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Abstract. We maximize the total height of order ideals in direct products of finitely many
finite chains. We also consider several order ideals simultaneously. As a corollary, a shifting
property of some integer sequences, including digit sum sequences, is derived.
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1. INTRODUCTION AND THE MAIN RESULTS

Our notation and terminology are standard, see, for example, Davey and Priest-
ley [3] or Griitzer [6]. In particular, let B = (B; <) be a finite order; also called a
partially ordered set or poset. A subset I of B is called an order ideal, in notation
I <« B,ifx <yandy e I implies x € I for all z,y € B. By definition, § < B.
For b € B, let |b denote the order ideal {x € B; = < b}. Non-empty subsets of the
form {x € B; a < z < b} are called intervals of B. By an n-element chain we mean
{0 <1< ... <n—1}; the length of this chain is n — 1.

For b € B, the height of b is defined as the maximum of lengths of chains in |b.

By the (total) height h(X) of a subset X of B we mean »_ h(a). We say that an
acX
order ideal I of B mazimizes the total height, if for all J < B with |J| = |I|, we have

h(J) < h(I). For example, if B is the order (in fact, a distributive lattice) depicted
in Figure 1, then h(]a) = 6 and h(]b) = 8, and both |a and |b maximize the total
height.

We have two main motivations for studying the total height of order ideals.

This research was partially supported by the NFSR of Hungary (OTKA), grant nos. T
049433, PD 75475 and K 60148.
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Figure 1. |a and |b maximize the total height.

First, total heights have a useful connection to digit sum sequences. This connec-
tion will be exploited in Corollary 4 and the remark following it.

Secondly, let fp: {0,...,|B|} — No, n — max{h(I); I < B and |I| = n}. It
seems to be an interesting problem to

(1) determine the function fp.

The solution of (1) for finite direct powers of the two-element chain, that is for finite
boolean algebras, has been heavily used in [2]. In the present paper, Theorem 5
will solve problem (1) for direct products of finitely many finite chains. Notice that
while the usual greedy algorithm yields the solution of (1) in the boolean case, here
the straightforward greedy algorithm can fail even in the direct square of a three-
element chain. Therefore, the present approach to (1) is quite different from and
more complex than that in [2].

Let Iy C Iy C ... C I;p| be order ideals of B such that, for all j = 0,1,...,|B],
|I;| = j and I; maximizes the total height. Then we call [y C I} C ... C Ip| a
greedy chain of order ideals of B. In connection with problem (1), one may ask

(2) which finite orders have a greedy chain of order ideals?

Although (2) is not targeted in the present paper, we mention two facts. The answer
to (2) in case of Figure 1 is negative, since |a and |b are, respectively, the only four
and five element order ideals maximizing the total height but |a  |b. Hence being a
distributive lattice is not a sufficient condition to guarantee (2). On the other hand,
it will be evident from Theorem 5 that the answer to (2) is affirmative for finite direct
products of chains. This fact rather than the usual greedy algorithm motivates the
term “greedy” in the following definition.

Definition 1. The following notation will be fixed throughout the paper. Let
teNg. Fori=1,...,tlet k; e N\ {1}, andlet C; ={0 <1< ... <k;—1} bea
chain such that

k‘lgkgg...gkt, that is |Cl|<|02|<<|ct|

70



Let D = Cq x ... x Cy be the direct product of these chains (which is the one element
order if ¢t = 0). By a greedy order ideal of D we mean an initial segment of the
lexicographic order of D.

For example, for t = k1 = ko = 2, the greedy order ideals of D are exactly
the following ones: ), {(0,0)}, {(0,0),(0,1)}, {(0,0),(0,1),(1,0)}, and D. It is
straightforward to see that each greedy order ideal of D is an order ideal.

Definition 2. For m € N, let X = (X1,...,Xm) be a sequence of greedy order
ideals of D. We say that X is packed to the right, if there is an ¢ € {1,...,m} such
thatX1 :...:Xi,1 :(Z) andXiJrl:...:Xm:D.

Theorem 3. Let X4,...,X,, andY1,...,Y,, be greedy order ideals of D such that
i | Xi| = fj |Y;| and (Y1,...,Y,,) is packed to the right. Then g h(X;) < i h(Y;).
i=1 i=1 i=1 i=1

Consider the sequence @”) = (ag,a, ..., a|p|-1) where «; is the height of the
i-th member, with respect to the lexicographic enumeration, of D. That is, ag =
h((0,...,0,0)) =0, g = h((0,...,0,1)) =1, and so on. In some sense, Theorem 3
is a statement on this sequence. It has an interesting corollary, a relatively simple
“shifting property”, which seems to have been unnoticed so far:

Corollary 4. Let 1 < n < |D| = kikza...kt, and let s be the sum of n consecutive
members of @P). Then

ag+ ...+ an—1 <s<a|D|,n+...+a‘D‘,1.

Remark. For 2 < g € N, let 5@ = (Bo, 1,02, ...) be the so-called digit sum
sequence of base g, that is, 3; is the sum of digits of ¢ written in base q. This sequence
and the sum of its first n members have been studied for long, see Gel’fond [4] and
Lindstrom [7] for example. A search for “title = sum of digits” returns more than
seventy publications in MathSciNet. Notice that the first ¢* elements of 5’(‘1) coincide
with @P) where D is the t-th direct power of the g-element chain.

Our second result is the following one.
Theorem 5. Let X and Y be order ideals of D such that |X| = |Y| and Y is a
greedy order ideal. Then h(X) < h(Y').

A slightly related problem has been studied by Bollobds and Leader [1]. That
problem in [1] refers to the addition in 7}, whence it does not belong to the the-
ory of lattices and orders. However, the compression method used in [1], which is
an advanced tool of combinatorics, offers an alternative proof of Theorem 5. The
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present, more elementary, approach is justified by its connection to Theorem 3, digit
sum sequences, and [2].

2. PROOFS AND AUXILIARY STATEMENTS

Ift=0o0rt=1,then |[D| =1 or D is a chain. In both cases, Theorems 5 and 3
and Corollary 4 are trivial. Hence, from now on, we assume that ¢ > 2. In addition
to Definition 1, we also need the following one.

Definition 6.

e As usual, the covering relation in D is denoted by <. That is, < y means that
< ybutx<z<y forno z.

elet E=C; xCy, F=C3x...xCi,and G =Cy x...xCy. ForieC; =
{0,1,..., k1 — 1}, let G; = {(¢,aq2,...,as); (az,...,a;) € G}.

e Similarly, for (i,j) € E = C1xCq,let Fy; = {(i,4,as3,...,a.); (as,...,a;) € F}.

e Letd=|D|=ky...ki,g=|G|=ka...kyand f =|F| =ks...k;.

e For i € {0,...,d}, let A'(i) = h'5(i) denote h(X) where X is the unique -
element greedy order ideal of D. The symbols hy, and h; have analogous

meaning.

Notice that the Fj; and G; are intervals of D. For ¢t = 3, k; = 3, k2 = 4 and
ks = b, the situation is depicted in Figure 2. The black-filled elements indicate how
FE is embedded in D.

Lemma 7. Fori € C, let X; be a greedy order ideal of G; such that i < j implies

|X;| > |X;|. Then |J X; is an order ideal of D. Similarly, if Y;; is a greedy order
i€Cy
ideal of F; for each (i,j) € E such that (i,j) < (k,l) implies |Y;;| > |Yiu|, then

U Yi; is an order ideal of D.
(i,j)€E

Proof. The proof is almost trivial. If (k,{) covers (¢,7) in E, then F;; and Fy,
are transposed intervals in the distributive lattice D, whence they are isomorphic.
Let ¢: Fj; — Fj; denote this isomorphism. Clearly, each greedy order ideal of F' is
determined by its size. Since |Yj;| = |Yii|, ¢(Yxi) is an initial segment of Y;;. Hence
the second part of the lemma follows. The first part is even simpler. O

Definition 8. Let ¢ € N. We say that (y1,...,yn) € {0,...,¢}" is packed to the
right in {0,...,q}, if, for i € {1,...,n — 1}, y; # O implies y;41 = ¢. Similarly, we
say that (y1,...,yn) is packed to the left in {0,...,q}, if (yn,...,y1) is packed to the
right in {0,...,¢}.
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Figure 2. The structure of D for (ki, k2, k3) = (3,4,5)

The following lemma is a trivial counterpart of Theorem 3; its evident proof will
be omitted.

Lemma 9. Let n,q € N, and consider integers x1,...,%n,Y1,-..,Yn € {0,...,q}
anday < ...<a, €Ng such that x1 + ... +xp, =31+ ...+ yn and (Y1,...,Yn) Iis
packed to the right in {0,...,q}. Then a1x1 + ...+ apxn < a1y1 + ...+ anYn-

Proof of Theorem 3. We prove the theorem by induction on ¢. We assume that
t > 2 and the statements hold for direct products of less than ¢ finite chains. Since
each greedy order ideal X of D is determined by its size | X|, the statement is evident
for m = 1.

Next, we deal with the case m = 2. Assume that (X,Y) and (U, V) are pairs of
greedy order ideals such that (U, V) is packed to the right and |X|+|Y| = |U|+ |V|.
Since the role of X and Y is symmetric, we can assume that |X| < |Y]. We claim
that if (X,Y") is not packed to the right, then there exists a pair (X', Y”) of greedy
order ideals such that |X'| + |Y'| = |X|+ Y|, |Y'] > |Y| and h(X) + h(Y) <
h(X’) + h(Y’). By a repeated application of this claim the theorem will clearly
follow.

Since (X,Y) is not packed to the right, X # 0 and Y # D. Let X; = X NG, and
Y; =Y NG,;. Both X and Y are greedy, whence there exist r,s € {0,1,...,k1 — 1}
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such that
X;=G; for i<r, X, #0, X; =0 for i>r,

Y, =G; for i<s, YVi#Gs, V=0 for i > s.

We know from |X| < |Y| that < s. Using that G, = G = G,, we can pack the pair
(X,,Y5) to the right. That is, we obtain a pair (X/,Y/) of greedy order ideals such
that X, < G, Y! < Gs, | X,| +|Ys| = |X.| + Y]], and either X =0 or Y] = G;. In
both cases, |Y;| < |Y/]. Let X' = (X \ X,)UX/ and Y’ = (Y \ Y;) UY,. Then X’
and Y’ are greedy order ideals of D, |X'| +|Y'| = |X|+ |Y| and |[Y'| > |Y|. Let us
compute:

hX") +h(Y") = (M(X) + 1(Y)) = h(X]) + h(Y]) = h(X;) = h(Ys)
= he(I1X7]) +rIX7 + ha (Y1) + Y] = h (15 ]) = rIXe] = he (1Y) — sY5]
= (ha(1X7]) + ha (YD) — (ha(1X:]) + b (1Y:)))
+ (X0 + sV = (] X0 + s[Ya]).

The first summand at the end of the above formula is non-negative, because the
theorem holds for G by the induction hypothesis. The second summand is non-
negative by Lemma 9. Hence h(X') + h(Y’) > h(X) + h(Y). This proves the claim
and settles the case m = 2.
Finally, let m > 2. Let us repeat the following transformation on the sequence
(X1,...,Xm) of greedy order ideals:
e Rearrange the sequence so that |X;| < ... < |X,,|. If X5 # D, then let
I = max{i; X; # D}, and perform a “packing the pair (X;_1, X;) to the right”.

At each step, the sum of total heights cannot decrease. At the end of these transfor-

mations we obtain a sequence (Z1, ..., Z,,) of greedy order ideals packed to the right.

Since (Zi,...,Zy) is determined by > |Z;| = Y |X;|, we have (Z1,...,Zy) =
i=1 i=1

(Y1,....Y,). O

From now on, for the sake of a forthcoming induction, we assume that
(3) Theorem 5 holds for direct products of less then ¢ finite chains.

Definition 10.

e For 0 < m < k1 + k2 — 2, the subset {(i,5); ¢ +j = m} of E is called the m-th
layer of E, and is denoted by L,,, see Figure 2.

e In figures, C; is always left from C5. The elements of L,, are on a horizontal
line. Hence “left” and “right” in L,, make sense. Notice that (4, ) is left from
(u,v) iff j < v and, of course, i + j = u + v.
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o If (4,7),(i—1,j+ 1) € E, then (i — 1,5 + 1) is the right neighbor of (i,j) and
(i,4) is the left neighbor of (i — 1,5 + 1). Sometimes we use this terminology
for objects indexed by elements of E.

e An order ideal X of D will be called an eastern order ideal, if for every 0 <
m < k1 + ke — 2 and every (4,7), (k,l) € L,, the following condition holds: if
(i,7) # (k,1), (k1) is right from (i,7) and X N F;; # 0, then Fi; € X. (In
other words, if the sequence (|X N Fj;|; (¢,5) € Ly,) is packed to the right in
{0,...,f}).

e For 0 < m < k1 + k2 — 2, let a = (a1,a2) and b = (b1,b2) be the left-
most and the rightmost element of L,,, respectively. If (a,b) is a (join-
reducible, join-reducible), (join-irreducible, join-irreducible) or (join-reducible,
join-irreducible) pair of elements of E, then L,, is called a layer of type A, type
V or type N, respectively. In Figure 2, L1 and Lo are of type V, Ls is of type
N, Ly and L5 are of type A, and Lg has no type.

Greedy order ideals of D are clearly eastern order ideals, but the converse is not
true. Hence the following lemma is just an intermediate step towards Theorem 5.

Lemma 11. Let X be an order ideal of D. Then there exists an eastern order
ideal Y of D such that | X| = |Y| and h(X) < h(Y).

Proof. First, observe that
(4) if i<j€Cy, then |G10X|>|GJQX|

Indeed, this follows from the implication (j,z2,...,2:) € X = (i,x9,...,2¢) € X.
Replace G; N X by a greedy order ideal of G; of the same size, for all i € Cy. By (3),
this way the total height does not decrease. Moreover, we obtain an order ideal of D
by Lemma 7. Hence we can assume that every G; N X is a greedy order ideal of G;.

For (i,7) € E, let X;; = F;; N X and x;; = |X;;|. Since G; N X is greedy, we
conclude that for every i € C,

(5) (%i0s---,®iky,—1) is packed to the left in {0,..., f} (a “ property”).
Similarly to (4), we conclude easily that
(6) if (i,j) € E and i#0 then z;; < xi—1; (a “\, property”).

Now we define a subset Z of D as follows. For each (i,j) € E, the intersec-
tion Z;; = F;; N Z will be a greedy order ideal of Fj;;, whence it suffices to define
zij = |Z;j|. Let (i1,71), ..., (ip,jp) be an enumeration of L, from left to right.
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By packing the sequence (z;,j,,...,%;,j,) to the right in {0,..., f} we obtain the
sequence (2, j,..-,%i,j,). We do this for each m, and this defines z; for each
(i,7) € E. Hence Z is defined and |Z| = |X|. We obtain from Theorem 3 that
hX) < h(Z).

We have to show that Z is an order ideal; then it is clearly an eastern order ideal.
In virtue of Lemma 7, it suffices to show that for every (u,v) € E \ {(0,0)},

(1) wA 0=z <zucto (N7 and v £ 0= 2 < zuum1 (7).

Let (u,v) belong to L,,. That is, m = u + v > 0. Since |C;| < |Cs|, we conclude
that L,, is of type V, N or A.

Case 1. L,, is of type V. Then L,,, enumerated from the left to the right, is
{(m,0),(m —1,1),...,(0,m)}. For k € {m — 1,m} define

W = Z{J?ij; (’L,j) S Lk}.

First assume that z;; # 0 for all (¢,7) € L., \ {(m,0)}. Then we get from (5) that
x;; = [ and, therefore, z;; = f for all (¢,j) € L,,,—1. Then (7) holds evidently.

Secondly, assume that x,,_s ¢ = 0 for some (m—s, s) € L, \ {(m, 0)}, see Figure 3.
By (6), we get Tm—rr < Tm—r_1, if (m —7,7) € Ly, is to the left from (m — s, s),
that is, 7 < s. We obtain from (5) that zm—r, < Tm_rr—1 if 7 > s. Hence we
conclude that w,, < wm,_1.

(m,0) (m—s,s) (0,m)
L,’L
RN NING N\ LT T L
(m_ 170) (Oam/_l)

Figure 3. Case 1, zym—s,s =0

If 0 <7 < m, then wy,, < wp—1 implies zp—;; < Zm—ii—1. For 0 < i < m we

<
obtain zpm—;; < Zm—i—1,s from z;m_i; < Zm—ii—1 <
Zm—1,0- This shows (7).

Case 2. Ly, is of type N. Due to |Ly,| = |Lm—1/, this case is much simpler. We
have L, = {(k1 —1,m — ki1 +1),(k1 —2,m — k1 +2),...,(0,m)}. Since xy y—_r <
ZTrm—r—1 for r € C1 by (5), we get wp, < Wp—1. Hence 2;m—; < 2im—i—1 for i € Cy
and 2 m—i < Zim—i—1 < Zi—1,m—i for i € C1 \ {0}. This shows (7).

Case 3. Ly, is of type A. If ; ,—; = 0 for all (¢, m — i) € L,,, then z p—; =0
for all (i,m — i) € Ly, and (7) is evident. Otherwise, let us choose an element

Zm—i—1,. Finally, 2,0 =0 <

(¢,m — q) in Ly, such that x4.,m—q # 0, see Figure 4. If (i,m — i) € L, is to
the left from (¢,m — ¢q), then @;m—; < Tim—i—1 by (5). If (i,m — i) € Ly, is to
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the right from or equals (¢,m — ¢), then x; ;m—i < @i—1,m—i by (6). These two
inequalities yield that wy,, < wWmnm—1 — Tgm—g—1- Since Tqm—g—1 = f by (5), we
conclude that w,, < w;y,—1 — f. Therefore at the rightmost element (u,v) of Ly,—1
we have zy, = f. Let w), 1 = > {xij; (4,5) € Lm—1, (1,j) # (u,v)}. Then

Wi 4 = Wme1 — Typ = Wm—1 — f = Wy, and disregarding (u,v) of L,,_1 we
conclude (7) the same way as in Case 2. O
(g,m —q)
L,
NN TN TNy 1
(@m—-q—1) (u,v)

Figure 4. Case 3, xgm—q #0

Lemma 12. Let X be a nonempty eastern order ideal of D. Then there exists
an eastern order ideal Y of D satisfying (5) such that |X| = |Y| and h(X) < h(Y).

Proof. Suppose that (5) fails, and let ¢ be the largest element of C; such that
G;N X is not a greedy order ideal of G;. Let Y; be the |G; N X|-element greedy ideal
of G;, and let Y = (X \ G;) UY;. The induction hypothesis applies to G;, and we
conclude that h(X) < h(Y). We have to show that Y is an eastern order ideal. In
virtue of Lemma 7, only the pairs of {i — 1,,7 + 1} x C have to be considered.

Let ¢ < k1 — 1, j < ko, and assume that y;y1; = ziy1; > 0. If j < ko — 1,
then z; j41, the right neighbor of x;11;, equals f, because X is eastern. Then
Yiu = Tiy = f for 0 < u < j+ 1, since X is an order ideal. The case j = ko — 1 is a
bit different. Then the x;11, are equal to f for all u < j = ks — 1. The same holds
for their right neighbors, that is, ; , = f for all 1 < u € Cy. Since X is an order
ideal, we obtain y;, = x4, = f for all u € Cb.

Let 0 < ¢ € C;, and assume that y;; > 0. Then z;; > 0. If j < ko — 1,
then ;1,41 = Yi—1,j+1, the right neighbor of x;;, equals f. Further, this implies
Yi—1,j = Ti—1,; = [. If j = ko — 1, then z; 1, o and its right neighbor, 2;_1 x,—1 are
equal to f, whence y;_1,, = x;—1,, = f for all u € Cy. Hence Y is an eastern order
ideal such that G, NY is a greedy order ideal for every v > i. In other words, we
have got rid of i, the largest failure of (5). Repeating the above argument, we can
get rid of all the failures. O

Lemma 13. Let X be a nonempty eastern order ideal of D satisfying (5). Then
there exists an eastern order ideal Y of D satistying (5) such that |X| = |Y|, h(X) <
hY") and, moreover, 0 < y;; < f for at most one (i, j) € E.

Proof. Let K = {(i,j) € E; 0 < z;; < f}. We intend to show that
|K| < 1 can be supposed. The assumptions on X allow a (unique) enumeration
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{(i1,51) - .-, (is,Js)} of K such that i1 > ... > i5 and j; <...< js. We claim that
(8) i1+ J1 <...<lis+ Js.

By way of contradiction, assume that 1 < u < v < s but i, + ju, = iy + ju- Since
Ju < Ju, We have iy 4y —Jo < iy. If we had i, +j,—j» < 0, then iy +7, < jo < v+
would contradict the assumption. Hence iy, + j, — jo € C1 and (iy + ju — Ju, ju) € E.
Since (iy, + ju — Jus jv) and (i, ju) belong to the same level, j, < j, and X is eastern,
we conclude that z;, 4, —j,.5, = f. From i, +j, > i, 47, we see that i, + 5, —ju = 0.
Since X is an order ideal, we obtain that z;, ;, > %, +j,—j..5, = [, which contradicts
(4y,jv) € K. This shows (8).

Next, we consider the (uniquely determined) sequence § = (v, j,,- - -, ¥i.,,j.) that
is packed to the right in {0,..., f} such that x;, j, +... 4+ 2, j, = Yirj1 +-- -+ Vi, j. -

(9) We intend to replace & = (4, jy, - - -, %i,,j,) With 7}

this way we obtain Y from X. The contribution of # to h(X) is

S S
S W (@i g) + D (e + de)Ti, .
r=1 r=1

If we replace & with ¢/, then the first sum does not decrease by Theorem 3 and the
second does not decrease by Lemma 9. Hence h(X) < h(Y). Since K is an antichain
in F, that is, its elements are pairwise incomparable, Y is an eastern order ideal
satisfying (5). O

Proof of Theorem 5. By Lemmas 11, 12 and 13, we can assume that X is a
non-empty eastern order ideal of D satisfying (5) and at most one of the x;; belongs
to {1,...,f —1}.

By an “inner” induction on ki = |Ci|, we are going to show how X can be
transformed to a greedy order ideal of D. We can assume that Gg,—1 N X # 0 and
Go € X, because otherwise we could use the induction hypothesis on ky (if k1 > 2)
or the induction hypothesis on ¢ (if k1 = 2). Let m € {0,...,k; + ko — 2} be the
largest subscript such that By, = {(¢,7) € Lm; x;; # 0} is non-empty.

If m > ko — 1, then Gg C X and we are done.

Suppose that m = ky — 1. If 2 ;,, corresponding to the rightmost element of B,y,,
equals f, then Gy C X again. Since X is eastern, the definition of m yields that
1 < zom < f—1and By, = {(0,m)}. Since G,—1 N X # 0, there exists a largest
index r such that xy, 1, # 0. Notice that z, 1, = f by Lemma 13. Notice also
that k1 —1+7 < m by the definition of m, whence k1 —1+r < m since By, = {(0,m)}.
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“Exchange x, 1, = f and zg,,» < f,” that is, exchange X N Fi, 1, and X N Fp
in the ideal X. This way h(X) increases and, clearly, we obtain a new eastern order
ideal satisfying the same conditions that are given in the first sentence of the proof.

Next, assume that m < ko — 1. It suffices to show that m can be enlarged.

First, assume that |B,,| > 2, and let (,7) be the leftmost element of B,,. Let
q = x;; > 0. Since X is eastern, the rightmost element of B,, is (0,m). Note that
(0,m+1) € E and zg,m+1 = 0. Replace z;; and g m+1 with 0 and g, respectively.
This way h(X) increases (by ¢), m increases (by 1), and, clearly, we obtain a new
eastern order ideal.

Secondly, assume that |B,,| = 1. Since X is eastern, B,, = {(0,m)}. Since we
have assumed that Gp,—; N X # 0, there is a (unique) largest v € C such that
q := T, 1, is positive. If we had 0 < z¢,, < f, then ¢ = f and we could repeat
the trick (9) to & = (Tg;—1,0,%0,m). Hence we can assume that zo,, = f. Then,
replacing zx, —1,, and 2o m+1 = 0 with 0 and ¢, we obtain a new eastern order ideal
with larger total height and larger m. O

Proof of Corollary 4. Let bg,b1,...,bq—1 be the lexicographic enumeration of
D. Then a; = h(b;). Let s=a; + ...+ ajyn—1 where0 < jand j+n—-1<d—1.

Let X1 = {bo,...,bn—1}, Xo = {bo,...,bj—1}, Y1 = 0 and Yo = {bo,...,bj_1,
bj,...,bjtn—1}. The conditions of Theorem 3 hold, whence we obtain

(ao—l—...—l—an_l)—i—(a0+...+aj_1) :h(X1)+h(X2)
<hW)+h(Y2) =0+ +...+aj-1+s,

which yields the first inequality of Corollary 4.
Let X1 = {bo, ceey b]‘,h bj, e 7bj+n71}7 X2 = {bo, e ,bd,nfl}, Y1 = {bo, coey
bj—1} and Yo = D = {bo,...,b4g—n—1,bd—n,--.,b4—1}. Then Theorem 3 yields

(Oéo + ...+ Oéjfl) + s+ (Oéo + ...+ Oéd,nfl) = h(Xl) + h(XQ) < h(Yl) + h(Yg)
= (Oéo —+ ... -l—()éj,l) + (ao + ...+ ad,n,l) + (ad,n + ... -l—()éd,l),

which implies the second inequality of Corollary 4. O
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