1.1) we get

t
umI) = w4 + c)‘/ (o(s)*™ Vp(s)|ds — 400 for t — +o0,
ty

i.e., (1.6) holds. Therefore Eq. (1.1) has Property A (B). O

Remark 5.1. Theorem 5.1 is a generalization of Theorem 1.1 [1].

Theorem 5.2. Let the conditions (1.2), (1.3) as well as (5.1) be fulfilled for odd
n, and let

A
(5.3) liminf < t(t) > 0.

t——+oo

If, moreover, for some ¢ € [0,A] and k € N, (4.11) holds when n is even and (4.12)
holds when n is odd, then Eq. (1.1) has Property A.

Proof. It is obvious that, according to (4.11), (4.12) and (5.3), for any [ €
{1,...,n—1}, where [+ n is odd, the conditions (4.1;) hold. Therefore, all conditions
of Theorem 5.1 for the case of Property A hold, which proves the validity of the
theorem. 0

Corollary 5.1. Let the conditions (1.2), (1.3) and (5.3) be fulfilled and for even n
let

—+oo
(5.4) / "2 Ap(t) dt = 400
0

hold. If, moreover, (5.1) and

(5.5) /0 = 73 (o(4)) *p(t) dt = 400

hold for odd n, then Eq. (1.1) has Property A.

Proof. It is obvious by (5.4) and (5.5) that for § = 0, (4.11) and (4.12) are
fulfilled. Thus, all conditions of Theorem 5.2 are fulfilled, which proves the validity
of the theorem. O

Analogously of Theorem 5.2 we can prove
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Theorem 5.3. Let the conditions (1.2), (1.4), (5.2) and (5.3) as well as (5.1) be
fulfilled for even n. If, moreover, for some 6 € [0, ] and k € N, (4.11) holds when n
is odd and (4.12) holds when n is even. Then Eq. (1.1) has Property B.

Corollary 5.2. Let the conditions (1.2), (1.4) and (5.3) be fulfilled and for odd n
let

+oo
(5.6) / 2N (1) dt = 400
0

hold. If, moreover, (5.1) and

+oo
(5.7) / A (O’(t)))\|p(t)| dt = +o0
0
hold for even n, then Eq. (1.1) has Property B.

Theorem 5.4. Let the conditions (1.2) and (1.3) as well as (5.1) be fulfilled for
odd n, and let

A
(5.8) lim sup o) < 400.
t——400 t

Then for Eq. (1.1) to have Property A it is sufficient that for some k € N and
6 €[0,]], (4.1,_1) hold, where o, _, , is defined by (3.4, 1).

Proof. By (5.8), there exist ¢ > 0 and #; € R such that t > co*(t) for ¢t > t;.
Therefore, according to (4.1,-1), for any I € {1,...,n — 1} with [ + n odd (4.1;)
holds, which proves the validity of the theorem. (I

Corollary 5.3. Let the conditions (1.2), (1.3), (5.8) be fulfilled and let

(5.9) /OJFOO (o))" Vp(t) dt = +0.

Then Eq. (1.1) has Property A.

Analogously to Theorem 5.4 we can prove

Theorem 5.5. Let the conditions (1.2), (1.4), (5.2), (5.8) be fulfilled. Then for
Eq. (1.1) to have Property B it is sufficient that for some k € N and § € [0, )]
(4.1,,_2) hold, where g,,—2 1, is defined by (3.4,_2).
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Corollary 5.4. Let the conditions (1.2), (1.4), (5.2), (5.8) be fulfilled and let

oo A(n—2)
(5.10) / 9 (o(0) "2 p(0)] dt = +oo.
0
Then Eq. (1.1) has Property B.

Theorem 5.6. Let the conditions (1.2), (1.3) and (5.3) be fulfilled and for even
n let the conditions (4.21) and (4.31) hold. If, moreover, (5.1), (4.22) and (4.32) hold
for odd n, then Eq. (1.1) has Property A.

Theorem 5.7. Let the conditions (1.2), (1.4) and (5.3) be fulfilled and for odd n
let the conditions (4.21) and (4.31) hold. If, moreover, (5.1), (4.23) and (4.32) hold
for even n, then Eq. (1.1) has Property B.

For proving Theorems 5.6 and 5.7, it suffices to note that by (5.3), (4.21) and (4.31)
(by (5.3), (4.22) and (4.32)), for any [ € {1,...,n — 1} (for any ! € {2,...,n —1}),
(4.2;) and (4.3;) hold.

Analogously to Theorems 5.5 and 5.6, using Theorems 4.3 and 4.5, we can prove
Theorems 5.8-5.13.

Theorem 5.8. Let the conditions (1.2), (1.3) and (5.3) be fulfilled and for even
n let the conditions (4.41) and (4.51) hold. If, moreover, (5.1), (4.42) and (4.52) hold
for odd n, then Eq. (1.1) has Property A.

Theorem 5.9. Let the conditions (1.2), (1.4) and (5.3) be fulfilled and for odd n
let the conditions (4.41) and (4.51) hold. If, moreover, (5.1), (4.42) and (4.52) hold
for even n, then Eq. (1.1) has Property B.

Theorem 5.10. Let the conditions (1.2), (1.3), (4.6) and (4.7) be fulfilled and for
even n (for odd n) let the conditions (4.11) ((4.12) and (5.1)) hold. Then Eq. (1.1)
has Property A.

Theorem 5.11. Let the conditions (1.2), (1.4), (4.6) and (4.7) be fulfilled and for
odd n (for even n) let the conditions (4.11) ((4.12) and (5.1)) hold. Then Eq. (1.1)
has Property B.

Theorem 5.12. Let the conditions (1.2), (1.3), (4.6) and (5.3) be fulfilled, where
aX < 1. If, moreover, for even n (odd n) the conditions (4.21) and (4.81) ((5.1),
(4.23) and (4.82)) hold, then Eq. (1.1) has Property A.
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Theorem 5.13. Let the conditions (1.2), (1.4), (4.6) and (5.3) be fulfilled, where
aX < 1. If, moreover, for odd n (for even n) the conditions (4.21) and (4.8;) ((5.1),
(4.23) and (4.82)) hold, then Eq. (1.1) has Property B.

Remark 5.2. Using Theorems 4.1-4.5 it is possible to get effective conditions for
the validity of properties A and B different from the conditions given above.

6. NECESSARY AND SUFFICIENT CONDITIONS

Theorem 6.1. Let n be odd (n be even), the conditions (1.2), (1.3) ((1.4)) be
fulfilled and let
(6.1) lmint 28 > o

t—+oo 352

Then the condition (5.1) is necessary and sufficient for Eq. (1.1) to have Property
A(B).

Proof. Sufficiency. By virtue of (5.1) and (6.1), when n is odd (when n is even)
the conditions of Corollary 5.1 (of Corollary 5.2) are satisfied. Therefore, according
to the same corollaries, Eq. (1.1) has Property A(B).

Necessity. Assume that Eq. (1.1) has Property A(B) and

+oo
/ t" L p(t)| dt < +oo.
0

Then by [7, Lemma 4.1] there exists ¢ # 0 such that (1.1) has a proper solution
u: [to,+00) — R satisfying the condition , lim wu(t) = ¢. But this contradicts the

fact that Eq. (1.1) has Property A(B). O
Remark 6.1. Theorem 6.1 is a generalization of Theorem 1.2 [1].

Remark 6.2. The condition (6.1) defines the set of the functions o for which the
condition (5.1) is necessary and sufficient. It turns out that the number (2 — A)/A
is optimal. Indeed, let € € (0, (1 + A)/A), A€ [1/(14+¢),1) and v € (1,2). Consider
the differential Eq. (1.1), where

pt) = —y(y—1)...(y —n+ 1)t ENAFD 54y = 55 ¢ > 1.
It is obvious that the condition (5.1) is fulfilled and

t 4
lim inf 02(72 =0 and lim ig) > 0.

t—4o00 737 t—too =X~ —¢

On the other hand, for odd n (for even n), u(t) = t7 is a solution of Eq. (1.1).
Therefore, for odd n (for even n) Eq. (1.1) does not have Property A(B).
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Theorem 6.2. Let n > 3, let the conditions (1.2), (1.4) be fulfilled and

t
(6.2) lim sup Ug < 4o00.

t—+oco t72x

Then the condition (5.2) is necessary and sufficient for Eq. (1.1) to have Property B.

Proof. Necessity follows from [7, Lemma 4.1]. On the other hand, by (5.2) and
(6.2) the condition (5.10) is fulfilled. Therefore, sufficiency follows from Corollary 5.4.
O

Remark 6.3. The condition (6.2) defines the set of the functions o for which the
condition (5.2) is necessary and sufficient. It turns out that the number (1 + \)/A
is optimal. Indeed, let € > 0, A € [1/(1+2¢),1) and v € (n — 3,n — 2). Consider
Eq. (1.1), where

1—X—2e) 14X
2

p(t)=—v(v—1)...(y —n+ )t "7, ot)=t> T t>1.

Since A(1+2¢) > 1 and v € (n — 3,n — 2), we have

—+oo
/1 (W@ Dp(t) dt = —4(y— 1) ... (y— n+1)

Foo A+2eX—1
X / t=1 D= 4t = 4.
1

Thus, all conditions of Theorem 6.2 hold, except the condition (6.2). On the other
hand, u(t) = ¢7 is a solution of Eq. (1.1). Therefore, Eq. (1.1) does not have Prop-
erty B.
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