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Isolated points and redundancy

AvrIO J. PENA P., JORGE VIELMA

Abstract. We describe the isolated points of an arbitrary topological space (X, 7).
If the T-specialization pre-order on X has enough maximal elements, then a point
x € X is an isolated point in (X, 7) if and only if « is both an isolated point in the
subspaces of T-kerneled points of X and in the 7-closure of {z} (a special case of
this result is proved in Mehrvarz A.A., Samei K., On commutative Gelfand rings,
J. Sci. Islam. Repub. Iran 10 (1999), no. 3, 193-196). This result is applied to
an arbitrary subspace of the prime spectrum Spec(R) of a (commutative with
nonzero identity) ring R, and in particular, to the space Spec(R) and the maximal
and minimal spectrum of R. Dually, a prime ideal P of R is an isolated point in
its Zariski-kernel if and only if P is a minimal prime ideal. Finally, some aspects
about the redundancy of (maximal) prime ideals in the (Jacobson) prime radical
of a ring are considered, and we characterize when Spec(R) is a scattered space.

Keywords: maximal (minimal) spectrum of a ring, scattered space, isolated point,
prime radical, Jacobson radical

Classification: 54F65, 13C05

Introduction

In Section 1 we include some preliminaries. In Section 2 we describe the iso-
lated points of an arbitrary topological space (Theorem 2.1). In particular, we
describe the isolated points in a topological space (X, 7) such that the pre-ordered
set (X, <;) has enough maximal elements, where <, is the 7-specialization pre-
order on X (Theorem 2.2), and we apply this result to the prime spectrum of a
ring (Corollary 2.1). In Section 3 we characterize the isolated points in an arbi-
trary subspace of the prime spectrum Spec(R) of a ring R (Theorem 3.1) and we
apply this to the maximal and minimal spectrum of R (Theorems 3.4-3.5). Also,
using these results, we characterize when each of these subspaces is a discrete
space (Corollaries 3.2-3.3). Further, we characterize the points which are isolated
points in its kernel (Theorem 3.6), as well as when Spec(R) is a scattered space
(Corollary 3.5).

1. Preliminaries

We denote by N := {0,1,2,...} the set of natural numbers, a set X with a
topology 7 will be denoted by (X, 7) and we assume no separation axioms, thus
a point p is isolated if it is simply an open point. For every subset Y of X, we
denote by 7|y the subspace topology on Y, by Y the r-closure of Y, by YT the
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T-kernel of Y (the intersection of the 7-open subsets of X containing Y), and Y is
said to be T-kerneled if Y = Y 7. Also, the 7-saturation of Y is the set Uer [T
and we say Y is 7-saturated if it coincides with its 7-saturation. In particular,
z7 ::mT and 7 = {x}T for every xz € X.

Let R be a ring. We set I < R to indicate that I is an ideal of R and we
denote by Spec(R) (resp. Max(R), Min(R)) the family of prime (resp. maximal,
minimal prime) ideals of R. Recall that every proper ideal is contained in a
maximal ideal and every prime ideal contains a minimal prime ideal ([2]). We
set J(R) := [(Max(R) the Jacobson radical of R, for every I < R, we denote by
n(I) the prime radical of I (the intersection of the prime ideals of R containing
I) and we say I is a radical ideal if T = n(I). In particular, n(R) := n(0) is
the prime radical of R, and R is called a reduced ring if n(R) = {0}. Note that
n(R) = (\Min(R) and we set Ra:={ra:r € R}and (I:a):={re R:ra €}
for every a € R.

Let I be an ideal of a ring R. We denote by (I)g the family of prime ideals of
R containing I and by Do(I) := Spec(R)\(I)o. Also, (a)o := (Ra)g and Dq(a) :=
Dy(Ra) for every a € R. It is easy to see that the family {(I)o : I < R} satisfies
the axioms of closed sets for a topology tz on Spec(R), the Zariski topology, and

the space (Spec(R),tz) is the prime spectrum of R. Note that {P}tz = (P)o
and P™ = {Q € Spec(R) : Q C P} for every P € Spec(R), and in this work we
consider the family Spec(R) as a space with the Zariski topology.

2. Isolated points

Let (X,7) be a space. A point z € X is called a kerneled (resp. isolated,
Alexzandroff ) point of (X,7) if {x} =Z7 (resp. {z} € 7, Z7 € 7). The kerneled
points of (X, 7) are the maximal elements in the pre-ordered set (X, <), where
<, is the T-specialization pre-order on X, this is, x <, y in X if x € 77, or
equivalently, y € 7. Note that (X, 7) is a Ty-space if and only if <. is a partial
order on X.

Let (X, <) be a pre-ordered set. We denote by Max(X, <) the set of maximal
elements in (X, <), and we say (X, <) has enough mazimal elements if for every
x € X, there exists y € Max(X, <) such that < y. Dually, we define the set
Min(X, <).

The following result is well known, but we present it here for further reference
in this paper.

Theorem 2.1. Let (X, 7) be a space and x € X. Then, the following conditions
are equivalent.

(a) x is an isolated point of (X, 7).

(b) Whenever A C X with x € A", we have z € A.

(c) x is both an Alexandroff point of (X, 7) and a maximal element in (X, <;).

PRrROOF: It is clear that (a)=-(b) and since Max (X, <;) is the set of kerneled points
of (X, 7), we have (¢)=(a). To prove that (b)=-(c), let y € 7. Then, x € §” and
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thus, z = y. Hence, Z7 = {z} and by hypothesis, the set A = X\{x} is 7-closed
(otherwise, A is 7-dense and x € A which is a contradiction). Therefore, {z} € 7
and (c) holds. O

Theorem 2.2. Let (X,7) be a space such that (X,<,;) has enough maximal
elements and x € X. Then, x is an isolated point of (X, 7) if and only if x is
both an isolated point in Max(X,<;) and in T".

PROOF: The necessary condition is clear. Suppose the sufficiency condition and
let Y = Max(X,<,;) and Z = Z7. Then, {z} =Y NU = ZNYV for some pair
U,V € 7. Note that Y N Z = {a}, since if y € Y N Z then y <, z and by
maximality, we have y = x. Hence, {z} = W N {z} where W =UNV € 7. We
will show that {z} = W, for if y € W then, by hypothesis, there exists z € Y
such that y <, z and thus, y € Z” and since y € U, we have z € UNY = {x}
and thus, z =z and y <; 2. Hence, y € ZNV = {2} and y = z. O

Corollary 2.1. A prime ideal P of a ring R is an isolated point of the prime
spectrum of R if and only if P is an isolated point in Min(R) and in the Zariski-
closure of {P}.

PROOF: Use Theorem 2.2, since Min(R) = Max(Spec(R), <;,) and <;,=D. O

Note that Corollary 2.1 is part (2) of Proposition 3 in [4], and in the next
section we study each of the two sufficient conditions in Corollary 2.1.

3. Redundancy and scattered spectral spaces

Let Y be a nonempty family of prime ideals of a ring R and P € Y. An ideal
I of R is absolutely Y -irreducible if whenever F C 'Y with (| F C I, there exists
Q € F such that Q C I. If Y = Min(R) then [ is said to be absolutely minimal-
irreducible, and if Y = Max(R) then I is said to be absolutely mazimal-irreducible
([5]). Let I(Y) := (Y be the radical ideal of Y and Ip(Y) :=N{Q €Y : Q #
P}. Then, v = (I(Y))o and we say P is Y-redundant if I(Y) = Ip(Y). In
particular, if Y = Spec(R) we have the weak n-redundancy studied in [5]. Also,
if Y = Min(R) we speak of n-redundancy and if ¥ = Max(R) we speak of J-
redundancy. We now give a description of the isolated points in an arbitrary
subspace of Spec(R) with at least two points. We denote by Min(Y, C) the set of
minimal elements in the poset (Y, C).

Theorem 3.1. Let R be a ring, Y a non-empty subset of Spec(R), I = (Y the
radical ideal of Y and P € Y. Then, the following conditions are equivalent.

(a) P is an isolated point of Y (as subspace of Spec(R)).

(b) P is an absolutely Y -irreducible ideal of R and P € Min(Y, C).

(c) Whenever F CY with (\F C P, we have P € F.

(d) There exists a € Ip(Y)\P such that P = (I : a).

(e) P is not Y-redundant.
Further, in such a case, P = (I : a) for every a € Ip(Y)\P.

147



148

A.J. Pena P., J. Vielma

PROOF: Let t = tz|y. To show that (a)=(b), let @ € Y with Q@ C P. Then,
Q€ PzNY = Pt = {P} and thus, Q = P and P € Min(Y, C). Now, let F C Y
with (JF C P. Then, P € Z ()Y = Z' and by hypothesis, {P}F # 0.
Hence, P € F. The implication (b)=(c) is clear. Let us show that (c¢)=(e), and
let F = Y\{P}. Then I(Y) # Ip(Y) (otherwise, we will have P € F which is a
contradiction). Hence, P is not Y-redundant. Let us show that (e)=-(a), and let
H = Ip(Y). Then {P} = Do(H)(Y € t. In fact, by hypothesis, P € Do(H)(Y
and if Q € Do(H) (Y then @ = P (otherwise, H C @ which is a contradiction).
Let us see (e)=(d), and let a € Ip(Y)\P. Let us show that P = (I : a). In
fact it is clear that (I : @) C P and if € P such that ax ¢ I then there exists
Q €Y with ax ¢ Q. But then, Q # P (since € P) and thus, a € Q which
is a contradiction. Finally, (d)=(a) since if a € Ip(Y)\P with P = (I : a) then
{P} =Y N Do(a) €t. O

Corollary 3.1. A prime ideal P of a ring R is an isolated point of the Zariski-
closure of {P} if and only if P is not the intersection of the prime ideals which
strictly contain it.

Corollary 3.1 is part (2) of Proposition 3 in [4] under the assumption that R is
a reduced ring. Recall that a prime ideal P of a ring R is a minimal prime ideal
if and only if P = UaeR\P(n(R) :a) ([2, Lemma 1.1]). Thus it is natural to ask

when this last property holds for a non-empty family of prime ideals of R.

Theorem 3.2. Let Y be a nonempty family of prime ideals of a ring R, I = (Y
and P € Y. If P =J,cpp(I : a) then P € Min(Y,C). Further, the converse
holds in any one of the following cases: (a) if Y is a Zariski-kerneled set; (b) the
Zariski-closure of Y coincides with its Zariski-saturation.

PROOF: Suppose P = J ,cp\p({ : @) and that P ¢ Min(Y, C). Then, there exists
Q €Y such that @ & P. Let x € P\Q and a € R\P such that = € (I : a). Then,
ax € I C @ which is a contradiction. Conversely, suppose P € Min(Y, C) and
cither (a) or (b) holds. It is clear that (J,cp\p(I : a) € P. Now, suppose « € P
such that ax ¢ I for every a € R\P. Let S = R\P and T' = |J ,cy S2". Then,
S ; T and T is a multiplicatively closed subset of R such that 1 € T'. Note that
0 ¢ T (otherwise, sz™ = 0 € I for some s € S and n € N and since I is radical
and s ¢ I, we will have ™ € T for some integer m > 2 and thus, 2 € I which is a
contradiction). Hence, 0 ¢ T and INT = @, and by Krull’s Lemma (Theorem 2.2
in Chapter VIII of [3]), there exists a prime ideal @ of R such that I C @ and
TNQ = (. But then, Q € V' and @ C P. Now, if (a) holds then Y a lower
segment of (Spec(R),C) and thus @ € Y and by minimality, P = @ which is a
contradiction (since z € P and z ¢ Q). On the other hand, if (b) holds then
Q € v = U mey (H)o and there exists H € Y such that H C @ and as above,
P = H = @ obtaining a contradiction. O
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Note that condition (b) in Theorem 3.2 is satisfied if Y is either Zariski-closed
or dense with respect to the Alexandroff closure of the Zariski topology, denoted
by tz. Also, condition (b) is equivalent to the following: for every prime ideal P
of R such that (Y C P, there exists @ € Y such that Q C P. In particular, any
finite subset of Spec(R) satisfies this property. Moreover, the conditions (a) and
(b) are independent. In fact, if R is a zero-dimensional ring with infinite prime
ideals then Spec(R) is not a discrete space and there exists a Zariski-open set Y
which is not Zariski-closed (otherwise, the Zariski topology will be an Alexandroff
T;-topology which is discrete). On the other hand, if R is not a zero-dimensional
ring then there exists a maximal nonminimal ideal P of R and thus, the set
Y = {P} satisfies trivially condition (b) but not condition (a).

Theorem 3.3. Let Y be a nonempty family of prime ideals of a ring R, P €Y
anda € R\P. If P=(I(Y) : a) then {P} = Min(Y, C) () Do(a) and the converse
holds if the poset (Y, C) has enough minimal elements.

Proor: If Q € Y with Q C P then Pa C I(Y) C @ and since a ¢ @, we
have P C @ and P = Q. Hence, {P} C Min(Y, <) Do(a). Conversely, if
Q € Min(Y, C) () Do(a) then Pa C I(Y) C @ and thus, P C Q and P = Q. On
the other hand, suppose that the poset (Y, C) has enough minimal elements and
{P} = Min(Y,C)( Do(a). Tt is clear that (I(Y) : a) € P and if z € P with
ax ¢ I(Y) then there exists @ € Y such that ax ¢ Q. Now, if Qo € Min(Y, C)
such that Qo C @ then ax ¢ @y and P = Qo which is a contradiction. Hence,
P={IY):a). O

We now prove some more consequences of Theorems 3.1 and 3.3.

Theorem 3.4. Let R be a ring and P a prime ideal of R. Then, the following
conditions are equivalent.

(a) P is an isolated point of Min(R).
(b) P is both an absolutely minimal-irreducible and minimal prime ideal of R.
(¢) There exists a € R\P such that P C Q for every Q € Dy(a).
(d) There exists a € R\P such that P = (n(R) : a).
(e) P is not n-redundant.

(f) P is a minimal prime ideal of R and there exists a € R\P such that

m(R) : ) C (N(R) : a) for every x € R\P.

ProoF: By Theorems 3.1 and 3.3, we have (a)<(b)<(d)<(e). Let us show that
(d)=(c). Suppose a € R\P with P = (n(R) : a) and let Q € Dy(a). Then a ¢ Q
and if x € P then ax € n(R) C @ and thus, x € Q and P C Q. We see (c)=(b).
Suppose a € R\P such that P C @ for every Q € Dy(a), and let Qy € Min(R)
with Qo C P. If Qo # P then a € Qg (otherwise P C Qg and thus P = Qo which
is a contradiction). Hence, P € Min(R). Now, let F C Min(R) with (| F C P.
Then a ¢ (F and there exists Q € F with a ¢ @ and by hypothesis, P C Q
and by minimality, P = Q. Finally, for (f)«<(d) use that P = ,cp p(n(R) : a)
(12)). 0
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Corollary 3.2. Let R be a ring. Then, Min(R) is a discrete space if and only if
every minimal prime ideal of R is not n-redundant if and only if the prime radical
of R is the irredundant intersection of the minimal prime ideals of R.

Condition (d) in Theorem 3.4 is an extension of part (3) of Proposition 4 in [4].
Dually, we have the following two results.

Theorem 3.5. Let R be a ring and P a maximal ideal of R. Then, the following
conditions are equivalent.

(a) P is an isolated point of Max(R).

(b) P is an absolutely maximal-irreducible ideal of R.

(¢) If F C Max(R) such that (\F C P then P € F.

(d) There exists a € Ip(Max(R))\P such that P = (J(R) : a).
(e) There exists a € R\P such that P = (J(R) : a).

(f) P is not J-redundant.

Corollary 3.3. Let R be a ring. Then, Max(R) is a discrete space if and only if
every maximal ideal of R is not J-redundant if and only if the Jacobson radical
of R is the irredundant intersection of the maximal ideals of R.

Every maximal ideal of a ring R generated by an idempotent element of R is an
isolated point in Max(R) and the converse holds if R is a semiprimitive ring, this
is, J(R) = {0} (Lemma 2.1 in [4]). Note that if J = J(R) then the quotient ring
R/J is semiprimitive and the spaces Max(R) and Max(R/J) are homeomorphic.
Hence, in general, the isolated points of the space Max(R) are the maximal ideals
P of R for which P/J is an ideal of R/J generated by an idempotent element of
R/J.

Theorem 3.6. Let P be a prime ideal of a ring R and Y = Ptz Then, the
following conditions are equivalent.

(a) P is an isolated point of Y.

(b) P is a minimal element in the poset (Y, C).
(c) P is a minimal prime ideal of R.

(d) P=(I(Y):a) for some a € R\P.

PRrOOF: By Theorem 3.1, (a)<(b)<(c) and (a)=-(d). To show that (d)=-(c), let
Q@ € Min(R) such that @ C P. Since Q € Y and a ¢ @, we have Pa C I(Y) C Q
and thus, P C @ and P = Q. O

By Corollary 3.1, the property (a) in Theorem 3.6 is not dual. Also, for every
prime ideal P of a ring R, the family Y = Ptz has enough minimal elements
and the radical ideal I(Y") is the intersection of the minimal prime ideals of R
contained in P (see Theorem 3.3).
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Theorem 3.7. Let P and ) be prime ideals of a ring R. Then P is an isolated
point of @tz if and only if P = @ and P is not the intersection of the prime
ideals which strictly contain it.

PRrOOF: The sufficiency condition is a consequence of Corollary 3.1. Conversely,
suppose P is an isolated point of@tz = (Q)o. By Theorem 3.1, for every F C (Q)o
with (| F C P, we have P € F. In particular, if F = {Q} then P = Q. For the
last part, use Corollary 3.1. O

Corollary 3.4. Let P be a prime ideal of a ring R. If the (irreducible Zariski-
closed) set (P)o has an isolated point then this point is P.

Recall that (X, 7) is a scattered space if every nonempty subset of X contains
a point that is isolated in the relative topology. By Corollary 3.4, if Spec(R) is a
scattered space and P € Spec(R) then P is the unique isolated point of (P)g. By
Theorem 2.8 in [1], if R is a zero-dimensional ring then Spec(R) is a scattered space
if and only if every radical ideal of R is an irredundant intersection of (maximal)
prime ideals of R. Compare this last result with Corollary 3.2. Further, by
Theorem 3.1, we have the following result.

Corollary 3.5. Let R be a ring. Then, the following conditions are equivalent.

(a) Spec(R) is a scattered space.

(b) For every nonempty family Y of prime ideals of R, there is an absolutely
Y -irreducible ideal of R which is a minimal element in (Y, C).

(c) For every nonempty family Y of prime ideals of R, there exists P € Y
such that if F CY with (\F C P, then P € F.

(d) For every nonempty family Y of prime ideals of R, there are P € Y and
a € Iy(P)\P with P = (I(Y) : a).

(e) For every nonempty family Y of prime ideals of R, there exists P € Y
which is not Y -redundant.
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