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Abstract

The object of the present paper is to study weakly Ws-symmetric man-
ifolds and its decomposability with the existence of such notions. Among
others it is shown that in a decomposable weakly Ws3-symmetric manifold
both the decompositions are weakly Ricci symmetric.
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1 Introduction

The study of Riemann symmetric manifolds began with the work of Cartan [3].
A Riemannian manifold (M™, g) is said to be locally symmetric due to Cartan
[3] if its curvature tensor R satisfies the relation VR = 0, where V denotes the
operator of covariant differentiation with respect to the metric tensor g.
During the last five decades the notion of locally symmetric manifolds has
been weakened by many authors in several ways to a different extent such as
recurrent manifold by Walker [36], semisymmetric manifold by Sinyukov [32]
and Szabé [33], pseudosymmetric manifold in the sense of Mikes [12, 13] and
Deszcz [8], pseudosymmetric manifold in the sense of Chaki [4], generalized
pseudosymmetric manifold by Chaki [5], weakly symmetric manifold by Selberg
[21] and weakly symmetric manifold by Tdmassy and Binh [34]. It may be
noted that the notion of weakly symmetric Riemannian manifolds by Selberg
[21] is different and are not equivalent to that of Tdmassy and Binh [34]. In this
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54 Shyamal Kumar Hui

connection it is mentioned that Mikes [11] studied projective-symmetric and
projective-recurrent affinely connected spaces. Also in [14] Mikes and Tolobaev
studied symmetric and projectively symmetric affinely connected spaces and it
is shown that [14] there exist projectively m-symmetric spaces, the differ from
k-symmetric spaces and projectively k-symmetric spaces (k < m).

The notions of weakly symmetric and weakly projective symmetric manifolds
were introduced by Tamdssy and Binh [34]. A non-flat Riemannian manifold
(M™,g), n > 2, is called a weakly symmetric manifold if its curvature tensor R
of type (0,4) satisfies the condition

(VxR)(Y,Z,U,V) = AX)R(Y, Z,U, V) + B(Y)R(X, Z,U,V)
+ F(Z)R(Y,X,U,V)+ DU)R(Y, Z,X,V)+ E(V)R(Y,Z,U,X) (1)

for all vector fields X, Y, Z, U, V € x(M™), x(M™) being the Lie algebra of
smooth vector fields on M, where A, B, F', D and F are 1-forms (not simultane-
ously zero) and V denotes the operator of covariant differentiation with respect
to the Riemannian metric g. The 1-forms are called the associated 1-forms of
the manifold and an n-dimensional manifold of this kind is denoted by (W S),,.
The existence of a (W.S),, is proved by Prvanovi¢ [18]. Then De and Bandy-
opadhyay [7] gave an example of a (W.S),, by a metric of Roter [19] and proved
that in a (WS),, B =F and D = F [7]. Hence the defining condition of a
(WS),, reduces to the following form:

(VxR)(Y, Z,U, V) = A(X)R(Y, Z,U,V) + B(Y)R(X, Z,U,V)
+B(Z)R(Y,X,U,V) + DU)R(Y, Z,X, V) + DIV)R(Y, Z,U,X).  (2)

The example of a (WS),, given in [7] was of vanishing scalar curvature.
However, there are various proper examples of a (WS),, given by Shaikh and
Jana [27], which are of non-vanishing scalar curvatures. (W.S),, is also studied
by Altay [1], Binh [2], Hui, Matsuyama and Shaikh [10], Ozen and Altay ([15,
16]), Shaikh et. al. ([22, 23, 24, 25, 26, 27, 28, 29, 31]).

Also in 1993 Tamdssy and Binh [35] introduced the notion of weakly Ricci
symmetric manifolds. A Riemannian manifold (M™, g),n > 2, is called weakly
Ricci symmetric manifold if its Ricci tensor S of type (0,2) is not identically
zero and satisfies the condition

(Vx9)(Y, Z2) = A(X)S(Y, Z) + B(Y)S(Z, X) + D(Z)S(Y, X), 3)

where A, B and D are three non-zero 1-forms and V denotes the operator of
covariant differentiation with respect to the Riemannian metric g. Such an
n-dimensional manifold is denoted by (WRS),,.

In 1973, Pokhariyal [17] introduced the notion of a new curvature tensor,
denoted by W3 and studied its relativistic significance. The Wj3-curvature tensor
of type (0,4) is defined by

Ws(Y,Z,U,V) = R(Y,Z,U,V)
b Sz 0) - S ez @
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where R is the curvature tensor of type (0,4) and S is the Ricci tensor of type
(0,2). The present paper deals with a Riemannian manifold (M™,g), n > 2,
(the condition n > 2 is assumed throughout the paper) whose Wj-curvature
tensor is not identically zero and satisfies the condition

(VxW3)(Y,Z,U, V) =AX)Ws(Y,Z,U,V)+ B(Y)Ws(X, Z,U, V)
+ F(2)Ws(Y,X,U,V)+ DU W3(Y, Z, X, V)+ E(V)W3(Y, Z,U, X) (5)

for all vector fields X, Y, Z, U, V € x(M"), where A, B, F, D and E are
1-forms (not simultaneously zero). Such a manifold will be called a weakly W3-
symmetric manifold and is denoted by (WW5S),,, where the first ‘W’ stands
for the word weakly and ‘W3’ represents the Wj-curvature tensor’. Here A, B,
F, D, E are said to be the associated 1-forms of the manifold.

The paper is organized as follows. Section 2 is concerned with preliminaries.
It is shown that in a (WW3S),, the associated 1-forms B # F and D = E.
Hence the defining condition (5) of a (WW3S),, turns into the following form:

(VxWs)(Y, Z,U, V) = AX)Ws(Y, Z,U, V) + B(Y)Ws(X, Z,U,V)
+ F(Z2)W3(Y, X,U, V) + D(UYWs(Y, Z, X, V) + D(V)Ws(Y, Z,U, X), (6)

where A, B, F and D are 1-forms (not simultaneously zero).

Section 3 is devoted to the study of Einstein (WW3S),,. Every (W.S), is
a (WW3S),. However, the converse is not true. In this section it is proved
that an Einstein (WW3S),, with vanishing scalar curvature is a (W.5),. Also
it is shown that an Einstein (WW3S5), is a (W.S), if and only if the scalar
curvature of the manifold vanishes. Section 4 deals with the decomposable
(WW3S),, and a full classification of such a manifold is given. It is proved that
in a decomposable (WW35),,, one of the decomposition is Ricci symmetric as
well as locally symmetric but the other decomposition is a manifold of constant
curvature. Shaikh and Jana [27] already proved that every (W.S), is not a
(WRS),, in general. In this paper it is shown that if a Riemannian manifold
(M™, g) is a decomposable (WW3S),, such that M = MY x M, ?(2 < p <n-2),
then M is (WRS), and My is (WRS),—p.

Recently Ozen and Altay [15] studied the totally umbilical hypersurfaces of
weakly and pseudosymmetric spaces. Again Ozen and Altay [16] also studied
the totally umbilical hypersurfaces of weakly concircular and pseudo concircular
symmetric spaces. In this connection it may be mentioned that Shaikh, Roy
and Hui [30] studied the totally umbilical hypersurfaces of weakly conharmon-
ically symmetric spaces. Section 5 deals with the study of totally umbilical
hypersurfaces of weakly Wj3-symmetric manifolds. Finally, in the last section,
the existence of (WW3S),, and decomposable (WW3S),, is ensured by an inter-
esting example.

2 Preliminaries

In this section, some formulas are derived, which will be useful to the study of
decomposable (WW3S),,. Let {e;: i = 1,2,...,n} be an orthonormal basis of
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the tangent space at any point of the manifold. Then the Ricci tensor S of type
(0,2) and the scalar curvature r of the manifold are given by the following:

S(va) = ZR(@;‘,X,K(%)

=1

and
n

r= Z S(ei7 ei) = Zg(Qeia ei)a
i=1 i=1
where @ is the Ricci-operator, i.e., g(QX,Y) = S(X,Y) for all X, Y. Now from
(4), we have the following:

S Waler Z,Useq) = ——[(n = S(Z.U) +rg(Z,0)], (1)
i=1

> Ws(Yieie, V) =2 S(Y, V), (8)

ZW&;(Y, Z,e;,€;) ZOZZWS(%%U»V)- 9)

Also from (4) it follows that

(Z) WS(Y727 U7V) 7é _W3(Z7KU7V)7

(i) Ws(Y,Z, U, V)= -W3(Y,Z,V,U), (10)
(#i1) Ws(Y,Z,U,V) £ W5(U,V,Y, Z),

(iv) Ws(Y,Z, U, V) +W3(Z,U,Y,V)+W3(U,Y, Z, V) # 0.

In view of (4) we obtain by virtue of Bianchi identity that

(VxW3)(Y,Z, U, V) + (VyW3)(Z, X, U, V) + (V,W3)(X,Y,U,V)
= (VxS V)AZU) — (TxS)Y,U)g(Z, V) + (T S)(Z V)g(X,U)
— (VyS)(Z U)X, V) + (V58) (X, V)g(¥,U) ~ (V28)(X, U)g(¥, V)] (11)

Proposition 2.1 The defining condition of a (WW3S),, can always be ex-
pressed in the form (6).

Proof Interchanging U and V in (5), we get

(VxWs)(Y,Z,V,U) = A(X)Ws5(Y,Z,V,U) + B(Y)W5(X, Z,V,U)
+ F(Z)Ws(Y, X, V,U) + DV)W5(Y, Z,X,U) + E(U)W5(Y, Z,V, X). (12)

Adding (5) and (12), we obtain by virtue of (10)(ii) that
AMUYWs(Y, Z, X, V) + AV)Ws(Y, Z, X, V) = 0, (13)

where A\(X) = D(X) — E(X) for all X.
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If we choose a particular vector field p such that A(p) # 0, then putting
U=V =pin (13), we get W3(Y,Z, X,p) = 0. Again setting V = p in
(13), we obtain W5(Y, Z, X, U) = 0 for all vector fields Y, Z, X and U, which
contradicts to our assumption that the manifold is not W3-flat. Hence we must
have A(X) = 0 for all X and consequently D(X) = E(X) for all X. But in
view of (10)(i), it follows that the relation B = F' does not hold in a (WW35),,.
Hence the defining condition of a (IWW3S),, can be written as (6). This proves
the proposition. O

Proposition 2.2 Ifin a (WW3S), the Ricci tensor vanishes then it is a (W.S),,.

Proof Let us consider a (WW3S), such that the Ricci tensor vanishes, i.e.,
S(X,Y) = 0 for all X, Y. Then from (4), it follows that W5(Y,Z,U,V) =
R(Y,Z,U, V). Consequently the relation (6) yields the relation (2). This proves
the proposition. O

Proposition 2.3 In a (WW3S5),, of non-zero constant scalar curvature (2372—_34)7”

is an eigenvalue of the Ricci tensor S corresponding to the eigenvector o defined

by g(X,0) = L(X) = B(X)+ F(X) — A(X) #0 for all X.

Proof By virtue of (6), (11) yields

A(X)Ws(Y, Z,U,V) + {B(X) + F(X)}W3(Z,Y,U, V)
+ AV YWs(Z, X, U, V) + {B(Y) + F(Y)YWs(X, Z,U, V)
(Z2)W3(X,Y,U,V)+{B(Z) + F(Z2)}W3(Y, X, U, V)
+ D(U)[W5(Y, Z, X, V) + W3(Z, X,Y,V) + W3(X,Y, Z,V)]
—D(V)[W5(Y,Z,X,U) + W3(Z,X,Y,U) + W3(X,Y, Z,U)]
1
-1

( y9)(Z,U)g(X, V) + (VZS)(X,V)Q(KU)*(VZS)(X,U)Q(Y,V)]- (14)

(VxS)(V-V)g(Z.0) = (VxS)(Y.0)g(Z,V) + (V¥ S)(Z V)g(X. V)

Setting Y =V = ¢; in (14) and taking summation over ¢, 1 < i < n and using
(7)(9), we get

ﬁA(X){(n —0)S(Z,U) + rg(Z,U)} — 2{B(X) + F(X)}S(2,U)
+ W3(Zv Xv U7 pl) + W3(X’ Z7 U7 02) + W3(Xa Z7 U7 pS)
_2A(Z)S(X,U) + ﬁ{B(Z) + F(Z)H(n - 2)S(X,U) + rg(X, U)}
£ D) | L {(n—2)S(Z,X) + rg(Z, X))}~ 25(Z,X)

- [WS(P4a Z7 X7 U) + W3(Z7 X7 P4, U) + WS(X7 P47Z7 U)]
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= - i - [dr(X)g(Z,U) = 2(VxS)(Z,U)

+ %dr(Z)g(X, U) — (n— 1)(V28)(X, )], (15)

where A(X) = g(X,p1), B(X) = g(X,p2), F(X) = g(X,p3) and D(X) =
g(X, ps) for all X. Again contracting (15) over Z and U, we obtain

(3n — H)L(QX) — (2n — 3)r L(X) = %(n — 92)dr(X), (16)

where @ is the Ricci operator, ie., g(QX,Y) = S(X,Y) for all X, Y and
L(X)=g¢g(X,0) = B(X)+ F(X) — A(X) # 0 and r is the scalar curvature of
the manifold.

If the scalar curvature r of the manifold is non-zero constant then

dr(X)=0 for all X. (17)

By virtue of (17), it follows from (16) that

2n —3
L = L(X
(QX) = ==L (X),
which implies that
2n —3
X,0)= X
S(X,0) = --—2rg(X,0)
This proves the proposition. O

3 Einstein (WW39),
Let us consider a (WW3S),,, which is an Einstein manifold. Then we have
S(X.Y) = “g(X.Y) (18)
from which it follows that
dr(X)=0 and (VzS)(X,Y)=0forall X|Y,Z. (19)

If in an Einstein (WW3S),,, r = 0 then from (18) it follows that S(X,Y) =0
for all X, Y and hence by virtue of Proposition 2.2, we can state the following:

Theorem 3.1 An Einstein (WW3S5),, with vanishing scalar curvature is

a (WS),.
By virtue of (18) and (19), we have from (4) that
Ws(Y,Z,U,V) = R(Y,Z,U,V)

o e Ve U) — g U2 V)] (20)
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and
(VxWo)(Y, Z,U,V) = (VxR)(Y, Z,U,V). (21)

In view of (20) and (21), (6) yields
(VxR)(Y,Z,UV)=AX)RY,Z,UV)+ B(Y)R(X,Z, U, V)
+ F(Z)R(Y, X,U,V) + D(U)R(Y, Z,X,V) + D(V)R(Y, Z,U, X)
] [AX){g(Y,V)g(Z.U) - g(Y,U)g(Z,V)}
{g(X ) (Z,U)—g(X,U)g(Z,V)}
{a(Y, g(Y,U)g(X,V)}

X) -
V) ( X) —g(Y, ) (Z,V)}
, X)g(2,U) — g(Y,U)g(Z,X)}]. (22)

Now if the Einstein (WW3S),, is a (W.S),,, then using (2) in (22), we get

[B(Z) — F(Z)]R(Y7 X, U, V)
T)Maﬂmxwmzw—mxwmzm}

n(n—l

BY){g(X,V)g(Z,U) —g(X,U)g(Z,V)}

F(Z){g(Y,V)g(Z, X) = g(Y,U)g(X,V)}

D(U){g(Y,V)g(Z, X) = g(Y, X)g(Z,V)}
D(V){g(Y,X)g(Z,U) - g(Y,U)g(Z, X)}]. (23)

Setting X = U = ¢, in (23) and taking summation over i, 1 <1i <n, we get

[B(Z) - F(2)]S(Y,V)
= n(nT_ 1) [A(Z)Q(Y7 V)—AY)g(Z, V)= (n—1)B(Y)g(Z,V)

+ (n=1)F(2)g(Y,V) + D(2)g(Y,V) — D(Y)g(Z,V)]. (24)

Using (18) in (24), we obtain

“1B(2) - F(2)]g(Y,V)
= i A2 V)~ A2 V) ~ (0= DBV )g(ZV)

+ (n—1)F(Z)g(Y,V) + D(2)g(Y.V) = D(Y)g(Z,V)]. (25)

Contracting (25) over Y and Z, we get

r{B(Z) — F(Z)} = 0. (26)

Since in a (WW3S),,, B # F. Then from (26), we must obtain » = 0. Thus we
can state the following:
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Theorem 3.2 If an Einstein (WW3S), is a (WS), then the scalar curvature
of the manifold vanishes.

Combining Theorem 3.1 and Theorem 3.2, we can state the following:

Theorem 3.3 An FEinstein (WW3S),, is a (WS), if and only if the scalar
curvature of the manifold vanishes.

4 Decomposable (WW3S),

A Riemannian manifold (M™, g) is said to be decomposable or product manifold
([20], [37]) if it can be expressed as MY x M3~ for 2 < p < n—2, that is, in some
coordinate neighbourhood of the Riemannian manifold (M™, g), the metric can
be expressed as

ds? = gijda:idxj = Gapda®dab+ Zaﬁ dz®dz?, (27)

2

*
where g, are functions of z', 22, ..., 2P denoted by Z and 9ap are functions of

2P+l xP+2 2" denoted by Z; a,b,c, ... run from 1 to p and a, B3,7,... run
from p+1 to n. The two parts of (27) are the metrics of M} (p > 2) and My ™"
(n — p > 2) which are called the decompositions of the decomposable manifold
M" =MV x My P (2<p<n-2).

Let (M™,g) be a Riemannian manifold such that M™ = M? x My~ ? for
2 < p < n — 2. Here throughout this section each object denoted by a ‘bar’ is
assumed to be from M; and each object denoted by a ‘star’ is assumed to be
from Ms.

Let X,Y,Z,U,V € x(M;) and X.Y,Z,
posable Riemannian manifold M"™ = M} x My’
relations hold [37]:

*

,\;6 X(Ms). Then in a decom-
P (2 <p<n-—2), the following

and
_ %
r=7r+r,

where r, 7, and 7 are scalar curvatures of M , My, M respectively.
Let us consider a Riemannian manifold (M™, g), which is a decomposable
(WW3S),,. Then M™ = MY x M7 (2<p<n-—2).
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Now from (4), we find

_ % % _ 1 _ * %
Wal¥, 2,0,V) = —=S(V,V)g(2,0),
*  _ % 1 * ok _
W?)(Yv Z7 Uv V) - jS(Y, V)g(Zv U)7
*  _ % _ 1 * _
W3(Y7Z7U7V)__n_ls(Y7U)g<Z7v)7
1

vy oY=
AXYW5(Y,Z,U,V)+ BY)YWs3(X,Z,U,V)+ F(Z)W5(Y,X,U,V)
+ DOYWs(Y, 2, X, V) + DVYWa(Y, Z,U, X),

AX)W3(Y,2,0,7) =0,
BY)Ws(X,Z,0,V) =0,
FOY)Wa(Y,X,0,V) =0,
DOWs(Y,Z,X,V)=0

BOY)Ws(X, 2, U, %) + F(Z2)Ws(v, X, U, V) =0,

BY)Ws(X,Z,0,V) + F(Z)Ws(Y, X,U,V) =0,

61

(43)
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AX)Ws(Y, 2,U,V) =0, (44)
B(Y)Ws(X,2,U,V) =0, (45)
F(Z)W3(Y7X7U7V) =0, (46)
D(OYWs(Y, Z, X, V) = 0. (47)
From (35)—(38) we conclude that either
(I) A=B=F=D=0on M, or,
(II) M1 is Wg-ﬂ&t.
Firstly, we consider the case (I). Then from (42), it follows that
(v)*(Wg)(?, Z7 Ua ‘;) = 07
which implies by virtue of (30) that
(V )Y, V) =0 (48)
and hence the decomposition M is Ricci symmetric.
Also from (43), we have
(V. W3)(Y,Z,U0,V)=0
and hence
* ok ok %k 1 * ok * % * ok * %k
(V R, 2,0.V)+ —— [(V )V, V)g(2,0) ~ (V . S)(V,V)g(2, V)] =0,

which yields by virtue of (48) that (V;(R)()ﬁ, 2, (’}, X;) =0, i.e., the decomposi-
tion M, is locally symmetric.
Secondly, we assume that M; is W3-flat. Then we have

1

R(Y,Z2,0,V) = ———

SV, V)g(2.0)— S, 0)g(2.7)].  (49)

Contracting (49) over Y and V, we obtain

S(Z,U) = — g(Z,0). (50)

In view of (50), (49) yields

=l

R(Y,Z,U,V) = m

that is, the decomposition M is a manifold of constant curvature.
Thus we can state the following:
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Theorem 4.1 Let (M™,g) be a Riemannian manifold such that
M=M x M}, 2<p<n—2.

If M™ is a (WWS3S),, then either (I) or (II) holds.

() A=0,B=0, F =0, D=0 on My (resp. My), and hence Ms (resp.
M ) is Ricci symmetric as well as locally symmetric.

(II) M, (resp. Mz) is Ws-flat and hence M, (resp. Mz) is a manifold of
constant curvature.

Using (29) in (41), we get
(V9)(Y,V)=AX)S(Y,V)+ B(Y)S(X,V)+ D(V)S(Y, X). (51)

Similarly by virtue of (30) we have from (42) that

* *

(V. S)(¥,V) = AX)S(Y, V) + B)S(X, V) + DV)S(Y, X).  (52)
From (51) and (52), we can state the following:
Theorem 4.2 Let (M™,g) be a Riemannian manifold such that
M=M\x M}, 2<p<n-2.

If M is a (WW3S),, then the decomposition My is (WRS), and the decompo-
sition My is (WRS)p—p.

Using (30) and (32) in (40), we obtain
B(Y)S(X,V)g(Z,0) - F(Z)S(Y,0)g(X., V) = 0. (53)
Contracting (53) over X and V', we get
r B(Y)g(Z,U) — (n — p)F(Z)S(Y,U) = 0. (54)

Again contracting (54) over Z and U, we get

F(QY) =rF(Y) where r; = L (55)
n
Similarly it follows from (39) that

F(Q }ﬁ) = rgF(}ﬁ) where 19 =

Hence we can state the following:
Theorem 4.3 Let (M™,g) be a Riemannian manifold such that
M=MPxM}P, 2<p<n-—2.

If M is a (WW3S),, then the relations (55) and (56) hold.
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95 Totally umbilical hypersurfaces of (WWW3S),

Let (V,g) be an (n + 1)-dimensional Riemannian manifold covered by a system
of coordinate neighbourhoods {U,y}. Let (V,g) be a hypersurface of (V,g)
defined in a locally coordinate system by means of a system of parametric equa-
tion y® = y(x'), where Greek indices take values 1,2,...,n and Latin indices
take values 1,2,...,(n+ 1). Let N® be the components of a local unit normal
to (V, g). Then we have

9i5 = Gopyi'y, (57)

Gas Ny, =0, GogNNP =e=1, (58)
(e} 2 - (e} o 8ya

yiyjgt = g7 = NONP g = o (59)

~ The hypersurface (V, g) is called a totally umbilical hypersurface ([6],[9]) of
(V,g) if its second fundamental form ;; satisfies

Qi = Hyyj, Yi; = gi;HN®, (60)

where the scalar function H is called the mean curvature of (V,g) given by
H = 1% 4¢"Q;;. If, in particular, H =0, i.e.,

Q;; =0, (61)
then the totally umbilical hypersurface is called a totally geodesic hypersurface
of (V, ).

The equation of Weingarten for (V, g) can be written as NG = . The

structure equations of Gauss and Codazzi ([6],[9]) for (V,g) and (V g) are re-
spectively given by

Riji = Raﬁ’y&BZi?& + H?Gjp, (62)
RapysBE ' N® = H; gjr, — H j gir, (63)

where R;;i; and Ramg are curvature tensors of (V,g) and (V,g) respectively,
and

B = BYBIBIB), By =

Also we have ([6], [9])

vi's  Gijkl = gugjk — gikgji-

S (SBQB('S = Sij — (TL — 1)H29ij, (64)
SosNOBY = (n—1)H,, (65)

where S;; and S, are the Ricci tensors of (V,g) and (V, g) respectively.
In terms of local coordinates the relations (4) and (6) can be written as

1
(Wa)nijk = Rhijk + — [Shkgij — Shjgik | (66)
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W3)nijea = Ai(W3)niji + Bh(Wa)ijr + Fi(W3)nijik
D;(W3)hitks + Di(W3) hiji- (67)

By virtue of (62) and (64), we have from (66) that
(W3)ijm = (W?,)a,gwngé?é +2H2G - (68)
Let (V,g) be a weakly W3-symmetric manifold. Then we get

(V_V?))B’Yaa,é = Aé(W3)ﬂ'yaa + BB(W3)670<1 + F’y(V_V3)55<Ta
DU(W?))B’Y(SQ + Da(WS)ﬁ'yaéa (69)

where A, B, F and D are 1-forms (not simultaneously zero).
Multiplying both sides of (69) by Bgﬁl‘;a and then using (67) and (68), we
get either H = 0 or

2H 1Gijin = H[ApGijin + BiGrjin + FiGinn
+ DiGijen + DnGijik]. (70)

Transvecting (70) by g*"¢’!, we obtain
2nH ), = [nAy + By + Fj, + 2D |H  for all k. (71)
This leads to the following;:

Theorem 5.1 If the totally umbilical hypersurface of a (WW35S),, is a (WW3S5),
then either the manifold is a totally geodesic hypersurface or the associated
1-forms A, B, F and D are related by the relation (71).

We now consider that the space (V] g) is totally geodesic hypersurface, i.e.,
H=0. (72)

In view of (72), (68) yields
(W3)QB75B3€76 (W3)ijkt- (73)
Using (73) in (69), we have the relation (67). Thus we can state the following:

Theorem 5.2 The totally geodesic hypersurface of a (WW3S),, is (WW3S),.

6 Example of (WW3S), and decomposable (WW35),

Example 6.1 Let M = {(2!,2% 23 2%) € R*: 0 < 2* < 1} be a manifold
endowed with the metric
ds® = gi;dz'da? = Hs[( )3 [(dx dz*)?] + (d®)? + (da®)?,
J=LZ34 (74)
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Then the only non-vanishing components of the Christoffel symbols, the curva-
ture tensor, Ricci tensor, scalar curvature, Ws-curvature tensor and its covariant
derivatives are given by

2
Iy =Ty = 31 —I'fy,
2 2

R = -, S = S =,

1441 2@1)3 11 44 30212

- 0 W= = (W

r= —m #0,(Ws)1414 = 913 = —(W3)4114,
2
(W3)1212 = 9@h)e = (W3)1313 = —(W3)a224 = —(W3)a334,
20

(W3)i212,4 = (W3)13134 = —(W3)a224.4 = —(W3)a3344 = T (75)
(Wa)tatas = —— o = —(Wy) (76)

3)1414,4 27t 3)4114,4,

and the components that can be obtained from these by the symmetry proper-
ties, where ‘,” denotes the covariant differentiation with respect to the metric
tensor. Therefore, the manifold M* with the considered metric is a Riemannian
manifold, which is neither W3-flat nor W3 symmetric and is of non-vanishing
scalar curvature.

We shall now show that this (M, g) is a (WWS35),, that is, it satisfies (67).

In terms of local coordinate system we consider the components of the 1-
forms A, B, F' and D as follows:

10 .
A(0;) = A; =31 fori=4
=0 otherwise, (77)

Bz:Fz:Dz =0 fori:1,2,3,4,

where 0; = %.
In our M* with the considered 1-forms, (67) reduces to the following equa-
tions:

(W3)i21,i = Ai(W3)i21 + B1(W3)i211 + Fa(W3) 11
+ D1(W3)12a + Di(W3)121i, (78)

(W3)12i2,; = Ai(W3)1212 + B1(W3) 212 + Fa(W3)1is2
+ Dy (W3)12i2 + Da(W3) 1244, (79)

(W3)1u12,i = Ai(W3)1u12 + B1(W3)iw12 + Fu(W3) 1412
+ D1 (W3)1ui2 + Da(W3) 1414, (80)
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(W3)i212,:

(W3)131u,i

(W3)1313,1

(W3)1p1s,i

(W3)i313.

(W3)14ip,i

(W3)14t4,i

(W3)ta14,i

(W3)a111,4

(W3)a1ta,i

(W3)ar14,i

r

(W3)1114,:

= A;(W3)i212 + Bt (W3)i212 + Fo(W3) 12
+ D1(W3)i2i2 + D2(W3)i2145

= A;(W3)1314 + B1(W3)iz1u + F3(W3)1i14
+ D1 (W3)13i0 + Du(W3) 1314,

= A;j(W3)13e3 + B1(W3)izts + F3(W3) 143
+ Di(W3)13i3 + D3(W3)1314s

= A;(W3)1p13 + B1(W3)ip13 + Fp(W3) 1413
+ D1(W3)1pis + D3(W3)1p14,

= A;(W3)i313 + Br(W3)is13 + F5(W3) 13
+ D1(W3)3i3 + D3(W3)¢314,

= A;(W3)1a1p + B1(W3)iaip + Fs(W3)141p
+ D1 (W3)14ip + Dp(W3) 1414,

= A;(W3)14ta + B1(W3)iaea + Fs(W3)14t4
+ Dy (W3)14ia + Da(W3) 1444,

= A;(W3)pa14 + Bt (W3)ia14 + Fs(W3) 1514
+ Dy(W3)taia + Da(W3)1a14,

= A;(W3)a11 + Ba(W3)iiu + Fr(W3)asu
+ D1(W3)a1a + Diy(W3) 114,

= A;(W3)a1ta + Ba(W3)i10a + F1(W3) 4ita
+ Dy(W3)a1ia + Ds(W3) 4144,

= A;(W3)ar14 + Ba(W3)ir14 + FL(W3) 4514
+ D1 (W3)atia + Da(W3)at14,

= A;(W3)1114 + B1(W3)i114 + F1(W3) 1414
+ D1 (W3)11ia + Da(W3)1114,

67

(83)

(84)
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(W3)q114,i = Ai(W3)q114 + Bqg(W3)i114 + F1(W3)gi14
+ D1 (W3)g1ia + Da(W3)q114, (93)

(W3)aoa1,i = Ai(W3)aoar + Ba(W3)io21 + Fo(W3)ai2
+ Do(W3)azi + Di(W3)a22i, (94)

(W3)v224,i = Ai(W3)w224 + By (W3)i224 + Fo(W3)pizoa
+ Do (W3)y2ia + Dy(W3)u22i, (95)

(W3)a2sa,; = Ai(W3)a2sa + Ba(W3)i2sa + Fo(W3) 454
+ Ds(W3)a2ia + Da(W3) a2, (96)

(W3)asoa,i = Ai(W3)as2a + Ba(W3)is2a + Fs(W3) 4524
+ Dy (W3)asia + Da(W3)as2, (97)

(W3)assi,i = Ai(W3)agsi + Ba(W3)iz31 + F3(W3)aisi
+ D3(W3)asi + Di(W3)assi, (98)

(W3)usza,i = Ai(W3)y334 + By(W3)isza + F3(W3)yisa
+ D3(W3)u3ia + Da(W3)w33i, (99)

(W3)aasa,i = Ai(W3)aaza + Ba(W3)iaza + Fa(W3)aiz4
+ D3 (W3)a4ia + Da(W3)a43i, (100)

(W3)aa34,i = Ai(W3)aaza + Ba(W3)ia34 + Fa(W3)aiz4
+ D3(W3)aaia + Da(W3) 4434, (101)

where ¢+ = 1,2,3,4; 1 = 1,2,3,4; t = 2,3,4; u =1,3,4; p = 1,4; v = 1,2, 3;
q =2,3; s = 3,4, since for the cases other than (78)—(101), the components of
each term of (67) either vanishes identically or the relation (67) holds trivially
using the skew-symmetry property of Wis.

Now using (75) and (77), it follows for ¢ = 4 that, right hand side of (78)
(fOI‘ = 2) = A4 (W3)1212 = —% = (W3)1212’4 = left hand side of (78) (fOI‘
[=2).

For i = 1,2, 3, the relation (77) implies that both sides of equation (78) are
equal. By the similar arguement, it can be easily seen that the equation (79)-
(101) holds. Thus the manifold under consideration is weakly W;3-symmetric
manifold.
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Hence we can state the following:

Theorem 6.2 Let (M*, g) be a Riemannian manifold endowed with the metric
given in (74). Then (M*%,g) is a weakly Ws-symmetric manifold with non-
vanishing scalar curvature, which is neither Ws-flat nor Ws-symmetric.

Example 6.3 Let M = {(z',2%, 23,...,2") € R": 0 < 2* < 1} be a manifold
endowed with the metric

ds? = [(z")% —1][(dz")? + (dz*)?] + Supda®da®, (102)

where d,p, is the kronecker delta and a, b run from 1 to n. Then the only non-
vanishing components of the Christoffel symbols, the curvature tensor, Ricci
tensor, scalar curvature, projective curvature tensor and its covariant derivatives
are given by

2
=14 ="=-T Ry =————
14 44 31,4 11> 1441 3(1.4)%7
2 4
Sll — S44 - _3(m4)277ﬂ - _3(x4)% 7é 07
2(n—2
(W3)1414 = m = —(W3)4114,
2

= —(W3)a204 = —(W3) 334,

2
3(n — 1)(@h)?’

(W3)1212 = (W3)1313 = 3(n — 1)(a4)2

(W3) 1k = (W3)apar =

(W3)12124 = (W3)1313.4 = —(W3)a2244 = —(W3)4334.4
20

T 9 - D)@Y (103)
(W3)1414,4 = —% = —(W3)a114,4, (104)
(W3)1k1k,a = W3)agaka = — 20 for 5 <k <n. (105)

9(n —1)(z*)3
If we consider the components of the 1-forms A, B, F and D as

1
=0 otherwise ,

BZZFlZDl =0 fori:1,2,...,n,

where 0; = %, then it can be easily shown that M™ is a (WW3S),,, which is

not Ws-symmetric. Hence we can state the following:
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Theorem 6.4 Let (M™,g), n > 4, be a Riemannian manifold endowed with
the metric given in (102). Then (M™,g) is a weakly Ws-symmetric manifold
with non-vanishing scalar curvature, which is not Ws-symmetric.

Let (M{, g1) be a Riemannian manifold in Example 6.1 and (R"~%, gg) be
an (n — 4)-dimensional Euclidean space with standard metric gg. Then (M™, g)
in Example 6.2 is a product manifold of (M3, g;) and (R"~*, go). Thus we can
state the following:

Theorem 6.5 Let (M™,g), n > 4, be a Riemannian manifold endowed with
the metric given in (102). Then (M™, g)(n > 4) is a decomposable weakly W-
symmetric manifold (M3, g1) x (R"~%, go) with non-vanishing scalar curvature,
which is not Ws-symmetric.
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