
Mathematica Bohemica

E. M. E. Zayed; M. A. El-Moneam
On the rational recursive sequence xn+1 =

α0xn + α1xn−l + α2xn−k

β0xn + β1xn−l + β2xn−k

Mathematica Bohemica, Vol. 135 (2010), No. 3, 319–336

Persistent URL: http://dml.cz/dmlcz/140707

Terms of use:
© Institute of Mathematics AS CR, 2010

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz

http://dml.cz/dmlcz/140707
http://dml.cz


135 (2010) MATHEMATICA BOHEMICA No. 3, 319–336
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Abstract. The main objective of this paper is to study the boundedness character, the
periodicity character, the convergence and the global stability of positive solutions of the
difference equation

xn+1 =
α0xn + α1xn−l + α2xn−k

β0xn + β1xn−l + β2xn−k
, n = 0, 1, 2, . . .

where the coefficients αi, βi ∈ (0,∞) for i = 0, 1, 2, and l, k are positive integers. The initial
conditions x

−k, . . . , x
−l, . . . , x−1, x0 are arbitrary positive real numbers such that l < k.

Some numerical experiments are presented.

Keywords: difference equation, boundedness, period two solution, convergence, global
stability
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1. Introduction

Our goal in this paper is to investigate the boundedness character, the periodic-

ity character, the convergence and the global stability of positive solutions of the

difference equation

(1) xn+1 =
α0xn + α1xn−l + α2xn−k

β0xn + β1xn−l + β2xn−k

, n = 0, 1, 2, . . .

where the coefficients αi, βi ∈ (0,∞) for i = 0, 1, 2 and l, k are positive integers.

The initial conditions x−k, . . . , x−l, . . . , x−1, x0 are arbitrary positive real numbers

such that l < k. We consider numerical examples which represent different types of

solutions to the equation (1). The case when any of αi, βi for i = 0, 1, 2 are allowed
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to be zero gives different special cases of the equation (1) which have been studied

by many authors (see for example [1]–[16]). For the related work see [17]–[38]. The

study of these equations is challenging and rewarding and is still in its infancy. We

believe that the nonlinear rational difference equations are of paramount importance

in their own right. Furthermore, the results about such equations offer prototypes

for the development of the basic theory of the global behavior of nonlinear difference

equations. Note that the difference equation (1) has been discussed in [8] when

α0 = β0 = 0.

Definition 1. A difference equation of order (k + 1) is of the form

xn+1 = F (xn, xn−1, . . . , xn−l, . . . , xn−k), n = 0, 1, 2, . . .

with l < k where F is a continuous function which maps some set Jk+1 into J and

J is a set of real numbers. An equilibrium point x̃ of this equation is a point that

satisfies the condition x̃ = F (x̃, x̃, . . . , x̃). That is, the constant sequence {xn}
∞

n=−k

with xn = x̃ for all n > −k is a solution of that equation.

Definition 2. Let x̃ ∈ (0,∞) be an equilibrium point of the difference equa-

tion (1). Then we have the following:

(i) An equilibrium point x̃ of the difference equation (1) is called locally stable if

for every ε > 0 there exists δ > 0 such that, if x−k, . . . , x−1, x0 ∈ (0,∞) with

|x−k − x̃| + . . . + |x−1 − x̃| + |x0 − x̃| < δ, then |xn − x̃| < ε for all n > −k.

(ii) An equilibrium point x̃ of the difference equation (1) is called locally asymp-

totically stable if it is locally stable and there exists γ > 0 such that, if

x−k, . . . , x−1, x0 ∈ (0,∞) with |x−k − x̃| + . . . + |x−1 − x̃| + |x0 − x̃| < γ, then

lim
n→∞

xn = x̃.

(iii) An equilibrium point x̃ of the difference equation (1) is called a global attractor

if for every x−k, . . . , x−1, x0 ∈ (0,∞) we have

lim
n→∞

xn = x̃.

(iv) An equilibrium point x̃ of the equation (1) is called globally asymptotically

stable if it is locally stable and a global attractor.

(v) An equilibrium point x̃ of the difference equation (1) is called unstable if it is

not locally stable.

Definition 3. We say that a sequence {xn}
∞

n=−k is bounded and persists if there

exist positive constants m and M such that

m 6 xn 6 M for all n > −k.
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Definition 4. A sequence {xn}
∞

n=−k is said to be periodic with period r if xn+r =

xn for all n > −k. A sequence {xn}
∞

n=−k is said to be periodic with prime period r

if r is the smallest positive integer having this property.

2. Local stability of the equilibrium point

In this section we study the local stability character of the solutions of equation (1).

Assume that ã = α0 + α1 + α2 and b̃ = β0 + β1 + β2. Then the positive equilibrium

point x̃ of the difference equation (1) is given by

(2) x̃ =
ã

b̃
.

Let F : (0, +∞)3 −→ (0, +∞) be a continuous function defined by

(3) F (u0, u1, u2) =
α0u0 + α1u1 + α2u2

β0u0 + β1u1 + β2u2
.

Then the linearized equation associated with the difference equation (1) about the

positive equilibrium point x̃ takes the form

(4) yn+1 + a2yn + a1yn−l + a0yn−k = 0,

where

(5)






(α0β1 − α1β0) + (α0β2 − α2β0)

ã b̃
= −a2,

(α1β0 − α0β1) + (α1β2 − α2β1)

ã b̃
= −a1,

(α2β0 − α0β2) + (α2β1 − α1β2)

ã b̃
= −a0.

The characteristic equation of the linearized equation (4) is

(6) λn+1 + a2λ
n + a1λ

n−l + a0λ
n−k = 0.

Theorem 1. ([18], [19] The linearized stability theorem) Suppose F is a contin-

uously differentiable function defined on an open neighbourhood of the equilibrium

point x̃. Then the following statements are true.

(i) If all roots of the characteristic equation (6) of the linearized equation (4) have

absolute value less than one, then the equilibrium point x̃ is locally asymptoti-

cally stable.

(ii) If at least one root of equation (6) has absolute value greater than one, then

the equilibrium point x̃ is unstable.
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Theorem 2. ([18]) Assume that pi ∈ R, i = 1, 2, . . . k. Then

(7)

k∑

i=1

|pi| < 1

is a sufficient condition for the asymptotic stability of the difference equation

(8) xn+k + p1xn+k−1 + . . . + pkxn = 0, n = 0, 1, 2, . . .

Theorem 3. Assume that

|(α0β1 − α1β0) + (α0β2 − α2β0)| + |(α1β0 − α0β1) + (α1β2 − α2β1)|

+ |(α2β0 − α0β2) + (α2β1 − α1β2)| < ã b̃.

Then the positive equilibrium point x̃ of equation (1) is locally asymptotically stable.

P r o o f. It is obvious from (5) and the assumption of Theorem 3 that

|a2| + |a1| + |a0| < 1.

It follows by Theorem 2 that equation (1) is asymptotically stable. �

3. Boundedness of the solutions

In this section we study the bounded and persisting character of the positive

solutions of equation (1).

Theorem 4. Every solution of equation (1) is bounded and persisting.

P r o o f. Let {xn}
∞

n=−k be a solution of equation (1). It follows from equation (1)

that

xn+1 =
α0xn + α1xn−l + α2xn−k

β0xn + β1xn−l + β2xn−k

=
α0xn

β0xn + β1xn−l + β2xn−k

+
α1xn−l

β0xn + β1xn−l + β2xn−k

+
α2xn−k

β0xn + β1xn−l + β2xn−k

.

Then

(9) xn 6
α0

β0
+

α1

β1
+

α2

β2
= M, n > 1.
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Now we wish to show that there exists m > 0 such that

xn > m, n > 1.

The transformation

xn =
1

yn

reduces equation (1) to the equivalent form

yn+1 =
β0yn−lyn−k + β1ynyn−k + β2ynyn−l

α0yn−lyn−k + α1ynyn−k + α2ynyn−l

=
β0yn−lyn−k

α0yn−lyn−k + α1ynyn−k + α2ynyn−l

+
β1ynyn−k

α0yn−lyn−k + α1ynyn−k + α2ynyn−l

+
β2ynyn−l

α0yn−lyn−k + α1ynyn−k + α2ynyn−l

.

It follows that

yn+1 6
β0

α0
+

β1

α1
+

β2

α2
= H1, n > 1.

Thus we obtain

(10) xn =
1

yn

>
1

H1
=

α0α1α2

β0α1α2 + β1α0α2 + β2α0α1
= m, n > 1,

where H1 is a positive constant. From (9) and (10) we see that

m 6 xn 6 M, n > 1.

�

4. Periodicity of the solutions

In this section we study the periodic character of the positive solutions of equa-

tion (1).

Theorem 5. Consider the difference equation (1). Then the following statements

are true:

(1) If l and k are even, then equation (1) has no positive solutions of prime period

two.

323



(2) If l is odd, k is even and α0 + α2 > α1, then equation (1) has no positive

solutions of prime period two.

(3) If l is even, k is odd and α0 + α1 > α2, then equation (1) has no positive

solutions of prime period two.

(4) If l and k are odd positive integers, α1 + α2 > α0 and β0 > β1 + β2, then the

necessary and sufficient condition for the difference equation (1) to have positive

solutions of prime period two is that the inequality

(11) 4α0 (β1 + β2) < [(α1 + α2) − α0] [β0 − (β1 + β2)]

is valid.

(5) If l is odd, k is even, α1 > α0 + α2 and β1 < β0 + β2, then the necessary and

sufficient condition for the difference equation (1) to have positive solutions of

prime period two is that the inequality

(12) 4β1 (α0 + α2) < [α1 − (α0 + α2)] [(β0 + β2) − β1]

is valid.

(6) If l is even, k is odd, α2 > α0 + α1 and β2 < β0 + β1, then the necessary and

sufficient condition for the difference equation (1) to have positive solutions of

prime period two is that the inequality

(13) 4β2 (α0 + α1) < [α2 − (α0 + α1)] [(β0 + β1) − β2]

is valid.

P r o o f. Suppose that there exist positive distinctive solutions of prime period

two

. . . , P, Q, P, Q, . . .

of the difference equation (1). Now, we discuss the following cases:

C a s e 1. l and k are even positive integers. In this case xn = xn−l = xn−k. Then

there exist a positive period two solution {xn} such that

x2q = P, q = −1, 0, 1, . . .

x2q+1 = Q, q = −1, 0, 1, . . .

and P 6= Q. From the difference equation (1) we have

P = Q =
ã

b̃
.

This is a contradiction. Thus, equation (1) has no prime period two solution.
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C a s e 2. l is a positive odd integer and k is a positive even integer. In this case

xn+1 = xn−l and xn = xn−k. From the difference equation (1) we have

P =
α0Q + α1P + α2Q

β0Q + β1P + β2Q
, Q =

α0P + α1Q + α2P

β0P + β1Q + β2P
.

Consequently, we obtain

α0Q + α1P + α2Q = β0PQ + β1P
2 + β2PQ

and

α0P + α1Q + α2P = β0PQ + β1Q
2 + β2PQ.

By subtracting we have

P + Q = −
[(α0 + α2) − α1]

β1
.

Since α1 < α0 + α2, we have P + Q < 0. Thus, we have a contradiction.

C a s e 3. l is a positive even integer and k is a positive odd integer. Then the

proof of this case is similar to case 2.

C a s e 4. l and k are odd positive integers. In this case xn+1 = xn−l = xn−k.

From the difference equation (1) we have

P =
α0Q + α1P + α2P

β0Q + β1P + β2P
, Q =

α0P + α1Q + α2Q

β0P + β1Q + β2Q
.

Consequently, we obtain

α0Q + α1P + α2P = β0PQ + β1P
2 + β2P

2

and

α0P + α1Q + α2Q = β0PQ + β1Q
2 + β2Q

2.

By subtracting we have

(14) P + Q =
[(α1 + α2) − α0]

β1 + β2
,

while by adding we obtain

(15) PQ =
α0 [(α1 + α2) − α0]

(β1 + β2) [β0 − (β1 + β2)]
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provided that (α1 + α2) > α0 and β0 > (β1 + β2). Assume that P and Q are two

positive distinct real roots of the quadratic equation

(16) t2 − (P + Q) t + PQ = 0.

Thus, we deduce that

(17)

(
[(α1 + α2) − α0]

β1 + β2

)2

> 4
α0 [(α1 + α2) − α0]

(β1 + β2) [β0 − (β1 + β2)]
.

From (17) we obtain

4α0 (β1 + β2) < [(α1 + α2) − α0] [β0 − (β1 + β2)] ,

and hence the condition (11) is valid. Conversely, suppose that the condition (11) is

valid provided that (α1 + α2) > α0 and β0 > (β1 + β2). Then we deduce immediately

from (11) that the inequality (17) holds. Consequently, there exist two positive

distinct real numbers P and Q representing two positive roots of (16) such that

(18) P =
[(α1 + α2) − α0] + γ

2 (β1 + β2)

and

(19) Q =
[(α1 + α2) − α0] − γ

2 (β1 + β2)
,

where γ =

√
[(α1 + α2) − α0]

2
− 4α0 (β1 + β2) [(α1 + α2) − α0] / [β0 − (β1 + β2)].

Now, we are going to prove that P and Q are positive solutions of prime period two

of the difference equation (1). To this end, we assume that x−k = Q, x−k+1 = P , . . . ,

x−l = Q, x−l+1 = P , . . . , x−1 = Q and x0 = P , where l < k. Now, we are going to

show that x1 = Q and x2 = P . From the difference equation (1) we deduce that

(20) x1 =
α0x0 + α1x−l + α2x−k

β0x0 + β1x−l + β2x−k

=
α0P + (α1 + α2)Q

β0P + (β1 + β2)Q
.

Substituting (18) and (19) into (20) we deduce that

x1 − Q =
α0P + (α1 + α2)Q − β0PQ − (β1 + β2) Q2

β0P + (β1 + β2)Q
(21)

=
α0

[
[(α1+α2)−α0]+γ

2(β1+β2)

]
+ (α1 + α2)

[
[(α1+α2)−α0]−γ

2(β1+β2)

]

β0

[
[(α1+α2)−α0]+γ

2(β1+β2)

]
+ (β1 + β2)

[
[(α1+α2)−α0]−γ

2(β1+β2)

]

−
β0

[
α0[(α1+α2)−α0]

(β1+β2)[β0−(β1+β2)]

]
+ (β1 + β2)

[
[(α1+α2)−α0]−γ

2(β1+β2)

]2

β0

[
[(α1+α2)−α0]+γ

2(β1+β2)

]
+ (β1 + β2)

[
[(α1+α2)−α0]−γ

2(β1+β2)

] .
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Multiplying the denominator and numerator of (21) by 4 (β1 + β2)
2
we get

(22)

x1 − Q

=
2 (β1 + β2) [(α1 + α2) − α0] (ã − [(α1 + α2) − α0])

2β0 (β1 + β2) ([(α1 + α2) − α0] + γ) + 2 (β1 + β2)
2
([(α1 + α2) − α0] − γ)

+
(4α0 (β1 + β2) [(α1 + α2) − α0] [(β1 + β2) − β0])/[β0 − (β1 + β2)]

2β0 (β1 + β2) ([(α1 + α2) − α0] + γ) + 2 (β1 + β2)
2
([(α1 + α2) − α0] − γ)

+
[2 (β1 + β2) [(α1 + α2) − α0] − 2 (β1 + β2) [(α1 + α2) − α0]] γ

2β0 (β1 + β2) ([(α1 + α2) − α0] + γ) + 2 (β1 + β2)
2
([(α1 + α2) − α0] − γ)

=
4α0 (β1 + β2) [(α1 + α2) − α0]

2β0 (β1 + β2) ([(α1 + α2) − α0] + γ) + 2 (β1 + β2)
2
([(α1 + α2) − α0] − γ)

−
(4α0 (β1 + β2) [(α1 + α2) − α0] [β0 − (β1 + β2)]) / (β0 − β1 − β2)

2β0 (β1 + β2) ([(α1 + α2) − α0] + γ) + 2 (β1 + β2)
2
([(α1 + α2) − α0] − γ)

= 0.

Hence x1 = Q. Similarly, we can show that

x2 =
α0x1

+ α1x−l+1 + α2x−k+1

β0x1
+ β1x−l+1 + β2x−k+1

=
α0Q + (α1 + α2) P

β0Q + (β1 + β2)P
= P.

By using the mathematical induction, we conclude

xn = Q, xn+1 = P, n > −k.

Finally, we note that the proofs of cases 5 and 6 are similar to that of case 4 and

therefore are omitted here. Thus, the proof of Theorem 5 is now complete. �

5. Global stability

In this section we study the global asymptotic stability of the positive solutions

of equation (1).

Lemma 1. For any values of the quotients α0/β0, α1/β1 and α2/β2, the function

F (u0, u1, u2) defined by equation (3) is monotonic in its arguments.

P r o o f. By differentiating the function F (u0, u1, u2) given by the formula (3)

with respect to ui (i = 0, 1, 2) we obtain

Fu0
=

(α0β1 − α1β0)u1 + (α0β2 − α2β0)u2

(β0u0 + β1u1 + β2u2)2
,(23)

Fu1
=

− (α0β1 − α1β0)u0 + (α1β2 − α2β1)u2

(β0u0 + β1u1 + β2u2)2
,(24)
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and

(25) Fu2
=

− (α0β2 − α2β0)u0 − (α1β2 − α2β1)u1

(β0u0 + β1u1 + β2u2)2
.

We consider the following cases:

C a s e 1. α0β1 > α1β0, α0β2 > α2β0 and α1β2 > α2β1. From the equations

(23)–(25) it is easy to see that the function F (u0, u1, u2) is non-decreasing in u0,

non-increasing in u2 and it is not clear what is going on with u1.

C a s e 2. α0β1 > α1β0, α0β2 > α2β0 and α1β2 6 α2β1. From the equations

(23)–(25) it is easy to see that the function F (u0, u1, u2) is non-decreasing in u0,

non-increasing in u1 and it is not clear what is going on with u2.

C a s e 3. α0β1 6 α1β0, α0β2 > α2β0 and α1β2 > α2β1. From the equations

(23)–(25) it is easy to see that the function F (u0, u1, u2) is non-decreasing in u1,

non-increasing in u2 and it is not clear what is going on with u0.

C a s e 4. α0β1 > α1β0, α0β2 6 α2β0 and α1β2 6 α2β1. From the equations

(23)–(25) it is easy to see that the function F (u0, u1, u2) is non-decreasing in u2,

non-increasing in u1 and it is not clear what is going on with u0.

C a s e 5. α0β1 6 α1β0, α0β2 6 α2β0 and α1β2 > α2β1. From the equations

(23)–(25) it is easy to see that the function F (u0, u1, u2) is non-decreasing in u1,

non-increasing in u0 and it is not clear what is going on with u2.

C a s e 6. α0β1 6 α1β0, α0β2 6 α2β0 and α1β2 6 α2β1. From the equations

(23)–(25) it is easy to see that the function F (u0, u1, u2) is non-decreasing in u2,

non-increasing in u0 and it is not clear what is going on with u1. �

Theorem 6. The positive equilibrium point x̃ of the difference equation (1) is a

global attractor if one of the following conditions holds:

α0β1 > α1β0, α0β2 > α2β0, α1β2 > α2β1 and α2 > (α0 + α1);(26)

α0β1 > α1β0, α0β2 > α2β0, α1β2 6 α2β1 and α1 > (α0 + α2);(27)

α0β1 6 α1β0, α0β2 > α2β0, α1β2 > α2β1 and α2 > (α0 + α1);(28)

α0β1 > α1β0, α0β2 6 α2β0, α1β2 6 α2β1 and α1 > (α0 + α2);(29)

α0β1 6 α1β0, α0β2 6 α2β0, α1β2 > α2β1 and α0 > (α1 + α2);(30)

α0β1 6 α1β0, α0β2 6 α2β0, α1β2 6 α2β1 and α0 > (α1 + α2).(31)

We shall prove this theorem for the first condition; in a similar way we can prove

it for the others.

P r o o f. Let {xn}
∞

n=−k be a positive solution of the difference equation (1). To

prove this theorem, it suffices to prove that xn → x̃ as n → ∞. Let us prove that
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as follows: Let F : (0, +∞)3 −→ (0, +∞) be a continuous function defined by the

formula (3). With reference to Lemma 6, we notice that if

α0β1 > α1β0, α0β2 > α2β0 and α1β2 > α2β1,

then the function F (u0, u1, u2) is non-decreasing in u0 and non-increasing in u2.

Now, from the difference equation (1) we have

xn+1 6
α0xn + α1xn−l + α2(0)

β0xn + β1xn−l + β2(0)

6
α0

β0
+

α1

β1
, n > 0.

Consequently, we obtain

(32) xn 6
α0

β0
+

α1

β1
= H, n > 1,

where H is a positive constant. On the other hand, we deduce from the difference

equation (1)

xn+1 >
α0(0) + α1(0) + α2(H)

β0(H) + β1(H) + β2(H)

>
α2

β0 + β1 + β2
, n > 0.

Consequently, we obtain

(33) xn >
α2

β0 + β1 + β2
= h, n > 1,

where h is a positive constant. From the inequalities (32) and (33) we find that

h 6 xn 6 H, n > 1.

Thus the sequence {xn} is bounded. It follows by the method of full limiting se-

quences ([10], [16]) that there exist solutions {In}
∞

n=−∞
and {Sn}

∞

n=−∞
of the equa-

tion (1) with

I = I0 = lim
n99K∞

inf xn 6 lim
n99K∞

sup xn = S0 = S,

where

In, Sn ∈ [I, S], n = 0,−1, . . .

On the other hand, it follows from the difference equation (1) that

I =
α0I−1 + α1I−l−1 + α2I−k−1

β0I−1 + β1I−l−1 + β2I−k−1
>

α0I + α1I−l−1 + α2S

β0I + β1I−l−1 + β2S
>

(α0 + α1) I + α2S

β0I + (β1 + β2)S
,

329



and consequently, we have

(34) (α0 + α1)I + α2S − β0I
2 6 (β1 + β2)SI.

Similarly, we deduce from the difference equation (1) that

S =
α0S−1 + α1S−l−1 + α2S−k−1

β0S−1 + β1S−l−1 + β2S−k−1
6

α0S + α1S−l−1 + α2I

β0S + β1S−l−1 + β2I
6

(α0 + α1)S + α2I

β0S + (β1 + β2)I
,

and consequently, we have

(35) (α0 + α1)S + α2I − β0S
2 > (β1 + β2)SI.

It follows from the inequalities (34) and (35) that

(36) (I − S) [β0(I + S) + α2 − (α0 + α1)] > 0,

and consequently, we deduce

I > S if [β0(I + S) + α2 − (α0 + α1)] > 0.

Now, we know by (26) that

(37) α2 > α0 + α1,

and so, we find that

(38) I > S.

Consequently, we have I = S. �

By virtue of Theorems 4 and 7, we arrive at the following result:

Theorem 7. The positive equilibrium point x̃ of the difference equation (1) is

globally asymptotically stable.

6. Numerical experiments on the main results

In order to illustrate the results of the previous sections and to support our theoret-

ical discussions, we consider several interesting numerical experiments in this section.

These experiments represent different types of qualitative behavior of solutions to

the nonlinear difference equation (1).

E x p e r i m e n t 1. Figure 1 shows that equation (1) has no prime period two

solution if both l, k are even and l < k. Choose l = 2, k = 4, x−4 = 1, x−3 = 2,

x−2 = 3, x−1 = 4, x0 = 5, α0 = 2, α1 = 10, α2 = 20, β0 = 30, β1 = 3, β2 = 4.
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Fig. 1. xn+1 = (2xn + 10xn−2 + 20xn−4)/(30xn + 3xn−2 + 4xn−4)

E x p e r i m e n t 2. Figure 2 shows that equation (1) has no prime period two

solution if l is odd, k is even and l < k. Choose l = 1, k = 2, x−2 = 1, x−1 = 2,

x0 = 3, α0 = 2, α1 = 10, α2 = 20, β0 = 30, β1 = 3, β2 = 4.
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Fig. 2. xn+1 = (2xn + 10xn−1 + 20xn−2)/(30xn + 3xn−1 + 4xn−2)

E x p e r i m e n t 3. Figure 3 shows that equation (1) has no prime period two

solution if l is even, k is odd and l < k. Choose l = 2, k = 3, x−2 = 1, x−1 = 2,

x0 = 3, α0 = 2, α1 = 20, α2 = 10, β0 = 30, β1 = 3, β2 = 4.
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Fig. 3. xn+1 = (2xn + 20xn−2 + 10xn−3)/(30xn + 3xn−2 + 4xn−3)

E x p e r i m e n t 4. Figure 4 shows that equation (1) has prime period two solution

if both l, k are odd and l < k. Choose l = 1, k = 3, x−3 = 3.6, x−2 = 0.16, x−1 = 3.6,

x0 = 0.16, α0 = 2, α1 = 10, α2 = 20, β0 = 30, β1 = 3, β2 = 4. By using equation (1)

we get x1 = 3.6.
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Fig. 4. xn+1 = (2xn + 10xn−1 + 20xn−3)/(30xn + 3xn−1 + 4xn−3)

E x p e r i m e n t 5. Figure 5 shows that equation (1) has prime period two solution

if l is odd, k is even and l < k. Choose l = 1, k = 2, x−2 = 1.6, x−1 = 0.7, x0 = 1.6,
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α0 = 1, α1 = 10, α2 = 2, β0 = 4, β1 = 3, β2 = 5. By using equation (1) we get

x1 = 0.7.
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Fig. 5. xn+1 = (xn + 10xn−1 + 2xn−2)/(4xn + 3xn−1 + 5xn−2)

Experiment 6. Figure 6 shows that equation (1) has prime period two solution if

l is even, k is odd and l < k. Choose l = 2, k = 3, x−3 = 1.6, x−2 = 0.7, x−1 = 1.6,

x0 = 0.7, α0 = 1, α1 = 2, α2 = 10, β0 = 4, β1 = 5, β2 = 3. By using equation (1)

we get x1 = 0.7.
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Fig. 6. xn+1 = (xn + 2xn−2 + 10xn−3)/(4xn + 5xn−2 + 3xn−3)
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E x p e r i m e n t 7. Figure 7 shows that the solution of equation (1) has global

stability if l = 2, k = 4, x−4 = 1, x−3 = 2, x−2 = 3, x−1 = 4, x0 = 5, α0 = 0.5,

α1 = 0.25, α2 = 1, β0 = 3, β1 = 2, β2 = 10.
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Fig. 7. xn+1 = (0.5xn + 0.25xn−2 + xn−4)/(3xn + 2xn−2 + 10xn−4)

Note that the experiments 1, 2, 3 verify Theorem 5 (1, 2, 3), which shows that

equation (1) has no prime period two solution, while experiments 4, 5, 6 verify

Theorem 5 (4, 5, 6), which shows that equation (1) has prime period two solution.

However, the experiment 7 verifies Theorems 7, 8 which shows that if α0β1 > α1β0,

α0β2 > α2β0, α1β2 > α2β1 and α2 > (α0 + α1), then the solution of equation (1) is

globally asymptotically stable.

A c k n ow l e d g em e n t. The authors wish to thank the referee for his sugges-

tions and comments.
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