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INVARIANT VARIATIONAL PROBLEMS ON PRINCIPAL
BUNDLES AND CONSERVATION LAWS

JAN BRAJERCIK

ABSTRACT. In this work, we consider variational problems defined by G-invariant
Lagrangians on the r-jet prolongation of a principal bundle P, where G is the
structure group of P. These problems can be also considered as defined on the
associated bundle of the r-th order connections. The correspondence between
the Euler-Lagrange equations for these variational problems and conservation
laws is discussed.

1. INTRODUCTION

The order reduction of the Euler-Lagrange equations of invariant variational
functionals on principal bundles belongs to basic problems of the calculus of
variations on these spaces. There are several approaches to this problem. One of
them is the Fuler-Poincaré reduction. Let m: P — X be a principal G-bundle, and
let J1 P denote the first jet prolongation of P. In [5], [4], [6], G-invariant variational
problem on J!P is represented as a reduced variational problem on the bundle of
connections C'(P) = (J'P)/G with constraints on the space of possible variations.
Moreover, reduced equations correspond to the Noether’s conservation laws plus
an additional condition of zero curvature of connection.

For frame bundles, this theory was generalized for higher order invariant variatio-
nal problems in [2]. It was shown that the variational problem, defined by invariant
Lagrangian of any order r, can be equivalently studied on the associated space of
connections with some compatibility condition, which gives us order reduction of
the corresponding Euler-Lagrange equations.

Another possibility of reduction is presented in [I], where the variational problems
defined by the first and the second order invariant Lagrangians on the frame bundles
are considered. Using the Noether’s theorem, the system of the Euler-Lagrange
equations is equivalent to the system of the same number of lower order equations
which come from the corresponding Noether’s currents.

In this paper, our aim is to extend this theory for higher order G-invariant
variational problems on any principal bundle. For this purpose, in Section [3] we
introduce the bundle C"P of the r-th order connections of a principal bundle
P, which has auxiliary character in this work. With its help, a condition for a
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Lagrangian on J” P to be G-invariant is stated. Our main result is presented in
Section 4] The equivalence between the system of the Euler-Lagrange equations
on one side, and the system of conservation laws on the other side is proved. This
gives us an order reduction for solving of these equations. Section [5|is devoted to
an illustration of presented theory for the first prolongation of frame bundle.

2. PRELIMINARIES AND NOTATION

In this section we briefly recall basic notions and objects of presented theory.
Our main reference concerning the calculus of variations on fibred manifolds is [3];
we also use some results contained in [9], [I0], [I1], and [13]. All manifolds and
mappings in this work are considered to be smooth.

For the formulation of variational principles on fibred manifolds we use the
following notation. Let Y be a fibred manifold with oriented base manifold X
and projection m. We denote n = dim X, m = dimY — n. J"Y denotes r-jet
prolongation of Y. The r-jet of a section v of ¥ at a point x € X, is denoted
by JIv; and & — J"y(x) = JLv is the r-jet prolongation of ~. If Ji~v € J"Y, the
canonical jet projections 7%: J'Y — JY 1 <s<r, 770 J'Y — Y (the target
projection), 7": J"Y — X (the source projection), are defined by #™*(JLy) = JZ2~,
a"0(Jry) = y(x), and 7" (JIvy) = x, respectively.

Any fibred chart (V 1), ¢ = (2%,9°), on Y, where 1 < i < n, 1 < o < m,
induces the associated charts on X and on J'Y, (U,¢), ¢ = (z%), and (V",¢7),
P o= (mi7y‘7,y;-’1,y;-’lj2,...7y371j2“_jr), respectively; here U = #(V), and V" =
(7 0)L(V).

For any open set W C Y, Q{W denotes the ring of smooth functions on W".
The QfW-module of differential g-forms on W is denoted by 2y W. The concept
of horizontalization, as the exterior algebra morphism h : Q"W — Q"+, allows
us to define a form 7 to be contact by condition hn = 0. For any fibred chart
(V,9), ¥ = (2%,y°), we can introduce examples of contact 1-forms Wiy =
ays o5 — y}’ljzmjlkdxk, where 1 <[ <r—1.

It is known that a form n € Qi W has a unique decomposition

(1) (7"t ) = hn + pin +pan + -+ + pem

such that p;n contains, in any fibred chart, exactly ¢ exterior factors w
1<i<r.

hn (pin) is the horizontal (i-th contact) component of n. The decomposition
is invariant, and is called the canonical decomposition of n. n is ©"-horizontal if
and only if (7" t17)*n = hn. We say that 7 is k-contact, if (x"+17)*n = pn; in this
case k is the order of contactness of 1. We say that the order of contactness of 7 is
<UD, ifpan=pgen=...=pn=0(hnp=pin=... =p1n=0).

A Lagrangian (of order r) for Y is any n"-horizontal n-form on some W" C J"Y.
Its chart expression is

g . .
Jijz2---Ju?

/\zﬁwo,

where wy = dz! Adz? A... Adz™, and L: V" — R is a Lagrange function. The
corresponding variational functional is a real-valued function 'q(7) 3 v — Aq(y) €
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R, defined by
da() = [,

Q
where Q0 C X is a compact, n-dimensional submanifold with boundary, and I'q ()
is the set of sections of Y defined on €.
The Euler-Lagrange form E), associated with a Lagrangian A of order r, is
72"0-horizontal (n + 1)-form, in fibred chart defined by

Ey = Eg(ﬁ) w? Awg,

where
T
oL
k
k=0 1122...7
are the Fuler-Lagrange expressions associated with .
A section « is an extremal of a Lagrangian A of order r, if and only if, for every

fibred chart on Y, v satisfies the system of partial differential equations

E,(L)oJ*"y=0.

A differential form p € Q3 W is called a Lepage form, if pidp is w5+1:0-horizontal
(n+1)-form. A Lepage form p is a Lepage equivalent of a Lagrangian \ € Q, xW,if
hp = X (possibly up to a jet projection). Now we recall a theorem on the structure
of Lepage forms on higher order jet prolongations of fibred manifold ([I1]). Let
W C Y be an open set, (V,1), 1 = (x%,y°), a fibred chart on Y such that V C W,
and let A € 2} W be a Lagrangian expressed by A = Lwo. A Lepage equivalent
p € Q2 W of a Lagrangian A has the chart expression

(7rs+1’s)*p =0, +dr+v,

where its principal component ©), is given by

r—1 r—1—k
oc 3
(2) Ox=Lwo+ ) ( > (—D)di,d, -~-dizﬁ>wmz...jk Awi,
k=0 =0 i1%2...11J172---Jk?

T is a contact (n — 1)-form, order of contactness of an n-form v is at least 2, and
we denote  wiyiy. iy, = 1 9zik - - - L0/0xi2 18/t WO-

An example of a Lepage equivalent is the well-known Poincaré-Cartan form for
the first order variational problem. It is a unique Lepage equivalent of a first order
Lagrangian A whose order of contactness is < 1. If X is expressed in a fibred chart
by A = Lwy, then

L
(3) @A—EWO—FTyQUJ N wj .

K3

An analogous example can be given for second order Lagrangian. We have

oL oL
(4) O\ = Lwo + ﬁ—d >
(8yi ”ayp)

oL
w7 A w; + —w}’ A w;

ay?i
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(see [9]). Expression ({]) defines a differential form on J3Y. We note that for higher
order Lagrangians (r > 3), there is no global Lepage equivalents analogous to
and (4).

By an automorphism of Y we mean a diffeomorphism a: W — Y, where W C Y
is an open set, for which there exists a diffeomorphism «g: 7(W) — X such that
ma = agm. The r-jet prolongation of a is an automorphism J"a: W™ — J"Y of
J"Y, defined by

Jra(J5y) = Jh @y (arvag ) -

xr «

Using this concept, we can introduce the r-jet prolongation of any vector field &,
whose 1-parameter group is formed by automorphisms of Y’; such vector fields are
called projectable. The r-jet prolongation of ¢ is denoted by J"€.

An automorphism « : W — Y is said to be an invariant transformation of a
form n € Q W, if

Jla'n=n.
We also say that 7 is invariant with respect to o. Let £ be a m-projectable vector
field on Y. We say that £ is the generator of invariant transformations of n, if

aJSETI = 07

where O0js¢ denotes Lie derivative by s-jet prolongation of a vector field £. In this
case 1) is said to be invariant with respect to £. These definitions also include the
notion of invariance of Lagrangians.

Let A € Q, W be a Lagrangian, and let p € Q3 W be a Lepage equivalent of
A. By the Noether’s current associated with a Lepage equivalent p and a vector
field & we mean the (n — 1)-form ¥, ¢ = iys¢p. The Noether theorem (see, e.g., [13])
says that if £ leaves invariant the Lagrangian A, then for every extremal -y,

dJS'y*\I'p{ =0.

3. PROLONGATIONS OF PRINCIPAL BUNDLES

Let P be a (right) principal fibre bundle with n-dimensional base X and structure
group G and let 7w : P — X be its projection. The right action R: P x G — P of
G on P, will be written as

(5) R(u,g) = Ry(u) = R*(g) = ug,
for all w € P, g € G. This action can be canonically prolonged to the action
J"R: J'P x G — J"P on r-jet prolongation J"P of P by

(6) J"R(J;7,9) = (J"R)y(J37) = T (Rg 07),
for all J7v € J'P, g € G. We define
(7) c"P=(J"P)/G

to be the set of orbits of @ JT P is the fibre bundle over X with standard fibre
J5(R™, G) of all jets with source in 0 € R™ and target in G. Since the projection
n": J'P — X is G-invariant, we have the projection x": C"P — X. The smooth
structure on J" P induces the smooth structure on C" P such that C" P becomes
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the fibre bundle over X with standard fiber J(TO_ e)(R", @), of all jets with source in

0 € R™ and target in identity element e € GG, and the canonical projection
(8) g P —C"P

becomes a surjective submersion (see [8]). Moreover, J"P is a fibre bundle over
C" P with standard fibre G.

For r = 1, the bundle C'P can be identified with the bundle of (principal)
connections of P, and for » > 1, C" P is called the bundle of r-th order connections.
We have the following

Theorem 1. J"P is a right principal G-bundle over C" P such that the diagram

()
J P Cc"P
7.(.7“,0{ JK’T
s
9) P — X

commutes.

Proof. The proof is based on a verification of the definition of a principal G-bundle.

Relation (J"R)4(JLvy) = Ji~y for some JIv € J"P implies (R4 0 v)(x) = v(x),
which gives us g = e, and the action @ of G on J"P is free.

Since 7w : P — X is a principal bundle with structure group G, every z € X
has a neighborhood U € X, for which there is a diffeomorphism ¢ : 7=1(U) —
U x G such that ¢(u) = (m(u), x(u)), where a mapping x : 7~ 1(U) — G satisfies
X(Rg(u)) = x(u) - g for all u € 7~1(U) and g € G ("-" denotes the operation in G).

Let us denote W” = (k") ~1(U) C C" P, and consider a bijective smooth mapping
0: (7()"HW™) — W" x G, defined by JIv — ((J"R),~1(JIv),v(J57)), where
v(JTy) = x(v(x)) = g. The inverse ~' : W x G — (7()~1(W") is defined by
0=1: (Jrvy,h) — (JTR)n(JI7y). We have

v((J"R)g(J37) = v(J5(Rg 0 7)) = x(Ry(7(2)) = x(v(2)) - g = v(Jz7) - g

for all J7vy € (7(M)~1(WT), g € G, which gives us the local trivialization of the
principal bundle 7(") : J"P — C” P, associated with the local trivialization ¢ of
m:P— X.

Commuting of the diagram @D is obvious. O

Consider the canonical jet projections 7w%*~1: JSP — JS71P (k57 1: C°P —
C*~1P), and the canonical quotient projections 7(®): JsP — C*P, given by 7
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for every s, 1 < s < r. Then we have the commutative diagram

JoP —— J7p —— ... ——> J’p —— Jp —— P

| | o

cep — Cc7l'p —...— (P — C'P — X

We say that a form n on J"P is G-invariant if (J"R);n = n holds for every
g € G. According to the identification and Theorem [1| we have

Lemma 1. A form n on J"P is G-invariant if and only if there exists a form @
on C"P such that n = (7(")*7.

This Lemma also covers G-invariant Lagrangians on J” P.

It is easy to determine the fundamental vector fields of the right action . Let
g be the Lie algebra of G. The fundamental vector field & on P, associated with an
element &y € g, is defined, for every u € P, by the formula

(10) §(u) = TeR" - &o

(see, e.g., [1], [12]).

By the same way, the r-jet prolongation of the right action of G on P (@
generates the fundamental vector fields on J”P. The r-jet prolongation J"¢ of the
fundamental vector field &, defined by , on P, coincides with the fundamental
vector field on J" P, associated with &.

The construction of a fundamental vector field on J"P gives us that £ is a
generator of invariant transformations of differential forms which are invariant with
respect to the right action of G on J"P.

4. INVARIANT VARIATIONAL PRINCIPLES ON PRINCIPAL BUNDLES

Now we discuss consequences of G-invariance of the r-th order Lagrangians
on principal bundles for the Euler-Lagrange equations. Our basic tool is the first
variation formula (see [3], [I1]).

We denote by ¥y ¢ the Noether’s current associated with the principal component
O\ , of a Lepage equivalent of a Lagrangian A, and a vector field &, i.e.,

\I/)\Af = iJ2r—1€@)\ .

Let P be a principal bundle over an n-dimensional manifold X, and let 7 be the
bundle projection. Suppose that we have a Lagrangian A € Q; x P and a m-vertical
vector field £ on P. Then in our standard notation

(11) 8Jrf)\ = Z'ergE,\ + hdi.]2r71£@)\ .
Theorem 2. Let A € () P be a G-invariant Lagrangian, let n > 2, and let v be

a section of P. The following conditions are equivalent:
(a) v satisfies the Euler-Lagrange equations,

E,(L)oJ*y=0.
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(b) For any fundamental vector field & on P, 7 satisfies the conservation law
d(JZT_l’Y)*iJ%—lg@)\ =0.
(c) For every x € X there exist a neighborhood U of x and (n—2)-form n defined

on U such that
Ty (U g —dn) = 0.

Proof. By hypothesis, for any fundamental vector field £ on P, 9201\ = 0.
Consequently, since ¢ is always m-vertical, the first variation formula reduces
to

(12) iJQTEE)\ + h/d\Il)\’g = 0 .
Suppose that a section v satisfies the Euler-Lagrange equations. Then the form

1 y2r¢ B vanishes along J?"7, so we have JQT’y*d\I/A,g = dJQTV*\IUHg = 0. Integrating
we can find an (n — 2)-form n on U such that

(13) J I, e =dn.
Conversely, if a section «y satisfies condition , then by , ~ is necessarily an
extremal. (]

5. EXAMPLE: FIRST ORDER INVARIANT VARIATIONAL PROBLEM ON FRAME
BUNDLES

In this Section the consequences of the above stated theory for frame bundles
are shown. We recall some basic objects of the theory of frame bundles. For other
related notions we refer to [I], [7], and [12].

Let X be an n-dimensional smooth manifold, and let p : FX — X be the frame
bundle over an n-dimensional manifold X, which has the structure of a principal
fiber bundle with the structure group Gi,(R). A frame at a point z € X is a
pair E = (z, (), where ¢ = (¢1,C, - - ,Cn) is an ordered basis of the tangent space
T, X. For every chart (U, ¢), ¢ = (2%), on X, the associated chart on FX, (V,4),
Y = (a',2%), is defined by V = p~H(U ) and

i (= e i (9
F @) =2 wE) §=2E(57).
where = € V. We denote by yi the inverse matriz of xi The right action FF.X x
Gl,(R) > (E,A) — RA( ) € FX is given by the equatlons

—i _ i _ _ k
' =a' ORA—x, xj—xjoRA—:rkaj,

where A = (a}) is an element of the group GI,,(R).

For the formulation of variational principles defined by a first order Lagrangian
on the frame bundles we use the manifolds J'FX and J?2FX. To the charts (U ®),
and (V, 1)), introduced above, we associate a chart (V2 1?), ¢? = (2 ,xj,arj ko T pr)s
on J2FX, defined in a standard way. The general linear group acts on J2FX on
the right by the formula J2FX x Gl,,(R) > (J27, A) — J2(Ra07) € J2FX; the
action is expressed by the equations

i i =i ik =i _ i om =i i m
(14) =g, ¥ =apa;, T = x0T = T, 007
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It is easy to determine the orbits of this action. Denoting
(15) i:p = _y;)nxzn,kv Fle = _y;nxin,kl )
we obtain Gl,(R)-invariant functions on J2FX, and equations of Gl,(R)-orbits
are

F;cp = C%cp’ F?clp = C}clp ’
where cf'cp, cfdp € R are arbitrary numbers. The functions Ffdp are symmetric in k, [.
We have the following results.

Lemma 2. Every Gl,(R)-invariant function on J*FX depends on z°, F};p, FLlp.

In other words Lemma [2| says that Gl,(R)-invariant functions coincide with
the functions on the bundle of second order connections C*FX = (J?FX)/Gl,(R)
over X.

From equations we can obtain an extension of Lemma [2] to differential
forms.

Lemma 3. A k-form n on J?FX is Gl,(R)-invariant if and only if it has an
expression

n= Ao+ ylidegt NAL + gty daedt Adeg N AP

e q1,,92 dk P1 P2 | . Pk TIT2...Tk
+ +Yn Y Y dqu A dxq2 A quk A Aplmmpk ,

where Ao, ATt ATiT2 - ATIT2 TR qre grbitrary forms defined on C?FX.

P1’ pip2’ P1ip2.--Pk

Further, we need expressions for the fundamental vector fields. Let

505;(32;)6

be a vector belonging to the Lie algebra gl,(R) of GI,,(R). Then the corresponding
fundamental vector field of the action , on J2FX, is given by

For the following results we use Gl,,(R)-adapted chart (V?,¥?), U2 = (', 2%,
F};p, F};lp), on J2FX, associated with a chart (V2,4?), where coordinate functions

are defined by . We also denote w! = dz’ — x?  da*.

Lemma 4. (a) A Lagrangian A = Lwy is Gl (R)-invariant if and only if L depends
on z*, F};j only.

(b) The Euler-Lagrange form of a Gl,,(R)-invariant Lagrangian has an expression
E, = yl]Ezl(C)w; A wy, where

o, or 02

AT oL
gLy, " gupdly,

ok, AT,

(16) Ei(£) = -1

; +(Tk, . +Tk T9)
“ore,

mpr mq~ pr



INVARIANT VARIATIONAL PROBLEMS 365

(¢) If X is Gl (R)-invariant, then the Noether’s current associated with the
Poincaré-Cartan form Oy and any fundamental vector field € is given by

"I/A,ﬁ = —fmyljxi — Wi -
o oTy,

Using the Noether’s theorem we get the following correspondence between two

sets of equations for the sections of F.X.

Theorem 3. Let A € Q) FX be a Gl,(R)-invariant Lagrangian, n > 2, and let
v be a section of FX. The following conditions are equivalent:
(a) v satisfies the Euler-Lagrange equations,

ENL)oJ*y=0
(b) For any fundamental vector field & on FX, ~y satisfies the conservation law
d(J'y)*ine0x = 0.
~(¢) For any chart (U, ), ¢ = (x%), on X, and all j, k, there exist (n — 2)-forms
13, such that
ff@#%ééﬁ%—d%)zﬁ
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