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A priori estimates for quasilinear parabolic systems

with quadratic nonlinearities in the gradient

ARINA A. ARKHIPOVA, JANA STARA

Abstract. We derive local a priori estimates of the Holder norm of solutions to
quasilinear elliptic systems with quadratic nonlinearities in the gradient. We
assume higher integrability of solutions and smallness of its BMO norm but
the Holder norm is estimated in terms of BMO norm of the solution under
consideration, only.

Keywords: quasilinear parabolic systems, quadratic nonlinearities, regularity,
Morrey, VMO spaces
Classification: 35J60

1. Introduction

In this paper we study regularity of weak solutions of systems
(1) uy — div (a(z, w)Vu) + b(z,u, Vu) = 0; z € Q,

where @ = Q x (0,7), Q is a bounded domain in R®, n > 2, and T" > 0 is an
arbitrary fixed positive number. By u; we denote the time derivative of a function
w:Q — RN, N > 1, and by Vu = {u;a}ZSN its gradient with respect to the

a<n
space variables.

We assume that a(z,n) and b(z, 7, ) satisfy the following conditions:
e (H1) There are positive constants A, A such that

(2) (a(z,m)&,€) = ai (z,m)ELEL > NEP?, € eR™,
(3) \(a(z,m)p, )| < Alpllal, p,q € R™Y,

for all (z,m) € Q x RV,
e (H2) The coeflicients a%ﬁ(.,u) € VMO(Q) for every u € RV, 4,5 < N,
a, < n and, moreover, denoting

AR) = swp ][ a2, ) — (a(z,0))pze | dz,
z°€Q,u€RN re(0,R] Qr(2°)

Both authors were partially supported by Centro Ennio de Giorgi, the first author by RFFI
08-01-00748 and the second author also by GACR 201/09/0917.
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we have
4) ¢*(R) — 0 for R —0.
e (H3) For every z € Q and u,v € RY it holds
(5) la(z,u) = alz,v)] < w(lu—vf?),

where w is a nondecreasing, bounded and concave function on [0, co) with
limg_0+ w(s) = 0.

e (H4) Functions b(z,7,£) are measurable in z for n € RV, ¢ € R™V, and
continuous in (n,§) for a.a. z € Q. Moreover

(6) [b(z,m,€)] < bolé[* + b1, (2,1) € Q x RV, £ e R™Y,

with some constants b, > 0,b; > 0.1

We consider a weak solution u € V' = La((0,T); W (£2)) of system (1) which
satisfies the identity

(7) [;<uwt%wunov%wwo+bunhvwwwutx Yo € C(Q).

The regularity problem for elliptic and parabolic systems with strongly non-
linear terms in the gradient was studied in [1]-[6], [15], [17], [23], [24]. Partial
regularity of bounded weak solutions of (1) was proved under the smallness as-
sumption

(8) 2bo lulloc.0 < A

More precisely, Holder continuity of u in a neighborhood of a point z2° € Q was
proved provided that (8) is valid and

1
9 lim inf — Vul*dz < €,
) i g [l <
for an €, small enough depending on the data only (here and later on Qg(z°) is
a parabolic cylinder, see the notation at the end of Introduction).
It follows from the above mentioned results that smoothness of bounded weak
solution u in a neighborhood of z° holds under the assumption

(10) 0SCQp(z0) U < 0

for a small enough positive § and R = R(z°) > 0 (instead of (8), (9)).

Unfortunately, description (10) of regular points does not allow to obtain rea-
sonable estimates of the set ¥ of singular points of the considered solution w.
As it is known, an appropriate estimate of ¥ helps to study the solvability of
systems (1) (see [9]).

1t is sufficient to assume that by € LI(Q) for a q > "T“
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Condition (10) was relaxed in [3], [4] to the assumption

(11) [U]ﬁZ,n+2(QR(ZO)) <4,

where 6 < 1 and where [u]z2n+2(Qy(20)) denotes the seminorm of u in Cam-
panato space L2 2(Qg(z°)). (Relaxations of the same type were obtained for
corresponding elliptic systems in [2], [5], [6].)

A priori local L, estimate (for p > 2) of the gradient of u was obtained in
[3] under the assumption (11). In [4] Holder continuity of u with respect to the
parabolic metric 6 and the estimate

(12) lullegrrmrg < € (ulzom IVulzgm R, a)

are proved for any a € (0,1) and some 7 € (0,1) provided that condition (11)
holds with sufficiently small 6§ depending on the data only.

Note that a sufficient condition that ensures (11) can be expressed by the
requirement

(13) [Vl 2.0 (@r(ze)) < 61

with a small parameter 6; (see Proposition 2.1 in [3]).

As it is known, the condition

(14) ®(R,2°) = %/ |Vul*dz < 6

Qr(2°)

with small enough # describes regular points z° of u for the simplest systems with
b= 0in (1). This condition allows to estimate the Hausdorff measure of a singular
set of u. In this sense, condition (14) is an optimal assumption to estimate the
Holder norm of w in the neighborhood of 2°. Let us remark that the monotonicity
of the function ®(r,£°) in the argument r for any £° € Qg (2°) ensures estimate
(13) with 61 = cf provided that assumption (14) holds. It means that description
(13) of regular points of u transforms the problem of the optimal description of
regular points to the possibility to state a monotonicity type estimate for the
function ®(r,£°). We also remark that a priori estimates of C' norm of u were
obtained in [3], [4] under Dirichlet boundary conditions up to the lateral surface
of Q.

A priori estimate (12) was obtained in [4] for solutions u of system (1) from
the space W12(Q). The existence of u; € L2(Q) and strong energy estimate were
essentially exploited in the proof of (12) by the so called direct method. Actually,
parabolic systems with elliptic operators of variational structure were considered
in [4].

In this paper, we derive a local a priori estimate (12) under smallness condition
(11) for weak solutions u € V = La((0,T); W34 (2)) under assumptions (H1)—(H4).
We also assume that the L,,-norm of the gradient of u, for some m > 2, is finite,
but the constant C in (12) does not depend on this norm. For the proof we apply
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the “A-caloric approximation” method. This method was introduced for parabolic
systems in [14] as a development of the “.4-harmonic approximation” method for
elliptic systems (see [12], [13], [18]). (See [7], [25], [14] for its applications to
parabolic problems.)

Moreover, we relax in this paper the assumptions on the smoothness of the
matrix a(z, v), namely we do not require the continuity of a(z,v) in z. Recall that
regularity of weak solutions to linear systems with principle matrices in VMO-
space was studied by Chiarenza, Frasca, Longo (see [10]) or Huang (see [19]).
It follows from [21] that some smoothness of the principal matrix of parabolic
systems is necessary even in the linear case. Regularity of minimizers of certain
functionals under VMO smoothness of matrices a(z,v) in z was studied in [11],
[26]. Thus, it seems reasonable to study regularity of weak solutions to systems
satisfying assumption (H4).

We adopt the following notation:

Br(z") = {z€R":lz—2" <R}, Qr(z°) = Br(a") x (t — R*,°),

=
—— u(z)dz = ][ u(z)dz, w, = meas By,
wnR +2 Qr(29) Qr(29)

Va(z%) = Lo ((t — B*,1°); W3(Br(a"))) ,2° = (a%,£0) € R*,

(U)R,ZU

We will leave out z%and write Qgr, Vg and (u)g if it does not cause misunder-
standing.

2. Auxiliary results

We start with a reformulation of the A-caloric lemma due to Duzaar and Min-
gione (see [14]). (Such a reformulation was proposed in the elliptic case by M. Gi-
aquinta (see Appendix in [13]).

Definition (A-caloric function). Let A be an nN x nN constant positive definite
matrix. A function h € V is A-caloric if for any ¢ € C}(Q)

/Q (h(pt — (AVh, w)) dz = 0.

Lemma 1 (A-caloric approximation). Let 0 < A < A and n,N € N (with
n, N > 2) be fixed. Then for any € > 0 there exists a C(e) = C(e,n, N,\,A) >0
such that the following holds: for any bilinear form A on R™ such that

(15) (A¢,6) > AEJ?,
(16) Al <A,

and for any u € Vg(2°) there exist an A-caloric h € Vg(2°) and ¢ € C(Qr(2°))
50 that

(17) IVellr. <1,
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a9 f PRI £ (P RV s
Qr(2°) Qr(2°)
(19) ][ |u — h? §5][ (Jul* + R*|Vul?) dz
Qr(2°) Qr(2°)
2
+ C(¢)R? ][ (upr — (AVu, Vo)) dz
Qr(z°)

PROOF: Let us prove Lemma 1 for z° = 0, t© = 0 and R = 1. The full as-
sertion then follows by a standard homotopy argument. For u # 0 set @ =

~1/2
u (le [u|? + |Vul? dz) , @1 = @Q1(0), and fix an € > 0. Then le(laP +

|Vii|?) dz < 1 and if, moreover,

<8IV L

(20) ‘ ][ 1 (fmz)t — (AVq, wi)) dz

for all ¥ € C}(Q1) and some § = d(e), then @ satisfies all assumptions of
Lemma 4.1 in [14]. Hence there is an A-caloric h € V; such that

7[ (IFP + VAP ) dz < 1, ][ i — Bf2ds <e.
Q1 Q

1

Setting h = fl(le (Jul? + |Vul?) dz) Y2 and © = 0, we get the inequalities (17)—
(19).

If, on the contrary, the inequality (20) is not satisfied, there is a nonzero 1& €
C3(Q1) such that

'7[ (fm[)tf(AVﬁ,VJJ)) dz| > 8|V 1.

After changing (if necessary) the sign of ), we have
$ (- (ava,vh) ds > |V
Q1(2°)

and for ¢ = the inequality (17) is satisfied. Thus, also the inequalities

b
VYo

][ (ﬂl/ft - (AVﬁa V¢)) dz > 17

1

7| =

| =

][ (utpy — (AVu, Vp)) dz > <][1(|u|2 n |VU|2)dz)1/2

1
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are valid. For this ¢ and h =0

7[ |u—h|2dz:][ |u|2dz§][ (Jul? + |Vul2) dz
1 Q1 Q1

2
< 5—2| ][ th - (AVU, V’w) dz s
Q1
and Lemma 1 holds with C. = 5, R=1, 2° = 0. O

Corollary 1. Let the assumptions of Lemma 1 be satisfied and (u)q -y = 0.
Then the assertion of Lemma 1 remains true and, moreover, the A-caloric function
h satisfying (18), (19) can be chosen so that (h)g,(.») = 0 and (17) also holds.

ProOF: For given A,u and ¢ find }NL, ¢ according to Lemma 1 and set h = h—

(h)Qr(zey- Then h has zero mean value over Qr(2°). Relation (17) is obvious,
and (18), (19) follow from the inequalities

][ |h|?dz < ][ |h|? dz, ][ lu— h|?dz < ][ lu — h|?dz.
Qr(z°) Qr(z°) Qr(z°) Qr(z°)

Here we used the fact that for any function u € Lo(Q) its integral mean value is
the minimizer of F(c) = fQ lu — c|? dz. |

Corollary 2. Let the assumptions of Lemma 1 be satisfied. Then for any € > 0
there exists a positive constant C(e) = C(e,n, N, \,A) such that the following
holds: for any bilinear form A on R™Y satisfying (15), (16) and for any u € Vz(2°)
there exist an A-caloric h € Vg(2°) and ¢ € CY(QR(2°)) satisfying (17) so that

][ (|h = (h)g,zo|> + R*|Vh|?) dz

(21) QR(ZD)

<f (e @rel + RAVP) d
QRr(z°)

][ lu — h|>dz < 5][ (Ju— (W R.z0|* + R?|Vul?) dz
Qr(z°) Qr(z°)
(22) 2
+C(e)R? ][ (upr — (AVu, Vo)) dz
Qr(2°)

PRrOOF: Apply Corollary 1 to the function 4 = u — (u) g, .o and find A-caloric h, %)
so that h has mean value zero and they satisfy (17), (18), (19). Set h = h+(u) R, zo.
Then h is A-caloric. As (h)g,.c = (u)R,z0, inequality (18) for h and u gives

][ (|h = (h)R,zo|* + R*|VA|*) dz = ][ (IR + R*|Vh|?) d=
QRr(z°) QRr(z°)
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< ][ (Ju— (U)R7Zo|2+R2|VU|2) dz.
Qr(2°)

Further, (19) for & and 4 implies

7[ |u—h|2dz:][ i — B2 dz
Qr(z°) Qr(z°)

< 5][ (Ju— (w)R,z0|* + R?|Vul?) dz
Qr(2°)
2

+C(e) R][ (upr — (AVu, Vo)) dz| |
Qr(z°)

which accomplishes the proof. (Il

3. Main theorem
We start with the following remark.

Remark 1. Let b = 0 in system (1). It is well known that there exists py =
po(A, A,m) > 2 such that Vu € L,(Q'), ,Q CC Q, p € [2,po), for any solution
u € V(Q) (see [8], [20]). It appears that an L, estimate (p > 2) for the gradient
is also valid for system (1) with b # 0 provided that some smallness assumption
holds.

To describe this assumption we introduce the following definition:

Definition. Let 6 and R, be fixed positive numbers. We say that “u satisfies
condition Sy r,” in a cylinder Qr(z°) C @ provided that

e Vu € L, (Qr(2°)) with an exponent m > 2,
i [U]£2,n+2(QR(zo)) < 6 with some R = R(z2°) < R,.

Theorem 1. Let assumptions (H1)—(H4) hold and let u € V satisfy (7). Then
there exist parameters 0, R, such that if w fulfills condition Sp r, in a cylinder
Qr(z°) with R < R, then u € C*(Qrr(2°)) for some 7 € (0,1), any o € (0,1)
and

(23) lull ga@rmgey) < C1 (lullv,a, R7Y).

The constant Cy does not depend on the norm ||Vul|m,qp. It neither depends on
the exponent m from condition Sy g, provided that m > py (see Remark 1).

Remark 2. Further, we consider u on Qr(z°) satisfying S, g, with some 6, we
specify below. Then

(24) /Q ( —upt + (a(z,u)Vu, Vo) + bz, u, Vu)go) dz=0
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holds for any test function ¢ € Wi (Qgr) N LZ"T2(QR), spt ¢ C Qr. Indeed,
L2"2(QR) — Ls(Qr) for any s < oo, and we have

2/m e
/ |Vul?|p| dz < (/ [Vu|™ dz) : (/ |<p|mm2> < 00.
Qr Qr Qr

Moreover, u € Vr(z°) N Ls(Qr(z°)) for any s < oco. Applying the Steklov average
approximations for the test functions ¢ in (24), one can prove that u has finite
norm
sup u(-, D)2, Br(ze) + IVUll2,Qr(z0),
(to _R2 ,to)
and w is a continuous in ¢ function in Lyo(Br(z°))-norm. (See the details in
paragraph 4, Chapter 3, [22].)

Proposition 1. There exist 8,, R, such that if u satisfies condition Sy, g, in
Qr(z°) and (24) then

2/p
(25) (][ [Vul? dz) < 02][ 1+ |Vu|)2 dz, VQ. C Qr(2°),

with any p € (2, min(p,, m)), where p, = po(A,A,n) > 2, a > 2 is an absolute
constant. The constant Co depends on A\, A, n,bg,b; and 0, but does not depend
on |Vl

Proposition 1 is a consequence of Theorem 2.1 in [3]. We should remark that
a priori estimate (25) was derived for smooth solutions in [3] but we take into
account Remark 2 and assert that the proof of Theorem 2.1 is valid under the
condition Sy, g, .

In what follows, 6, is fixed by Proposition 1, and we assume further that

(26) [u]£2,n+2(QR(zo)) S 9

holds with some 6 < 6, that will be chosen later.
The smallness assumption (26) does not allow to derive Caccioppoli inequality
for u, but with the help of (25) we can prove

Proposition 2. Let u satisfy condition Sy r, in Qr(z°) and (24). Then the
inequality

C
/ Vul?dz < =2 lu = (Wayr|? dz
(27) Qr(¢°) T JQayr(¢°)

+C’49/ |Vu|? dz + csr™ T,
Qayr(C°)

holds for all Qq,+(C°) C Qr,(2°). Here Ry = %, a1 = 2a and a > 2 is fixed
in (25).
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PROOF: We put ¢ = (u— (u)2r¢o)h? in (24), where h is a smooth cut-off function
supported in Q2,(¢°), h =1 in @, (¢°), and derive for u the inequality

/ |Vul|? dz < % lu — (u)2r|? dz
Qr(¢?) " JQar(¢?)

+c / b0|Vu|2|u— (U)QT’Co|dZ+b1/ lu— (w)arco|dz | .
Q2-(¢°) Q2-(¢°)

Using Holder and Young inequality we estimate the last term on the right hand
side:

1
(28) / [u— (Warceldz < c| — / [ — (u)ar,co|* dz + "+ .
Q2r(¢°) T JQar(¢)

We explain now how to estimate the strongly nonlinear term I
1= [ VPl @l
Q2-(¢?)

Estimates (25), (26) imply that the following chain of inequalities is valid:

ya

2/p -
I S (f |Vu|p dZ) (][ |’lL — (u)2T7Co|ﬁ> |Q2T|
Qar(C) Q2r(¢%)
<c( [ uPd] il sy e
( Q2ar(C°) £ (Dryym(29))

(29) < C(p) (/Qz . |Vu|2dz> .[U]L2,n+2(DR/\/5(zo))

< C(p) (/ IVU|2dZ> Ju]g2int2(Qp(z0))
QZGT(CO)

< C(p)o (/ |Vu|2dz> .
Q24 (¢°)

Here p’ = -5 and the parabolic cube Dp, (29) C Qgr(z°). The inequality is valid
due to isomorphism of £5"2(Dg,) and £>""2(Dg,) for different s > 1. Due to

(28), (29) we arrive at (27). O

Now we can exclude in (27) the term with 6.
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Proposition 3. There exists 61 < 6, such that the assumptions of Proposition 2
with 6 < 0, ensure that the inequality
2 C’6 2 n+4
(30) [Vul"dz < — lu — (w)ir,co|” dz + c7r
Qr(¢?) " JQuir(¢o)

holds with an absolute constant [ > 2.

PROOF: We rewrite (27) changing cylinders @, by parabolic cubes D, and apply
parabolic version of Lemma 0.5 of [16]. O

Remark 3. From (30) and (26) it follows that

1

(31) — |Vul?dz < Cg ][ [u — (w)iyco|® dz 4 Cgr?,
" Jer¢o) Qur(¢2)

and thus also

(32) IVulZ2n (@, z0y) < Cs(6 + RY), Ry = 7R,

with a 7 € (0,1). We put

(33) Cs(0* + RY) = k*(0,R,) — 0 for O,R, — 0.

Hence

(34) HVUHLQ’"(QRQ z0) < k(0, R,), Ra =7TR < R,.

PROOF OF THEOREM 1: Let Rz = %, C° € Qry(2°), r < %, where [ > 2 is

fixed in (30). Then Q,(¢°) C Qr,(2°). Put A = (a(z,u®))yco, u® = (u)yco and
estimate

L.(¢°) = ‘ / (upr — (AVu, Vo)) dz
Qr(¢?)

for all ¢ € C§(Q(¢°)) with Cyp = |[Ve|ls,0,(co) < 1. (Note that it implies that
maxq, (coy |¢| < Cpr.) Hence, (6) and (34) supply the inequalities

B <C{ [ late) ooVl s

+ / la(z,u®) — A||Vu| dz
Qr(¢°)

1/2 1/2

1

+bor1+"/2</ |Vu|2dz) (—/ |Vu|2dz) +b1r”+3}
Qr(¢°) ™ JQr(¢o)

1/2
< q@{ [wl/Q(o) +q(R,) + bon(G,Ro)} r1+n/2</ Vuf? dz> + cr"+3}.
Qr(¢?)
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We put
(35) T(0,R,) = cCy[w'/?(0) + q(R,) + bok(0, Ry)].,

and we get

1/2
(36) L.(¢°) < T(@,Ro)r1+”/2< / |Vu|2dz) + O3,
Q

~(¢?)

From Corollary 2 and (36) it follows that for u there is an A-caloric h in V,.(¢°)
such that

][ lu — h|* dz SEJ[ (|u— (u),|* + r*|Vul?) dz
Qr(¢°) Qr(¢°)

+C(e) (T2(9,Ro)r2][

Qr(¢°)

(37)
|Vul? dz + r4> .

Now we use Campanato’s inequality for h and p < r < 1, (37), (21) and
Proposition 3 to get

20 =0p) = [l i

IN

2 [Pz [ e (), - ()P
Qp(¢°) Qp(C°)

2/ |h—(h),,|2dz+2/ |u — h|* dz
Q,(¢°) Q,(¢°)
p\" 2 2
C(—) / |[h— (h),| dz+2/ |u — h|*dz
r Qr(¢°) Qr(¢°)

n+4
C(B) / |h — (h),_|2dz+25/ (Ju = (u), 2 + 72| Vul?) d=
Qr(¢?) Qnr(¢?)

r

IN

IN

IN

+2C(e)T?(0, R, )r* / |Vul|? dz + Cr™ e,
Qr(¢®)

After rearranging the formula we get

(38) @(p)<C ((5)“4 + 25) /Q (Jlu = ()2 + 72| Vul?) d=

»(¢°)

+2C(e) |T?(0, R,)r? / |Vul?dz + Crtd
Qr(¢?)

<c ((3)“4 + 25) B(r)

r

n+4
n {c ((’;’) n 2€> +20(e)T2(6, RO)] r2/ IVul? dz + Ot
Q. (¢)
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<C ((E)”“ + 25) (r)

r

P n+4 ) \ )
" |:C <(;) + 2€> + 2C(€)T (ovRo):| ((I)(ZT’) + Tn+ ) —+ C’T’VH- .
As (38) is evidently true for p € (r,Ir] and

o(r) = /Q PR [ s

Qr(¢°)
< / fu — (w2 d= = B(ir),
ZT(CD)
we “rename” [r by r and simplify the constants to obtain

(30)  B(p) < C [ (g)"+4 +{e+C)T(0, RO)}] ®(r) + C (),

for all ° € Qgr,(2°) and 0 < p < r < R3. By Campanato’s algebraic lemma, for
any « € (0,1) there exists an eg = €9(Cy,n, ) > 0 so that

) ntotr2a | ®(r,¢°
(40) (p,¢?) < Crop™***2 {,M&Tzi i 1}
provided that
() Cole + CET*0. Ry)) < <o

Now, we can fix ¢ < 22‘39 and then fix § < 6; and R, (we reduce R, if needed) to

supply the inequality

(42) CoC/(e)T2(0, R,) < %0
From (40) it follows that

(43) [u]%2,n+2+2a(QR3 (2°)) § Cll(”quQ,QR(z")a R_lﬂ Oé),
(W) oo @y (zo)) < Cr2(|Vull2,on(eey, R, @),

provided that wu satisfies condition Sp g, in Qr(2°), R < R, for the chosen
and R,. Note that the constants Cy1,C12 depend on « and do not depend on
Hv“Hm,QR- O
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