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Abstract. Using Weil algebra techniques, we determine all finite dimensional homomor-
phic images of germs of foliation respecting maps.
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In [2], the second author studied regular homomorphisms with product property on
germs of smooth maps and deduced that the classical r-jets are the only possibility. In
the present paper, we solve the same problem for germs of a foliation respecting map.
In Section 1 we introduce an original concept of the leafwise (k,r)-jet of a foliation
respecting map and describe its basic properties. Then we clarify, in Theorem 1, that
our main result can be formulated in terms of these jets and of the transversal jets.
Section 3 is of auxiliary character. We construct the induced product preserving
bundle functors on the category F M of fibered manifolds. By a result of the third
author, [6], each of them is determined by a homomorphism of Weil algebras. In our
case, the related Weil algebras have an important additional property, which we call
the substitution property. In Proposition 2 we determine all Weil algebras with the
substitution property. This supplies us with sufficient background for the proof of
Theorem 1 in Section 4.

All manifolds and maps are assumed to be infinitely differentiable. Unless other-
wise specified, we use the terminology and notation from [4].

This research was supported by the Ministry of Education of the Czech Republic under
the project MSM 0021622409 and by GACR under the grant 201/09/0981.
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1. BUNDLES OF LEAFWISE JETS

A foliated manifold (M,F) is an m-dimensional manifold M endowed with an
n-dimensional foliation F, [7]. We write Fol for the category of foliated manifolds
and foliation respecting maps and L, for the leaf of F passing through z € M. Given
two foliated manifolds (M, F1) and (Ms, F2), a leafwise r-jet of My into Ms means
an 7-jet jIv of a local map 7 of L, into L, ;). All these jets form a bundle

(1) AT ((My, F1), (M, F)), in short : AJ"(My, Ms).

If 2%, 4P are local leaf coordinates on M; and vt, w® are local leaf coordinates on Mo,
then the induced coordinates on AJ"(M;, Ms) are

(2) wg, 16l <,

where (3 is a multiindex corresponding to y?. If (Ms, F3) is another foliated manifold
and j’ 0 € AJ"(Ma, M3), we have the composition

v(2)
Jun00diy=ji(607) € A" (M, Ms).
For the product (M3 x Mz, F2 x Fs3), one verifies directly
(3) AJT(My, My x Ms) = \J" (M, M) X ar, \J"(My, Ms).

The category FM of fibered manifolds and fibered morphisms is a subcategory
of Fol. For two fibered manifolds p1: Y7 — By and po: Y5 — Bs, we have

ML) = | T (Y Yow)-
(11,12)631 X Bo

Every Fol-morphism f: M; — Mo defines a section
A fr My — AT(My, Ma), (A" f)(2) = jZ(f[L=).
Definition 1. j*(\"f) is called a leafwise (k,r)-jet of f at z.
We write
(4) JENTT(My, Ma) = J*(AJ" (M, My) — M)
for the bundle of these jets. The induced coordinates on (4) are

(5) Voo ol <k wig ol <k, o]+ (8] <K+

)
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where « is the multiindex corresponding to z°. For | < k, jLA""*~!f depends on
j¥A" f only. This defines a projection

(6) m" s TENTT (M, M) — JIANT RN (M, M), 1< k.

Lemma 1. Let g: My — Mj be another Fol-morphism. Then the value j%(\"(go
f)) depends on j¥(\" f) and j’;(z)()\'“g) only.

Proof. Consider the coordinate expression of f
(7) ot = fia), wt =t yP)
and the analogous coordinate expression of g. Then our assertion follows directly
from (5). O
This defines the composition of leafwise (k, r)-jets.
Consider a (p + 1)-tuple ¢ = (19,71, ...,7p) of integers such that
(8) ro>1r1>...>1p 2 0.
For f,g € Fol(My, Ms), we define j¢f = j2¢g, z € My, by
(9) NOf(z) =N0g(2), JIN"f=jiN"g, i=1,...,p,

and write J¢(My, Ms) for the set of all these jets.

Proposition 1. J¢(M;, M) is a fibered manifold over My x Ms.

Proof. We start with arbitrary quantities v’,, |o| < p and wy, 5, lap| < p,
lap| + [Bp| < p+ 7p. Since rp—1 > 1p, we can prescribe the remaining wg, | 5
loap—1] < p—1, |ap_1| + |Bp=1] < p— 1+ rp_1, arbitrarily. In the last step of this
recurrence procedure we have wg, 5, [a1] < 1, [a1| + |81 < 1+ 1. Since 1o > 71,
we can prescribe the remaining wj, , |Bo| < 7o, arbitrarily. So we obtain the induced

coordinates on Je(M;y, My). O
By (3), we deduce

(10) JQ(Ml,MQ X Mg) = JQ(Ml,MQ) X My Jg(Ml,Mg).

We say that two Fol-morphisms f,g: M; — Ms determine the same transversal
r-jet 7. f =19 at z € My, if

ji(ho f)=ji(hoyg)
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for every local function h on My constant on the leaves. We write 7J" (M7, My) for
the bundle of these jets. Clearly,

(11) TJT(Ml,MQXMg):TJT(Ml,MQ) X M,y TJT(Ml,Mg).

Since the classical definition of jIf = jrg for two smooth maps f,g: Ni — N,
x € Ny, is equivalent to j7(ho f) = jI(ho g) for every smooth function h on Na, we
have a canonical projection

(12) JTfOZ(Ml,MQ) —>TJT(M1,M2).
More generally, we have a projection
(13) JENTT(My, M) — 7J%(My, M), 5N f) — 7Ef.
In particular, (12) defines the composition of transversal r-jets. For an FM-
morphism f: Y1 — Y5 over f: My — Ms, 7] f coincides with j;l(z)i.
We point out that there is another characterization of j*A” f. We have j*f: M; —

JF(My, Ms).

Lemma 2. The leafwise (k,r)-jets j*A\" f are in bijection with r-jets 57 (5* f|L.).

Proof. If (7) is the coordinate expression of f, then A" f is expressed by v’(x?),
Dpw?(xt,yP), |B| < r. Hence jEA" f is determined by

Dov', Doy (Dgw®),  lo| <k, |aa] + 6] < k.
On the other hand, the coordinate expression of j* f is
Doty |a| <k and Dg, gw®, o]+ |4 <k,

so that j7(j*f|L.) is further determined by Dg(Da, 5,w®), |8] < 7. O
By (13), we have a projection Je(M;, My) — 7JP(My, Ms). For every q > p we
define

(14) JOU My, Ma) = J¢(My, Ma) X1 yo(ar, aap) TS (M1, Ma).

Write GFol (M7, Ms) for the set of all germs of foliation respecting maps of M; into
M. The rule

g o, (germy f) = (G, 78 f) = G20 f
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is a surjective map GFol(My, Ms) — J9(My, Ms). Analogously to (10), we have
J‘(‘)’q(Ml,MQ X Mg) = J‘(‘)’q(Ml,MQ) ><]\/[1 J‘Q’q(Ml,Mg).

Example 1. The classical (r,s)-jet, s > r, of an FM-morphism f: ¥ — Y
is defined by j2°f = (jIf,7:(f|Yp(2))), [4], [5]. These jets represent a special case
of o-jets with p =r, rg = s, 7, =p—ifori=1,...,p. For ¢ > r, the classical
(r,s,q)-jets are defined as j0*9f = (j7° f, jg(z)i), where [ is the base map of f, [4].
They represent the corresponding special case of (g, q)-jets.

2. JET-LIKE HOMOMORPHISMS

We are going to apply an abstract viewpoint similar to [2]. Consider a rule F
transforming every pair (M1, F1), (Ma, F2) of foliated manifolds into a fibered mani-
fold F((My,F1),(Mz,F2)) (in short: F(My,Msy)) over My x Ms and a system
of maps pa, m,: GFol(Mq, M) — F(Mq,M;) commuting with the projections
GFol(My, M) — My x My and F(My, M) — My x My for all My, M. Analo-
gously to [2], we formulate the following requirements I-IV.

I. Every oarn a,: GFol(My, M2) — F(My, Ms) is surjective.

. If By, By € G,,Fol(My, M3)., and Bs, By € G, Fol(Ma, M3)., satisfy ¢(B;) =
¢(B1) and @(B2) = ¢(B2), then ¢(Bs 0 B1) = ¢(B2 o B).

By I and II, we have a well defined composition (denoted by the same symbol as

the composition of germs and maps)

XQ e} X1 = QO(BQ (e} Bl)

for X1 = ¢(B1) € F,,(M1,Ms)., and X9 = ¢(Bs) € F,,(Ma, M3).,. Write o, f
for p(germ, f). For another pair M;, Mo of foliated manifolds, every local Fol-
isomorphism f: M; — M and every Fol-morphism g: M, — M, induce a map
F(f,9): F(My, M) — F(M,,Ms) by

F(fa g)(X) = (50229) oXo @f(m)(f_l)v X e F, (MlaMQ)Zw

where f~! is constructed locally. We require
ITI. Each map F(f,g) is smooth.
IV. (Product property) F (M, My x M3) = F(My, Ma) X, F (M, M3).

Definition 2. A pair (F, ) satisfying I-IV will be called a jet-like homomor-
phism on germs of foliation respecting maps.
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Remark 1. In [2], the second author introduced such a concept for germs of
smooth maps and deduced that the only jet-like homomorphisms on germs of smooth
maps are the classical r-jets.

Clearly, (J249, j21) is a jet-like homomorphism, provided the composition is defined
componentwise. The main result of the present paper is the following assertion.

Theorem 1. Every jet-like homomorphism on germs of foliation respecting maps
is of the form (J21,j&9).

The proof is postponed to Section 4.

3. THE RELATED WEIL ALGEBRAS

A classical result reads that the product preserving bundle functors on the cate-
gory M f of smooth manifolds and smooth maps coincide with the Weil functors 74
and the natural transformations p: T¢ — T are in bijection with the algebra
homomorphisms (denoted by the same symbol) u: C — A, [4], [3]. The third au-
thor deduced that the product preserving bundle functors H on FM are in the
following bijection with algebra homomorphisms p: C — A, [6], [1]. Write pt for
one point manifold and ptz: B — pt for the unique map. We have two canoni-
cal injections iy1,i2: Mf — FM defined by 1B = (idg: B — B), irf = (f, f),
9B = (ptg: B — pt), iaf = (f,idpt) and a natural transformation ¢t: i; — i,
tg = (idp,ptg): i1B — i2B. Applying H, we obtain two product preserving
bundle functors H oi; = T¢ and H ois = T4 on Mf, and a natural trans-
formation pup := H(tg): TB — TAB. We have C = H(i;R), A = H(i3R),
w = H(tg). For every fibered manifold p: Y — B, HY coincides with the pullback
of T4p: TAY — T4B with respect to up: TYB — T4B, which will be denoted by
TYB xpag TAY. For every FM-morphism f: Y — Y over f: B— B we have

(15) Hf =T f xqpag Tf: TOB xqpap TYY — TB xpag TY.

For a product fibered manifold B x N, H(B x N) = T°B x TAN.
Consider the product fibered manifold R*! = (R* x Rl — R¥). For a jet-like
homomorphism (F, ¢) we define Fy, ;Y = Fy(R*!Y) and

(16) Fiuf: FryY — FoilY, Frif(eo(g)) = o(fog).

Then Fj; is a product preserving bundle functor on FM, corresponding to some
pi: Cri — Ag,g. Every smooth function g: R**t! — R can be interpreted as an
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F M-morphism g: R¥! — i5R. According to the general theory, [3], [4], Ak, is the
factor algebra of the algebra E(k+1) of germs of smooth functions on R**! at 0 with
respect to the ideal Ny ; of all germ g satisfying () = o (7), where v is the zero
function on R**!, Write

GO(RE’Za Rk,l)o

for the set of all germs at 0 of FM-morphisms f: RF! — RF! gatisfying f() =0.
By construction, ideals NV, ; have the following substitution property:

(17) X ENk,l and S € G’O([RE’Z7 [Rk’l)o implies X oS e NEJ'

Denote by m = m(k + 1) and mp = m(k) C m(k + 1) the maximal ideals.
In the case of J¢, we write A7 ; and C} .

Lemma 3. We have A} , = E(k +1)/N},, where
(18) Ney = (mot mbm T mEm et B

and CY | = E(k)/mb.

Proof. Consider the situation from the proof of Proposition 1 with M; = R*!,
My = iR and germg g(2%,yP) € m(k + ). Ideals m%™" and mbm ! forbid the
derivatives Dy, 5,9(0) with [ap| > p or |ap| > p and |ayp| + |B,| > p + 1, to enter
A, Further, the ideal m? 'm» =111 forbids the derivatives Do, , 5, ,9(0) with
lap—1] = p—1 and |ap_1| + |Bp=1] > p — 1 + 7p—1. In the last but one step of this
recurrence procedure, we have excluded the derivatives D, g,¢(0) with |ay| > 1
and |ai| + |B1] > 1+ r1. Finally, the ideal m™*! forbids the derivatives Dg,g(0)
with |Bo| > 7r9. Thus, what remains are the coordinates wq g from the proof of
Proposition 1.

To find C,‘;l, we take into account that an 7 M-morphism g: R¥! — i;R is deter-
mined by the base map g: R¥ — R. So the derivatives ¢!, |a| < p, in the proof of
Proposition 1 imply C,f’l = E(k)/m’]);l. O

Clearly, in the case of J29 we have Ay; = Ai}l = E(k + l)/ng,z and Cy; =
E(k)/m%™.

Given k and [, we say that an ideal I C m(k+1) = m has the substitution property,

if (17) holds for every X € I and S € Go(R*!, R¥!)q. Our main tool is the following
algebraic result.

Proposition 2. Let I C m be an ideal of finite codimension with the substitution
property. Then there exists a (p + 1)-tuple o satisfying (8) such that I = N/,
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Proof. Since I is of finite codimension, there exists a minimal p such that
(x1)PTt € I. By the substitution property, m’f;l C I. Further, there exists a
minimal 7o satisfying (y!)"°*! € I, so that m™*! C I. If p = 0, we have I =
(m™* mp). If not, there is a minimal 7 satisfying (z')(y*)™ ' € I, so that
mpm”1 Tt C I. Then 2'(y')™ € m"+! implies r; < 7. Assume that in the ith step
of this procedure we have deduced mim™ ™! C I. If p > i, there is a minimal 7,41
satisfying (z!)"!(y!)"+1+! € I, so that mif 'm™+1+1  I. Then (') (y") € I
implies 7; > 7;+1. In the last step, we obtain mf,m"™*! C I. O

In other words, for every k,[ there exist p(k,l) and o(k,[) such that Ny is of the
form (18).

Lemma 4. The numbers p(k,l) and o(k,l) are independent of k and I.

Proof. If k> 1 and! > 1, the construction of p(k,{) and o(k,!) in the proof
of Proposition 2 depends on 2! and y' only. If we have another Ng7 with k>1
and [ > 1, we consider the canonical projection m(k + 1) — m(1 + 1) determined by
flat,yP) — f(z,0,...,0,4%,0,...,0) and the canonical injection of m(1 + 1) into
m(k 4 1). Then the substitution property implies our claim. In the case | = 0 or
k = 0, we consider z' or y' only. O

F M-morphisms of R*! into i;R are determined by the base maps. Hence the
Weil algebra Cj,; of Fj,; is independent of [. Then the substitution property implies
Cry = E(k)/qu+1 = D] for an integer ¢. In fact, this is the manifold result from [2].

Remark 2. Ideal I from Proposition 2 was studied by the first two authors in [1].
However, formula (16) from [1] is not correct because of a gap in the proof. Thus,
in the special case of fibered manifolds, Theorem 1 corrects the result concerning
fibered (r, s, q)-jets from [1].

4. PROOF OF THEOREM 1

Since ¢ is defined on germs, it suffices to discuss fibered manifolds only. We
determine the homomorphism iz, ;: Cy = D — A};l. Every F M-morphism R*! —
i1R is determined by its base map g: R¥ — R and is of the form g = (g o px.1, 9),
where py;: R¥! — R is the bundle projection. Hence C, is the factor algebra
of E(k) with respect to the ideal of all germ, g satistying ¢o(g) = ¢o(¥), where v is
the zero function on R*. Then T% B = J{(R¥, B) with classical g-jets and (because
of the general definition of y at the beginning of Section 3) py; is of the form

—_~—

(19) k1 (369) = 36 (g 0 Prt)-
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Since (19) is a correct definition, we have ¢ > p. Thus, we have deduced the algebra
version of the formula

(20) Fr Y = JOYRM Y.
For a fibered manifold 5: ¥ — B with dimY = k + [, dim B = k, we define
P21y = inv J§I(R*Y),

where inv indicates that we consider (g, ¢)-jets of local F M-isomorphisms. This is
a principal bundle over Y with the structure group

Gl =inv J§U(RM, R,
Then one verifies directly that F(Y,Y) coincides with the associated bundle
F(Y,Y)= Py [J¢YRM,Y)].

Indeed, for X = germ, f € GzFol(Y,Y)., if we take an arbitrary u = j$'% € P27V,

we have
o(X) = {35 ", 35 (f o)}

One verifies directly that this definition is independent of the choice of w.
This implies (F, ) = (J249,j?).

Remark 3. The form of our description of all jet-like homomorphisms on Fol is
properly related with the technique used in the proof of Theorem 1. In a concrete
geometric situation, the consequences of the underlying projections 7le’T from (6)
need not be indicated. For example, in the case (J*AJ", j*A") of leafwise (k,r)-jets,
we have p=kand o= (r+k,7+k—1,...,7), but all jIX"TFif i =0,... k-1,
are the canonical projections of j¥\" f.

Remark 4. We remark that our approach can be modified to the case of 2-fibered
manifolds Z — Y — B, i.e. pairs of surjective submersions Z — Y and Y — B. A
section Y — Z can be viewed as a base-preserving F M-morphism of Y — B into
Z — B and the ideas of Section 1 can be directly applied to this situation.

959



References

[1] M. Doupovec and I. Kolai: On the jets of fibered manifold morphisms. Cah. Topologie
Géom. Différ. Catég. 40 (1999), 21-30.

[2] I. Koldr: An abstract characterization of the jet spaces. Cah. Topologie Géom. Différ.
Catég. 34 (1993), 121-125.

[3] I. Kolar: Weil bundles as generalized jet spaces. In: Handbook of Global Analysis
(D. Krupka, D. Saunders, eds.). Elsevier, Amsterdam, 2008, pp. 625-664.

[4] 1. Kolar, P. W. Michor and J. Slovdk: Natural Operations in Differential Geometry.
Springer, Berlin, 1993.

[5] I. Koldar and W.M. Mikulski: Contact elements on fibered manifolds. Czechoslovak
Math. J. 53 (2003), 1017-1030.

[6] W. M. Mikulski: Product preserving bundle functors on fibered manifolds. Arch. Math.
(Brno) 32 (1996), 307-316.

[7] I. Moerdijk and J. Mréun: Introduction into Foliations and Lie Groupoids. Cambridge
University Press, Cambridge, 2003.

Authors’ addresses: M. Doupovec,Dept of Mathematics, Brno University of Technol-
ogy, FSI VUT, Technické 2, 616 69 Brno, Czech Republic, e-mail: doupovec@fme.vutbr. cz;
I. Kola¥, Dept of Mathematics and Statistics, Faculty of Science, Masaryk University,
Kotlafska 2, 611 37 Brno, Czech Republic, e-mail: kolar@math.muni.cz; W. M. Mikul-
ski, Institute of Mathematics, Jagiellonian University, Lojasiewicza 6, Krakéw, Poland,
e-mail: Wlodzimierz.Mikulski@im.uj.edu.pl.

960



		webmaster@dml.cz
	2020-07-03T18:57:50+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




